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Analysis of the Stresses in a Cutting Edge 


By F. R. ARCHIBALD,' CAMBRIDGE, MASS. 


This paper is concerned with stresses in metal cutting in 
the tool itself. These stresses are within the elastic region 
and can therefore be treated by the methods of the theory 
of elasticity. The tool is considered as a wedge having nor- 
mal and tangential loading on one face. Equations for 
the stress components at any point of the tool tip are ob- 
tained. Particular attention 's given to the edge of the tool 
where stresses of several hundred thousand pounds per 
square inch are found. The calculations offer a bas's for 
the rational design of cutting tools and they also should be 
of value in metal-cutting research on tool failure. 


INTRODUCTION 


N recent years metal cutting has received the long overdue 
attention of serious research workers and in consequence a 
large and valuable literature has grown in the subject. The 

emphasis, however, has been on a rationalization of the compli- 
cated process of chip formation. Little has been said of the cut- 
ting tool. 

The cutting process is so imperfectly understood that there is 
great uncertainty on how the chip force is distributed on the tool. 
But an attempt, however rash, will be made here to estimate 
what values cutting-edge stresses might reach under certain load- 
ing assumptions. These assumptions will be made in such a way 
that they may be altered easily to suit a considerable range of 
possible conditions. The stresses given can then be altered to suit 
some other loading condition by simply multiplying their values 
by a constant. 

Since the stresses in a cutting tool are in the elastic region, the 
problem of the tool edge may be treated approximately as a prob- 
lem in plane strain. The cutting edge can be considered as a 
wedge loaded on one face and a theory for this problem has been 
developed.? 

Before applying the elastic theory, the chip force will be 
evaluated from certain empirical data* and a chip-force distribu- 
tion will be assumed. 


ForRMATION 


Following Ernst and Merchant,‘ a chip is formed by a shearing 
failure as shown in Fig. 1. According to this view of chip forma- 
tion, there is no fundamental difference in cutting with tools of 
positive or negative rake and this is illustrated in Fig. 2. 

Referring to Fig. 3, the chip exerts a normal force N and a 


1 Analyst, Mechanical Division, Arthur D. Little, Inc. 
ASME. 

?“Theory of Elasticity,’’ by 8. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Ine., New York, N. Y., second edition, 
1951. 

3 “Carbide Milling of Steel,”” by A. W. Meyer and F. R. Archibald, 
Mechanical Engineering, vol. 67, 1945, pp. 659-667. 

*“Chip Formation, Friction and Finish,”” by Hans Ernst and M. E. 
Merchant, The Cincinnati Milling Machine Company. 

Contributed by the Research Committee on Metal Processing and 
presented at a joint session with the Applied Mechanics and Pro- 
duction Engineering Divisions at the Annual Mecting, New York, 
N. Y., November 29-December 4, 1953, of Tare American Socrery 
or MecHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 29, 
1953. Peper No. 53—A-160. 
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friction force F on the tool. The resultant R of these forces is the 
total chip force on the tool. This can be resolved into a tangential 
force F, and a force F, normal to the direction of motion. 
The force F, can be found experimentally, e.g., by a power 
measurement, and the force N is calculated as follows 


where a is the rake angle and rf is the angle of friction. The 
force F, is calculated from power measurements in the following 
way: The horsepower per cubic inch per minute is a function of 
rake angle, friction coefficient, and chip load, although for the 
usual range of chip loads it is not very sensitive to changes of this 
parameter. From the results of a long series of face-milling tests 
on steel using negative-rake carbide tools, the author found a 
linear relation between horsepower per cubic inch per minute and 
rake angle given by the curve in Fig. 4. 
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The relationship of Fig. 4 may be written 
hp/cu in/min = 0.75 — 0.0085a 


where @ is in degrees. 
If ¢ is the chip load and 6 is the width of cut and if the cutting 
speed V is in feet per minute, the following equation can be made 


FV 
12(0.75 — 0.0085a)Vib = ao 
F, = 396,000 (0.75 — 0.0085a)tb. . . . [3) 
Hence from Equation [1] 
N = 396,000 (0.75 — 0.0085a)th ———"— 
cos(T 
It is now necessary to make an assumption on how the chip 
force is distributed on the tool. Referring to Fig. 5, the pressure 


is obviously zero (although it may be discontinuous) at point A 
where the chip leaves the tool and it seems reasonable to assume 
it is greatest at the edge O. It is assumed to vary linearly be- 
tween O and A. In the tests on carbide milling previously men- 
tioned,* it was observed that the tool engagement with the chip 
was nearly always close to twice the chip load; i.e., 2¢ as shown in 
Fig. 5. Accordingly the normal foree N can be written 


and substituting in Equation [4] 


cos T 


polb = 396,000 (0.75 — 0.0085 )tb 


py = 3360 (88.24 — a) 


which is independent of the chip load. (This is evidently not 
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quite true because horsepower per cubic inch per minute is not 
quite independent of chip load.) 

The tool is now considered as a wedge having a distributed nor- 
mal pressure p on its face where 


as shown in Fig. 6. 
In addition, because of friction, there is a distributed shearing 
stress on this face given by 


(» — Po 
where yu is the coefficient of friction between chip and tool and in 
metal cutting this can have values of the order of unity. 


ComputTING STRESSES 


The stresses in a wedge with this kind of loading are con- 
veniently found by means of two-dimensional elastic theory. 
The wedge of Fig. 6 is set in the plane-polar-co-ordinate system r, 
6 with the edge at the origin. The stress components in their 
positive senses are shown at an intermediate point. The bound- 
ary conditions are thus 


Fia. 6 


The stress function applicable here is* 


@ = a log r + br? + cor* log r + dor*@ + ao'8 


r6 sin + (br? + a,’ + by’r log r) cos 


cos + (dir* + + log r) sin 0 


+ > (a,r" + b,r"** + a,’r-™ + cos nO 


n=2 


+ d,r™*2 + + sin nO... . [10] 


n=2 


| 
6=0 R 

..- 19] 

=— (um — 5) | =0 
R o=8 
t a 
x 
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cos T = 
cos (r — a) 
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The stress components are given by 


and taking only terms containing r* with n 2 0 
o, = + — 2a, cos 26 — 2c, sin 20 
+ r(2b, cos 6 + 2d, sin 6 — 6a; cos 30 — 6c, sin 30) 
— 12r%(a, cos 40 + c, sin 46) 


— r"{(n? — n — 2)(b, cos nO + d, sin nO) 
+ (n + 1)(n + 2) cos (n + 2)0 
+ sin (n + 2)0)} 
oe = + + cos 20 + sin 20 
+ 6r(b; cos 6 + d; sin 0 + a, cos 36 + c; sin 30) 
+ 12r%(b. cos 26 + d, sin 20 
a, cos 40 + c sin 40) 


+ (n + 1)(n + 2)r"[b, cos nO + d, sin nO 
+ Anse cos (n + + ens sin (n + 2)0]... [13] 
Tr = — do + 2az sin 20 — cos 20 
+ r(2b; sin 6 —- 2d, cos 6 + 6a; sin 30 — 6c; cos 36) 
+ r(6bz sin 20 — 6d, cos 20 + 12a, sin 40 — 12d, cos 40) 


+ r™[n(n + 1)b, sin nO — n(n + 1)d, cos nO 
+ (n + 1)(n + sin (n + 2)6 
—(n + 1)(n + 2)date cos (n + 2)6]... [14] 
Applying the boundary conditions of Equations [9] to Equa- 
tions [13} and [14] yields the following two sets of four simul- 
taneous equations 
2bo + 2a2 = — po 


2bo + 2doB + Zaz cos 2B + 2cz sin 28 = 0 
— dy — = 
—dy + 2az sin 28 — 2c: cos 28 = 0 


6(b; a3) = 
b, cos B + d; sin B + az cos 38 + c; sin 38 = 0 


— Bos = 


2b, sin 8 — 2d, cos 8 + 6a; sin 39 — 6c cos 38 = 0 | 
which yield the following values for the unknowns 


4 (tan 8 — 8) tan 8 


(tan 8 — B)tan B 


| 
tan 8B — 8 


tan 8 —8 

tan? 


Pe [ tan B(tan® B—1)+ 2] 


24R tan? 8 


Po 
8R tan? 8 


8R tan? 8 


a= 


Po 
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The stresses can now be computed anywhere in the loaded re- 
gion of the wedge. They are, by ordinary standards, very high 
throughout this region but they are greatest, as might be expected, 
on the loaded face. The point of most interest here isr = 0, 6 = 
0, i.e., the edge. However, there appears to be some difficulty in 
evaluating at this point. In general, an arbitrary choice of shear 
loading on the two faces of the wedge will not produce an equi- 
librium condition at the edge. This is easily seen in the present 
case if the tool edge is taken as a 90-deg corner and shear loading 
is considered on the tool face only. The clearance face is free 
from shear stress and the corner element is not in equilibrium. 
In spite of this difficulty, for simplicity, the stresses have been 
evaluated at r = 0, 8 = 0 and it is assumed that the actual condi- 
tion of stress nearby would be given approximately by this pro- 
cedure. 

From Equation [12] the value of ¢, at the edge, i.e., r = 0,0 = 
0 is given by 


= — az) 
@=0 


k tan B(u tan 8 — 1) + u(tanB — >| [18] 
(tan 8 — 8) tan 8 


An element on the front face of the tool has stresses on it as 
shown in Fig. 7. The principal stresses in a system of (positive) 


Ga-p 


% 
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stresses arranged as in this figure are given by 


= + (25) + ra | 
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The effective stress based on the shear-strain-energy theory of 
failure is given by 


— 93)" + (2 — + (os — 21] 


2 


where @;, 02, and 0; are the three principal stresses. For the case 
of a system of (positive) stresses arranged as in Fig. 7 Equation 
[21] can be written 


= V lo — + + [22] 


Figs. 9 to 13 are families of curves of the limiting values of the 
various stresses on the face of the tool near the edge for a range of 
values of the friction coefficient uw from zero to 1.2. The tools 
were all taken to have a 5-deg clearance angle and rake angles 
from +45 to —25 deg in 10-deg intervals. From Fig. 1 


a+B+c = 90 deg 
so that 
B = (85 deg — a) 


and hence 8, the included angle, varies from 40 to 110 deg. 

The stresses obtained are very high although the compressive 
strength of hardened high-speed steel is perhaps in excess of 400,- 
000 psi and carbides are said to have a compressive strength up to 
800,000 psi. However, it seems likely that the stresses shown in 
Fig. 12 are in excess of those that actually occur. The calculated 
stresses can be reduced considerably by altering the load-distribu- 
tion curve of Fig. 6 and this alteration is made in accordance with 
the way the front face of a tool is worn by the chip. This wear is 
of such a nature as to suggest that the chip pressure is heavy over 
the whole contact with the tool. Fig. 8 is taken as a more realistic 
diagram of chip pressure. 


Fie, 8 


The stress analysis is very easily modified to suit the loading of 
Fig. 8 by superposition. The stress due to a uniform normal pres- 
sure p; and a uniform tangential stress is added to the stress due 
to the normal and tangential load of the triangular distribution 
with ps as its greatest intensity. The latter problem has been 
solved for pp of Fig. 6. In a uniform loading the stress components 
are given by 


= + — cos 20 — sin 20 
= 2by + + 2az cos 20 + sin 20.. 
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T,@ = —dy + 2az sin 20 — 2c, cos 26 


where 


4 (tan 8 — 8) tan B 
+ u(tan 8 — 
2 2 


— 8) + (u8 — 1) tan? 


(tan 8 — 8) tan 8 


4 tan 8B — 8B 


wtan B—1 


Except for the factor p, these are exactly the same as for az, bo, 
C2, and dy for the triangular loading. Hence at the edge, the limit- 
ing value of the stress depends only on the intensity p; of Fig. 8. 
For equal forces N on the tool the areas of the loading triangle of 
Fig. 5 and the trapezoid of Fig. 8 must be the same. Let 


Ps = 


Then 
1 1 
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If n = 3, for example, ps = */qp and all the stresses of Figs. 9 to 
13 are simply multiplied by 0.75. This is a considerable reduction 
and is probably more representative of what really occurs. 
Actually the sloping line of the pressure distribution of Fig. 8 is 
probably curved somewhat. If its form were known it could be 
approximated easily by some polynomial expression and the 
stresses calculated by a procedure similar to that given. 


Discussion 


Solutions to problems in two-dimensional elasticity have been 
checked experimentally in a large number of different cases and 
there is the greatest confidence in results from this theory. If 
some means could be found for measuring the stresses in the tool 
in the cutting region the foregoing method might be very useful in 
the reverse direction for finding the chip-tool pressure distribu- 
tion. Thus the tool itself could become a measuring probe in the 
metal-cutting process. 

The analysis makes no allowance for the effect of any built-up 
edge that might be present. It would seem that the presence of a 
built-up edge, however pernicious to surface finish, would be 
favorable to the tool, but this view is apparently not borne out by 
experiment. Crawford and Merchant in a recent paper® attribute 

§“The Influence of Higher Rake Angles on Performance in Mill- 


ing,” by J. H. Crawford and M. E. Merchant, Trans. ASME, vol. 75, 
1953, pp. 561-566. 
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the chipping of high-rake edges to the presence of built-up edge. 

An interesting, but not wholly unexpected, result of the analysis 
is the effect of friction on edge stress. For high-rake tools, i.e., 
rakes in excess of 25 deg, friction has a marked and favorable 
effect in reducing the principal stress a, (see Fig. 11). The pic- 
ture is undoubtedly distorted a good deal. If friction were re- 
duced to values approaching 4 = 0.2 the horsepower per cubic 
inch per minute would be reduced greatly as well and hence the 
normal pressure on the tool also would be reduced. But friction 
probably does help to reduce stress in very high-rake edges. 
There are, of course, other and opposite effects from friction such 
as the local heating and the attendant reduction in the hardness 
of the tool while it is at an elevated temperature. This effect goes 
a long way toward offsetting any gain resulting from the stress 
reduction. There is very likely some optimum combination of 
these two opposing tendencies. For tools of the usual amount of 
rake an increase in friction simply results in an increase in princi- 
pal stress o; as shown in Fig. 12. 

It was not convenient to show the stresses for tools of included 
angles greater than 110 deg, but calculations were made for 8 = 
120 deg. For the clearance of 5 deg chosen this corresponds to a 
tool having 35 deg of negative rake. With u = 0, 02 was found to 
be —506,200 psi. With u = 0.4 the stress increases to —897,000 
psi. In the tests on carbide milling to which reference has been 
made previously,* negative-rake tools with rakes of approximately 
this magnitude were tried. They were found to fail by chipping 
almost immediately on steel of 500 Bhn. Carbides are said to have 
a compressive strength up to 800,000 psi and it is interesting to 
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note that the calculated value just given is somewhat in excess of 
this. This is a very rough check on the calculations, 

In the calculations, chip engagement with the tool was taken as 
twice the chip load. This was an observed condition in certain 
negative-rake carbide-milling tests.* Other cutting conditions 
might give rise to quite different engagements but the results given 
an be modified easily to suit. For example, suppose the chip en- 
gagement with the tool was four times the chip load, then all the 
stresses of Figs. 9 to 138 would be halved. Also, the loading of Fig. 
8 can be altered by changing n in Equation [27]. The changes in 
stress resulting from these changes in loading assumptions are 
also adjusted easily as has been illustrated. Accordingly, the re- 
sults can be adapted to a wide range of loading assumptions. 

An interesting possibility to check the effect of stress on cut- 
ting-edge wear is suggested by the work. According to the shear- 
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strain-energy theory of failure the effective stress o, is zero if 
0; = 02 = 03. In the case of a tool edge it is not in general possi- 
ble for o, and a2 to be equal but with 0; # o2 a certain value of ¢; 
will minimize ¢,. It would be interesting to make a wear test 
with a narrow tool, like a cutting-off tool, where it would be 
possible to squeeze the tool edge from the sides; that is, to apply 
the compressive stress to planes perpendicular to the edge which 
would give the minimum effective stress. It must be pointed out, 
however, that in a broad tool some of this effect is automatically 
produced by virtue of the tool being in a condition of plane strain 
in its interior. Also, the use of the shear-strain-energy method 
may be open to question in a material like hardened high-speed 
steel or tungsten carbide. 

The foregoing analysis of cutting-edge stresses should be useful 
in metal-cutting research in interpreting tool-wear studies. It 
is also a basis for the rational design of cutting tools. 
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Use of Numerical Analysis in the Transient 
Solution of Two-Dimensional Heat-Transfer 


Problem With Natural and 


Forced Convection 


By S. K. HELLMAN,' GEORGE HABETLER,? anp HAROLD BABROV,’? SCHENECTADY, N. Y. 


In order to determine thermal stresses in a nuclear reac- 
tor during power build-up and decay, it is necessary to 
derive a method of evaluating the transient temperatures 
involved. This paper presents an analysis of a two-dimen- 
sional metallic structure containing many flow channels. 
Cooling is accomplished through natural and forced con- 
vection. Heat generation and conduction are considered 
as functions of time and two space variables; while the 
laminar motion of the liquid metal is expressed by means 
of transient one-dimensional flow-rate equations, derived 
from Euler’s equation. The system is set up as a thermal 
network so that the resulting finite difference equations 
can be solved by a digital computer. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


= cross-sectional area, sq ft 
= capacitance of a thermal element, Btu/deg F 
= orifice coefficient, hr*/Ib-sq ft 


heat capacity of a material, Btu/lb-deg F 

friction drop in ith channel, psf 

acceleration (in this problem g is equal to acceleration 
of gravity ), ft/hr* 

a conversion constant between pounds of mass and 
pounds of force, 4.17 X 108 ft/hr? 

film heat-transfer coefficient, Btu/sq ft-deg F-hr 

friction coefficient, hr?/Ib-sq ft 

friction, coefficient hr/sq ft 

length of a flow channel, ft 

pressure, psf 

pressure at top of channel, psf 

pressure at bottom of channel, psf 

pressure drop along channel length, psf 

pressure drop of flow through orifice, psf 

rate of heat generation in a node, Btu/hr 

temperature relative to a base temperature, deg 

change in temperature of a node, deg F 


b 
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1 Engineer—SIR Thermal Specialist, Knolls Atomic Power Labora- 
tory, General Electric Company. Assoc. Mem. ASME. 

2? Mathematical Analysis Unit, Knolls Atomic Power Laboratory, 
General Electric Company. 

§ Machine Calculation Unit, Knolls Atomic Power Laboratory,‘ 
General Electric Company. 

*The Knolls Atomic Power Laboratory is operated for the U. 8. 
Atomic Energy Commission by the General Electric Company. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Pittsburgh, Pa., June 20-24, 1954, of Tue 
American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 14, 
1954. Paper No. 54—SA-53. 


7 = average temperature of a channel relative to a base 
temperature, deg 

time, hr 

time increment, hr 

velocity of flow at any point in a channel, fph 

volume of a thermal element, cu ft 

flow rate, lb/hr 

distance measured from channel entrance, ft 

volumetric coefficient of thermal expansion, 1/deg F 

density of material, pef 

density of fluid entering a channel, pef 

density of fluid leaving channel, pef 

density at a base temperature, pef 

mass density, slugs/cu ft 

conductivity of solid region, Btu-ft/hr-deg F-sq ft 


Sse 


Subscripts 
p refers to channels F, G, H 
N refers to channels A, B, C 
j refers to a solid node 
k refers to a liquid node 
i refers to any channel 
a refers to any node bordering a particular node 
r refers to any node in a channel 
m is total number of nodes in a channel 
A, B, C, D, E, F, G, H, I, X, Y refer to a particular channel 


INTRODUCTION 


In the design of nuclear reactors, one faces the problem of de- 
termining the thermal stresses that occur during transient opera- 
tion. In order to evaluate such stresses, it is necessary to know 
the temperature distribution in complicated areas containing 
sources of heat and through which liquid metal flows. Specifically, 
the system shown in Fig. 1 will be used for this analysis. 

The system consists of an assembly of metallic slabs separated 
by gaps which are flow channels for a liquid metal. The arrows 
indicate a steady-state flow pattern. The sign convention 
adopted is that upward flow shall be considered positive. There 
are two subsystems in parallel; a free-convection system and a 
forced-convection system. Most of the heat generated in the 
free-convection system is conducted across a metallic plate into 
the forced-convection system and carried away, together with 
the heat generated in the forced-convection system, by the 
liquid metal. At the bottom of the system is a reservoir which is 
maintained at a known inlet temperature. An orifice meters flow 
from this reservoir to the forced-convection system. In parallel 
with the forced-convection system is another channel for which the 
flow rate and temperature distribution are known functions of 
time. This is shown as channel Y in Fig. 2. The boundary con- 
ditions of the system in Fig. 1 are either known temperatures or 
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zero temperature gradients; the known temperatures may be 
functions of time. 

The derivation of the equations will be in two parts: (1) The 
derivation of the heat-balance equations for the thermal network 
shown in Fig. 1; (2) the derivation of the flow-rate equations so 
that the convection terms in the heat-balance equations can be 
calculated. Because the finite-difference equations that will be 
derived give temperatures and flow rates at time ¢ + At in terms 
of those at a previous time ¢, it is necessary to set up stability cri- 
teria. These stability criteria indicate the maximum time incre- 
ment (At) allowable so that one does not get a diverging solution. 
The solution of a finite-difference equation often deviates from 
the solution of the corresponding differential equation. This 
deviation is called the truncation error and is a function of the 
increments chosen for the independent variables. The stability 
and truncation errors in this problem are discussed in Appendixes 
2 and 3, respectively. 

It should be pointed out that the equations were set up for a 
particular geometry, but similar methods would apply to many 
complicated geometries. The condition of laminar flow assumed 
in this paper could be changed to turbulent flow by modifying the 
film-drop term in the thermal resistances and the friction factors 
of the channels, 


ASSUMPTIONS 


The following assumptions were used in deriving the finite dif- 
ference equations of the thermal network 


1 In calculating the change of temperature of any node for a 
small time interval, only that node and its adjacent nodes need to 
be considered, 

2 The temperature at any node is the average temperature 
over its own element. 

3 The initial rate of change of temperature for any time in- 
terval is constant over the whole interval. 


The physical assumptions for the system analyzed in this paper 
are as follows: 


1 The thermal resistance of the film between the flowing 
fluid and a wall is constant and independent of flow rate. 
2 The problem is one of plane heat conduction and convec- 
tion. 
3 All fluid entering any header mixes rapidly. 
4 Fluid exit temperatures from the free-convection loop have 
negligible effect on the temperature of the inlet fluid. 
5 The thermal constants of all materials are independent of 
temperature. 
6 The thermal capacity of the plate separating the free and 
forced-convection sides (between channels Z and F) is negligible. 
7 The friction in a channel is a function of the viscous forces 
between the fluid and the wall, and of the loss in energy due to 
expansion and contraction. 
8 The density of the fluid is a function of temperature only. 
9 The flow in a channel can be considered one dimensional. 
10 The flow rate does not vary appreciably over the length of 
a channel. 
11 The system undergoes no vertical accelerations. 


Heat BaLaNnce 


The equation for the change in temperature of a particular 
node (Fig. 3) between time t, and (t + At) is 


At 
AT = + + Geen] 


5‘‘Numerical Analysis of Heat Flow,” by G. M. Dusinberre, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1949 
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where C is the heat capacitance of the element. 
The rate at which heat is conducted into the node (qcona) is 
given by 


where a@ extends over all bordering nodes and R, is the thermal] re- 
sistance to the a-node. The rate at which heat is added through 
convection is given by 


Gear = 


where the W., are only the flows entering the node and the 7’, are 
the temperatures at which these flows enter; c is the heat capacity 
of the flowing liquid. The rate at which heat is generated in the 
node is Qgen. 

For a solid node j, there is no convection and so Equation [1] 
becomes 


| 
| | 
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The resistance between two solid nodes is 


where ,, is the length between node j and node a, and ,Aq is the 
area perpendicular to lq and confmon to elements j and a. 
For a liquid node k, Equation [1] becomes 


A 
wR 
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same as that for two solid nodes. The formula for the resistance 
between a solid node and a liquid node is 


where ,/q is the length between the solid node and the wall and h 
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is the effective heat-transfer coefficient between the wall and the 
fluid.* 
Our finite-difference scheme for calculating the temperature of 
a node consists of using the equation 
T(t + At) = T(t) + AT 
where AT’ is found from Equation [1] and evaluated at time ¢. 


Derivation oF FLow-Rate Equations 
The equation of laminar flow in a channel derived from Euler’s 
equation (Appendix 1) may be written 
1 ow; 
A, ot = 9/l,AP, + G, 
where 
= — + [10] 
A difference equation approximation to the differential Equa- 
tion [9] is 
1 + — 
A; At 
Defining the quantity 
e(nAt) = W,{(n + 1)At] — . [12] 
Equation [11] becomes 
e(nAt) = + G(nAt)] [13] 
Thus Equations [11] through [13] enable one to solve for the flow 
rate at time ¢ + Atin terms of flow rates and temperatures at time 
t. In the following two subsections, Equation [13] is examined for 
the two systems under consideration and useful expressions ob- 
tained for €,. 


Free-Convection System. Since there is a reservoir at each end 
of the free-convection channels (Fig. 2), one may write 


AP, = AP APs = 
The equation of continuity of flow leads to 
€p + + + €; = 0 


Equations [13], [14], and [15] can be solved simultaneously for 
the free-convection € 


= g/l,AP(nAt) + G(nAt). . [11] 


A 


Subscript p = F, G, H. 
The G-terms are defined by Equation [10], so that 


G, — G, = — 7) + . 118) 


Forced-Convection System. In order to have a closed flow loop, 
it is necessary to specify the pressure drop in a channel (channel Y 
in Fig. 2) in parallel with the forced-convection system. This 
enables one to determine the flow rates through the forced-convec- 
tion region. By examining Fig. 2, one sees that the pressure 
drops in channels A, B, C satisfy 


*“Liquid Metals Handbook,” Atomic Energy Commission and 
Navy Department, June, 1952. 
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Substituting AP; from Equation [13] into Equations [19], [20], 
and [21] the equations for ¢ in channels A, B, and C are 


A 
ty = + AyAtGy’ + Ay g/lyAt 


(—poBlyTy + fr(Wy) — AP.) 
(Subscript N = A, B, C) 


where 


(Wis the total flow through orifice) 
Gy’ = —g/ly[—poBty + fr(Wy)] 


In order to solve for €p and €g one must first set up the pressure 
drops through these channels in terms of Ap, (see Fig. 2) 


AP, = APy — AP; — 
AP; = 
The continuity equation yields 
€x = €g + €p 


Combining Equations [10], [13], [26], [27], [28], one obtains 
lx Ap, lp 


l 
+ AUGy’ + Gp’) + ey + gAtl—pBlyTy 
“ay 


+ fy(Wy) — [29] 


A A 


where Gy’, Gp’, and Gy’ are defined by 
Gy’ = + fe(We)] 
Gp’ = —g|—poBtp + fol Wo)! 
Gy’ = + fx(Wx)] 


Usg or Equations 


The system shown in Fig. 1 may seem complex since it repre- 
sents over 100 heat-balance equations and about 10 flow-rate 
equations. However, this problem may be solved in a reasonable 
time on a high-speed digital computer. The general method of 
procedure used in this solution is presented. 

The first step is to choose the thermal network representing the 
system under analysis. The network used in this problem is 
shown in Fig. 1. The next step is to determine the thermal con- 
stants and the rate of heat generation for each thermal element. 
The constants in the flow-rate equations also have to be deter- 
mined (see Appendix 1). Starting with an initial flow rate and 
temperature distribution at time ¢, one may calculate the change 
in temperature of each node and the change in flow rate for each 
channel over the first time step. As a result, one obtains the flow 
rate and temperature distribution at time ¢ + At. The process 
may be repeated to obtain values at time ¢ + 2A¢ and so on. It 
should be pointed out that the coding can be programmed to 
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handle variations in the boundary conditions with any initial dis- 
tribution. Even the steady-state condition can be evaluated with 
the transient coding by assuming an initial distribution and keep- 
ing the time-varying functions constant. The procedure is then 
to carry out the calculations long enough so that the temperatures 
and flow rates approach constant values. There is a simpler 
method for solving steady-state problems. However, for this 
problem the primary objective was to code for the transient case. 
Since coding is time-consuming, it was deemed advisable to pro- 
ceed as outlined. 

The finite-difference equations that have been derived are of the 
type where a change in the value of a function between time ¢ and 
t + At is based on evaluating conditions at time ¢. For such an 
analysis, stability criteria must be derived so that one does not 
obtain a diverging solution. The temperature equations lead to 
the criterion 


The flow rate equations lead to the criterion 


2 
[3W(G + K) + 


For the system in this paper the maximum allowable Ai evaluated 
for the flow-rate equations was much smaller than that for the 
temperature equations. In order to cut down on computation 
time, many flow-rate calculations were made between each set of 
temperature calculations. 
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Appendix 1 
Fig. 4 shows a flow channel separated by two parallel slabs of 
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solid material. A modified form of Euler’s equation of motion can 
be used to describe this flow in one dimension 
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AP, + OP, = 

AP, + AP, = 

AP, + AP, = 

[24] 

1 

Digs max | — —+) ew 

| 

Ee 

/| 

4 

: 


1 oP ou Ou 1 
—g — — — = uw — + — +— flu, p)...... 36 
g te ty [36] 
The term 
1 
— flu, p) 
ho p 


has been added to account for the friction due to the viscous ac- 
tion between the walls and the fluid as well as the contraction and 
expansion losses which might occur in the entrance and exit of a 
channel. The friction is written only as f(u, p), since it is as- 
sumed that the viscosity will change very little over the range of 
temperatures for this problem. The average value of viscosity will 
be used in determining the friction factors of each channel. 
The general continuity equation is 


ox ot 
Expanding the term 
o(p,u) 
ot 
one obtains 
ou Apu) op, 
38 


Combining Equations [37] and [38] one obtains an expression 
for du/dt which can be substituted into Equation [36] to give 


+u + flu, p)... [39] 


However, the following is true 


Equation [39] then becomes 


aP _ , 
or ot or 


Integrating Equation [41] with respect to z one obtains 


+ f(u,p)..... 


l 
+ — + f S(u, p)dz [42] 
0 
Apu) Xp,u) 


In order to replace Equation [42] with the nomenclature which 
is used in the problem, the following definitions are made 


p = 
2 —(P,— P,) = AP 
3 W=pud 
l 
4 10 = 


Equation [42] now becomes 


1 
f pdz + AP = — (p,u;? — pu?) 
0 9c 
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1 
The term — [p,u;* — p,u,*)]....... . [45] 
9c 
is the change in kinetic energy of the fluid up a channel. For this 
problem the foregoing quantity was found to be negligible. Asa 
result Equation [44] reduces to 


l 
ode + AP ayy... . [403 
0 


GcA ot 
Over the range of temperatures encountered in this problem the 
density can be expressed as 


p = — BT)..... {47} 


where 7' is measured from a base temperature. In the thermal 
network each of the channels is divided into several elements over 
which the temperature is considered constant. As a result, one 
may integrate numerically up a channel so that 


m 
Thus 
ete = — Br)... [49] 
and Equation [46] for a particular channel is 
where 
= — — + [51] 
The friction term f,(W,) can be defined as 
SAW.) = Wik, + 


which includes wall friction and entrance and exit losses. The 
coefficients k and K can be obtained from experimental data or 
through calculations, depending on the data available. 

It should be pointed out that, for this problem, the flow rate at 
any point in a channel did not differ appreciably from the average 
flow rate W. 

Another assumption that was made was of no acceleration of 
the system in the direction of flow. Asa result 


and Equations [50] and [51] reduce to 
1 Ow; 
a, g/l; AP; + G;... [54] 
G,; = — Br;) + f(W,)).. [55] 


Appendix 2 


CRITERIA 


The finite-difference equations used in this paper for calculating 
temperatures are 


+ 1)At] = Téndt) — 


+ e|W,|[7 — T,(nAt)} — a [56] 


a 


If an error is introduced in evaluating 7’ at a particular time N At, 
then at later times (n > N) the resulting temperature distribution 


ow 
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(7;) will differ from that obtained if the error were not present. 
This difference can be defined as 


(ndt) = [57] 


Since the are obtained by means of Equation [56], for times 
(n > N), they satisfy these equations. Subtracting Equations 
{56] from the same equations with the ,, replacing the 7’, one 
finds that the error satisfies 


5,[(n + 1)At] = 5fnAt) — 6 (nAt) — 
C; 


+ |W,| — 


where the effect of the error on the flow-rate calculations has been 


neglected. 
If one defines 6(n) to be the magnitude of the largest error at 
time nAt, i.e. 


= max |5,(nAt)| 
j 
and divides Equation [58] by 6(n), one obtains 


5 (nAt) — 
5(n) 
iRa 


— 6 


From this, it can be seen that 


Pate +1)At} | 


aif 


+ 1)At} _ 
Ci)‘ 


6,(nAt) 
= jRa 5(n) + Bin) 161] 


5(n) &(n) 
C; 
and, using Equation [59] 


+ 1)Ad) Al 


This is the criterion used in the paper. 

To obtain a stability criterion for the equations describing the 
forced-convection flow rates, a lumped channel was considered. 
The corresponding flow-rate equation is 


+ 1)At) = W(ndt) + + Ag/IAt 


{ — ry) —If(W) —Sy(Wy)] — CW}... 165 
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where A is the total cross-sectional area of the forced-convection 
channels, and f(W) their total friction 


S(W) = kW + Kw? 
If an error A is introduced while calculating W one finds by a 
process similar to that used in deriving Equation [58] that the 
error propagates according to 
A[(n + 1)At] = A(nAt) — Ag/lAt[kA(nAt) 
+ + K)W(nAtjA(nAt) + (C, + K)A%nAz)). . [67 
For stability, one must have 
| Al(n + | 
By Equation [67], this is equivalent to 


|1 — AtA g/l {(C, + W)[2W(nAt) + A(nAt)] + k}| <1... [69] 


and hence 


2 
Ag/I\(C, + KX 2W + A) +k) 
The authors, in using this criterion, assumed that the error in W 
was less than W, and replaced Equation [70] by the safer eri- 
terion 


Ai< 2 
An upper bound for W was used in determining At by Equation 
{71}. 


Appendix 3 


TRUNCATION ERROR 


This appendix indicates how the truncation errors in the 
problem can be analyzed. The truncation error in the tempera- 
ture calculations, introduced by the finiteness of the time incre- 
ment, is investigated. 

The difference equations for the temperatures can be written 


T + 1)At] = T(nAt) — Atg,[T(nAt)] 


where 


L 
i a 


— T(nAt)] — at. . [73] 
The differential equations, as far as time is concerned, are 


or 
= 


where turrets are used to cisiinguish the solution to the differen- 
tial equations from the solution to the difference equations. 
Integrating Equation [74] one obtains 


The truncation error is defined as the difference between the 
two solutions 


[75] 


e(ndt) = — T (ndt) 


Subtracting Equation [72] from [75] and using the foregoing 
definition, one has 


A 
4 
4 
| 
| 
| 
1 (72) 
1 
| jRa 
“A To insure the decay of the error, i.e. 
Fe d(n + 1) 
<1l.................. [68 
Ms it is required that 
max < — — + 


+ 


Using integration by parts, one obtains for the integral in 
Equation [77] 


(n+1)at (n+1) At 
[t — (n + [78] 
so that Equation [77] becomes 


€(nAt) — 


At 


|W, |fe(nAt) — + J,(ndt).....(79] 


where 


(n+1) At 
= f [t—(n + 1)Atlg,’ 
nat 


(n+1)At 
-f + 180} 
nat 


Comparing Equation [79], with the J;-term missing, with 
Equation [58], it is seen that for a choice of Ai that satisfies the 
stability criterion and gives a decay rate b, i.e. 

+ 1) 


< ;n= 
din) <b<1; 2 =0,1,2, 


one can write 


i iRa 


| < be(n)..... 


where ¢(n) is the magnitude of the largest of the €,(nAt) 


j 
From Equation [79], one then obtains 
le[(n + < be(n) + Jin)... [84] 
where 
[85] 


J(n) = max |J(nAd)|............ 
j 
Using Equation [84] with n replacing n + 1, and substituting in 
Equation [84], one has 
+ 1)At}| < b%(n — 1) + bJ(n — 1) + J(n).... [86] 


This can be continued, substituting for e(n — 1), and so on until 
one arrives at 
+...+J(n). [87] 


By defining 
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one then has, where the initial error €;(0) is assumed to be zero 


Using Equations [80] and [74], it is seen that 


at, 


. {90} 


2 
max 
2L 43 


Discussion 


G. M. Dustnperre.? The average engineer might well be 
overwhelmed by the complexity of the problem stated in this 
paper. Yet the authors start with the fundamental laws of fluid 
flow and heat flow, and in a straightforward way arrive at a 
workable method of solution. This is a commendable job of en- 
gineering analysis. 

The deeign of a thermal apparatus, like the design of a recipro- 
cating machine, might be reached solely from steady-state con- 
siderations. But the mechanical device might shake itself apart 
with critical vibration transients, and the thermal device might 
burn itself up with temperature transients, before the steady 
state was reached in either case. This points out the importance 
of the authors’ problem. 

The assumption of constant film resistance may be justified 
as a reasonable approximation in many cases. However, it is 
worth noting that this is not a necessary restriction under the 
numerical analysis. This resistance can be varied if desired, so 
long as the convergence criterion is observed. 

It might help toward a quicker understanding of the authors’ 
derivation in Appendix 1, to state the important Equation [46] 
in words. This is a force balance, and the change of kinetic energy 
along the path is negligible. Then the external forces of pressure, 
gravity, and friction are balanced by the acceleration of the flow. 

The stability criterion for fluid flow, Equation [71], is novel to 
this writer, and should be very useful to future workers. 


AvuTsors’ CLosuRE 


The authors wish to thank Prof. G. M. Dusinberre for his 
enlightening discussion. 

Professor Dusinberre’s comment concerning Equation [46] is 
quite appropriate in that the equation mentioned is a force bal- 
ance on a slug of fluid moving up the channel. However, the 
change of kinetic energy term may be significant with respect to 
the other forces on the slug of fluid for some problems. The term 
can be included without changing the analysis. However, for 
this problem it should be emphasized that due to the geometry and 
the fluid involved the change of kinetic energy was neglected and 
the resulting fluid-flow equation derived on that basis. 

In addition, the authors wish to emphasize Professor Dusin- 
berre’s second comment concerning the importance of thermal 
transients as compared to the steady-state heat transfer prob- 
lem. In movable propulsion systems where maneuverability is 
the prime requisite, it has been found from both analytical work 
and test results that the transient problem is by far the most 
critical problem. One way to solve this problem is to determine 
analytically what the transient temperature distribution and 
resulting thermal stresses are and then limit or amplify the num- 
ber of cycles the plant can undergo so as not to have a component 
failure during the life of the plant. 


7 Professor of Mechanical Engineering, The Pennsylvania State 
University, University Park, Pa. Fellow ASME. 
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Heat Transfer From a Rotating Plate 


By R. L. YOUNG,' EVANSTON, ILL. 


Experimental values and comparisons with previously 
proposed analytical solutions are presented for the sur- 
face coefficient of heat transfer by convection from a rotat- 
ing body. The particular case investigated was that of an 
upward-facing heated circular plate rotated in ambient air 
about a vertical axis normal to its surface. It was observed 
that for Reynolds numbers less than 500,000 both natural 
and forced-convection phenomena were of importance, 
while at Reynolds numbers greater than 500,000 forced 
convection alone was of prime significance. Curves and 
equations are presented which permit the calculation of 
heat transfer by convection from such a surface. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


A = plate-surface area 
= surface coefficient of heat transfer by convection 

thermal conductivity 

Nusselt number 

Prandtl] number 

Reynolds number 

heat transfer; qcona heat transfer by conduction, goonv heat 
transfer by convection, graa heat transfer by radiation, 
(ota! Sum of heat transfers by conduction, convection, 
and radiation 

extreme radius of circular plate 

absolute temperature; 7, plate surface temperature, 7’, 
enclosing wall surface temperature 

temperature; ¢ bulk air temperature, t, plate surface 
temperature, At difference in surface and bulk air 
temperatures 

Stefan-Boltzmann constant 

emissivity of a surface for radiant energy 

kinematic viscosity 

angular velocity 


INTRODUCTION 


Previous investigators have pointed out that the fluid flow in 
the vicinity of an upward-facing rotating plate is of interest be- 
cause the symmetry of the problem is such that a complete solu- 
tion of the Navier-Stokes equations for fluid flow is possible. 
The heat transfer by convection from a heated rotating body of 
this type is of particular interest because it is to be expected that 
for certain temperatures and angular velocities of the surface 
both natural and forced-convection effects of appreciable magni- 
tude will be encountered. Furthermore, the fluid-flow charac- 
teristic of natural convection is in a direction opposite to the fluid 
flow induced by the rotating plate. Although analytical solu- 
tions have been presented for this heat-transfer problem, no ex- 
perimental data have been published. 


1 Assistant Professor of Mechanical Engineering, Northwestern 
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Semi-Annual Meeting, Pittsburgh, Pa., June 20-24, 1954, of Tue 
American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
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14, 1954. Paper No. 54—SA-51. 


The fluid flow near the surface of an upward-facing, unheated 
plate rotated about an axis normal to its surface has been in- 
vestigated by von Karman (1).* Assuming laminar flow of an 
incompressible fluid, von Karman derived from the Navier-Stokes 
equations for fluid flow expressions for the radial, tangential, and 
normal velocity components in the vicinity of a rotating surface. 
On the basis of these derived relations, von Karman obtained re- 
sults for the frictional torque exerted by the surrounding fluid on 
a rotating plate. Goldstein (2) reports experimental comparisons 
with von Karman’s results. 

W. Schmidt (3) has established a criterion for the type of flow 
existing about a rotating plate in terms of a Reynolds number de- 
fined as follows 


Schmidt indicates that the transition from laminar to turbulent 
flow occurs at a Reynolds number of approximately 500,000. 

Wagner (4) has extended von Karman’s solution to develop an 
expression for the surface coefficient of heat transfer by convec- 
tion from a heated rotating plate. In the case of a heated plate 
rotating in ambient air, Wagner’s solution may be expressed as 
follows 


On the basis of assumptions made during its derivation, the major 
restrictions on the use of Equation [2] are laminar flow (Vr. less 
than 500,000) and ambient air in such a state that the Prandtl 
number is equal to 0.70.* 

The temperature at which the fluid properties in Equations 
{1] and [2] are to be evaluated has not been specified. It was de- 
cided, as is the usual practice in most convection problems, to 
evaluate these properties at a ‘‘film temperature’’ equal to one 
half the sum of the plate surface temperature and the bulk tem- 
perature of ambient air far removed from the heated surface. 


EXPERIMENTAL APPARATUS 


An apparatus was constructed to make possible the experi- 
mental determination of the surface coefficient of heat transfer by 
convection from an upward-facing circular plate rotated at 
various angular velocities. In order to obtain the desired values, 
it was necessary to measure the total heat transferred by the ro- 
tating plate, the surface temperature of the plate, the angular 
velocity of the plate, and the temperature of the ambient air far 
removed from the plate. As a means of obtaining accurately the 
heat transfer by convection from the plate, it was important to 
minimize heat transfers by radiation and conduction. 

Fig. 1 shows the heating disk and insulation assembly. The 
heating effect was obtained by passing direct current through No. 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

* Wagner presents a coefficient of 0.339 in Equation [2] based on 
air with a Prandtl number of 0.74. Because the experimental results 
obtained in this investigation were for air at a Prandtl number of 
0.70, the author has evaluated Wagner's solution at a Prandtl number 
of 0.70 with corrected numerical values for von Karman’s solution as 
presented by Cochrane (5). As a result a coefficient of 0.333 for 
Equation [2] rather than the 0.339 reported by Wagner was ob- 
tained. 
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24-gage iron thermocouple wire with enamel insulation. The wire 
was wound spirally on the piate surface in such a manner that 
eight separate, concentric heating circuits were obtained each 
having an electrical resistance of about five ohms. During the 
winding process, the spirals of wire were pulled taut so that 
the only space between adjacent iron wires was that occupied by 
the thin enamel insulation. During the winding process the wire 
was attached to the micarta plate with an adhesive similar to the 
enamel insulation on the wire. 

Eight separate, concentric heating sections were used in order 
to maintain, in so far as possible, an isothermal surface. During 
operation, the eighth (outermost) section served as a “thermal 
guard ring,’’ and the inner seven sections were used to determine 
the surface coefficient of heat transfer by convection. Iron 
thermocouple wire was used because of its large linear tempera- 
ture coefficient of resistivity which permitted the wire temperature 
to be computed from a measured resistance. The tempera- 
ture coefficient of resistivity of the wire had been determined 
previously by use of a heating oven and resistance-bridge arrange- 
ment. It is to be noted that measuring the temperature of each 
section by resistance means gave more nearly the average tem- 
perature of the section than would have been obtained by placing 
a thermocouple at some particular point in each section. 

No. 18-gage copper wire was attached to each of the heating- 
circuit wires and, in order to reduce heat conduction, the entire 
heating disk was countersunk into a cork cylinder as shown in 
Fig. 1. The copper heating-cireuit wires were brought through 
holes drilled in the cork and attached to binding posts on the 
bottom of the insulation assembly. The upper surface of the 
heating disk and insulation assembly was smoothed by an alter- 
nate varnishing and sanding procedure. Radiation from the 
plate was minimized by cementing a highly polished aluminum 
plate 0.020 in. thick to the upper surface of the heating disk- 
and-insulation assembly. 

As shown in Fig. 1, eight mercury thermometers were placed in 
holes drilled longitudinally through the completed assembly. The 
bulbs of these thermometers were placed as close as practicable to 
the underside of each winding at the mean radius of each section. 
During rotation of the assembly, these thermometers were read 
by means of a synchronized light source and were used only as 
approximate indicators of the plate temperature. 

Slip rings of cast bronze, */1.in. wide and 1.62 in. OD, were fixed 
to a machined shaft by press-fitting them over plastic washers. 
The slip-ring shaft was attached to the insulation assembly and 
mounted vertically in bearings in such a manner that the entire 
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device could be rotated by means of a variable-speed electric 
motor. The angular velocity of the plate was measured by means 
of an electric-timer electric-countercircuit. 

Copper graphite brushes supported in cantilever holders were 
utilized to supply current to the rings. Preliminary testing of this 
arrangement revealed that the electrical resistance of the brush- 
ring unit was small compared to the electrical resistance of the 
winding and that this small resistance was satisfactorily stable 
once the rings and brushes had been fitted carefully. 

The current flowing in each of the heating circuits was deter- 
mined by using a potentiometer to measure the voltage drop 
across a precision resistor of known value placed in each circuit. 
Provisions also were made to utilize the potentiometer to measure 
the voltage drop across each heating section. In addition, a 
multipole spring-return switch was installed in each circuit so 
that the heating current could be momentarily interrupted at the 
same time a resistance-measuring bridge circuit was completed. 
The momentary interrupting of the heating circuit seemed to 
have little effect on the temperature of any one heating section 
probably because of the short time the circuit was opened and 
because only one of the eight heatirg circuits was interrupted at 
any one time. Determination of all three of the heating-circuit 
variables—current, resistance, and voltage drop—enabled a check 
to be made on the dependability of any one of the measuring 
methods. 

The source of direct current had to be quite stable because of 
the long time required to reach steady-state conditions with the 
electrical circuit employed. A mercury-are rectifier was used in 
parallel with one or more six-volt storage batteries. The output 
of the rectifier was normally slightly greater than the electrical 
energy required by the circuit. As a consequence, the storage 
batteries charged very slowly and tended to act as filters, thus 
giving a very steady, constant source of electrical energy. 

A rheostat placed in parallel with a slide-wire resistor was used 
for sensitive control of the electrical-energy input to each cir- 
cuit. The current in each circuit was regulated until resistance 
measurements indicated that the temperatures of all heating sec- 
tions were stabilized and equal. This temperature was then taken 
as being equal to the surface temperature of the plate. A small 
drop in temperature from the wires to the surface of the aluminum 
cover was expected; however, a conduction calculation showed 
that this temperature drop never exceeded 0.5 deg F and, in gen- 
eral, was much smaller. 

The room in which the test was run was well insulated and kept 
carefully isolated in order to prevent stray air currents which might 
influence the test results adversely. The bulk temperature of the 
air was measured at several different elevations relative to the 
heated plate with precision-grade mercury thermometers. In 
general, these readings differed little and the bulk temperature of 
the air was taken as the average of these values. A thermocouple 
was embedded in the ceiling of the room in order to measure the 
enclosure surface temperature for the radiant-energy calculation. 
Because the test room ceiling was well insulated and adjacent 
to other spaces at approximately the same temperature, the en- 
closure surface temperature was found to differ little from the 
bulk air temperature. 


REsvULTs AND CONCLUSIONS 


The total electrical-energy input to the heated plate was dis- 
sipated by convection, radiation from the polished aluminum sur- 
face, radial conduction across the plate surface, and conduction 
through the cork insulation. The heat transferred by radiation 
was computed by 


Qra = €Aa[(T,)* — (T,)*} 
Equation [3] is restricted to those situations in which a small 
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body is contained within a large enclosure and thus is applicable 
to this case. The value of the emissivity of the polished aluminum 
surface was taken as 0.04 from McAdams (6). Because the heat 
transfer by radiation as computed by Equation [3] never 
amounted to more than 4 per cent of the total energy dissipated, 
a small error in the emissivity value would not affect the results 
significantly. The radial conduction of heat across the plate sur- 
face was prevented by maintaining temperature equality in all 
eight heating sections. 

The heat transferred by conduction through the cork insulation 
was determined by clamping rigidly on top of the original heating 
disk and insulation assembly a second heating disk and insula- 
tion assembly with dimensions and materials identical to the 
original. Each heating section was then brought to the same 
temperature by passing the proper current through it, and the 
amount of energy lost by the assembly was recorded. It was then 
assumed that, of the total energy dissipated, one half was con- 
ducted through the upper insulation assembly and the other half 
was conducted through the lower assembly. In this manner the 
amount of heat conducted through the cork insulation was de- 
termined for various plate surface temperatures. The values 
found by such means are shown in Fig. 2. 
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Fie. 2 Torat Heat Transrer From a Rotatine Surrace 


Subtracting from the total energy dissipation of the rotating 
plate the heat transferred by radiation and conduction, the heat 
transfer by convection was determined. From these values the 
surface coefficient of heat transfer by convection was computed 
by 
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The area A in Equation [4] was taken as the surface area of the 
inner seven sections of the heating disk, the eighth section serving 
as a “guard ring.”’ 

Table 1 and Fig. 2 show the experimental results obtained for 
the total heat transfer from the plate at various rotational speeds 
w, and differences in surface and bulk air temperatures Af. It is 
to be noted that at any one difference between surface and bulk 
air temperature, an increase in rotational speed of the plate causes 
an increase in the amount of energy dissipated from the plate. 
However, Fig. 2 also demonstrates that the effect of rotation on 
the heat transfer is lessened as the angular velocity increases. 


TABLE 1 EXPERIMENTAL DATA FOR TOTAL HEAT TRANSFER 
FROM ROTATING PLATE 
@tota w, at, teurface 
(Btu/hr = ft) rpm deg F deg F 
36.1 105 16.3 103.9 
65.4 104 .6 114.0 
91.8 97 37.4 126.4 
113 104 44.8 131.8 
169 106 5 154.0 
@avg = 103 
36.1 190 13.7 101.7 
64.8 190 21.3 108.3 
90.1 196 29.6 119.8 
112 191 35.7 123.4 
171 54.8 144.8 
66.5 393 17.0 101.3 
116 411 28.3 113.7 
170 397 42.5 129.0 
212 401 53.8 139.8 
wavg = 400 
498 15.6 99.6 
115 500 26.8 112.8 
172 499 39.7 126.1 
213 500 50.2 136.4 
“avg = 499 


Data for the surface coefficient of convection frequently may be 
represented by equations involving only the difference of surface 
and bulk air temperatures or some characteristic velocity of the 
system for those cases in which the fluid-temperature range is 
such that only small changes occur in the properties of the fluid. 
Because the “film temperature’’ in this investigation varied only 
some 30 deg F with consequent small changes in fluid properties, 
Fig. 3 may be plotted. This graph shows the variation of the 
surface coefficient of heat transfer by convection with the angular 
velocity of the plate for various differences in the surface and 
bulk air temperatures. It is to be noted that for rotational speeds 
less than approximately 250 rpm (corresponding to a Reynolds 
number in the vicinity of 500,000 as computed by Equation [1]), 
h is a function of At as well as w, while at rotational speeds greater 
than 250 rpm, A is a function of w only. This observation may be 
explained as follows: 

The flow of air about the stationary heated plate is upward as a 
result of density differences in the fluid caused by the presence of 
the warm plate. This phenomenon is known as natural convec- 
tion and the intensity of this circulation is proportional to At. 
As the plate rotates, it develops a “pumping action’’ pulling air 
downward toward its surface and thus inducing forced convection. 
The intensity of this fluid movement increases as the angular 
velocity of the plate increases. 

Because h proved to be a function of At as well as w for rota- 
tional speeds in the range of zero to 250 rpm, it may be concluded 
that natural convection, as well as forced convection, is of im- 
portance in this speed range. For rotational speeds greater than 
250 rpm, corresponding to Reynolds numbers greater than 500,- 
000, A is no longer a function of At and thus evidently the fluid 
motion characteristic of natural convection is no longer sig- 
nificant. Because A in this speed range is a function of w only, 
it may be concluded that the downward flow of fluid toward the 
plate surface is little influenced by the upward flow characteristic 
of natural convection at Reynolds numbers greater than 500,000. 
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On the basis of the experimental results obtained in this in- 
vestigation, Equation [5] has been developed to represent the 
forced-convection data for Reynolds numbers greater than 500,- 
000 with air as the fluid involved 


Equation [5] gives values of h in Btu per hr sq ft deg F for w in 
rpm. 

Equation [6] represents the convection data in the transition 
region of Reynolds numbers from zero to 500,000 where A was 
found to be a function of both w and At 
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500,000 
Values of A in Btu per hr sq ft deg F are obtained from Equation 
(6! if w is in rpm and At is in deg F. The radius used in the 
Reynolds number is the extreme radius of the plate (6 in. for this 
investigation) and the fluid properties are evaluated at the 
previously defined film temperature. Although Equation [6] 
appears quite formidable, no simpler expression was found which 
properly represented the complex phenomena in this region of 
transition from heat transfer by natural convection only to fully 
established forced convection. The product involving At repre- 
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sents the influence of natural convection on A, the product in- 
volving w represents the forced-convection effect, and the con- 
stant 500,000 is the Reynolds-number value at which it was 
found that natural-convection heat transfer was no longer sig- 
nificant. 

Numerous investigators have correlated forced-convection data 
by an equation of the following type 


= function of (NreNer).... 


Fig. 4 shows an attempt to correlate all of the data by means of 
Equation [7] for angular velocities of 50 to 500 rpm. For 
logio( NreNpr) products less than approximately 5.5, the correla- 
tion is unsatisfactory while for greater values of the NreNpr 
product, the correlation is successful. For the Nr of 0.70 existing 
during these tests, this transition occurs at Reynolds numbers of 
about 500,000. The reason for the unsatisfactory correlation at 
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Reynolds numbers less than 500,000 is, as previously explained, 
a result of the fact that in this region natural convection as well 
as forced convection is of importance. The data in Fig. 4 for 
fully developed forced convection (NreNpr products greater 
than approximately 350,000) may be expressed by the following 
equation 


The fluid properties of Equation [8] were evaluated at the 
film temperature and the characteristic length in the Reynolds 
and Nusselt numbers was taken as the extreme radius of the 
plate. In this investigation, values of the fluid properties other 
than density were determined from the Keenan and Kaye “Gas 
Tables’’ (7). The density of the air was computed from the per- 
fect-gas equation of state. 

Wagner’s solution as shown in Figs. 3 and 4 yields a curve of 
similar shape to that determined experimentally but predicts 
values of the convection coefficient some 25 per cent less than 
those found in this investigation. It is of interest to note that 
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Wagner’s solution predicts a value of zero for h at zero rotational 
speed. This does not take into account the appreciable heat 
transfer by natural convection which, on the basis of these ex- 
perimental results, is a significant factor over the entire range of 
applicability of Wagner’s solution. 

Millsaps and Pohlhausen (8), using the velocity components as 
developed by von Karman, have developed recently an equation 
for the convection coefficient from a rotating plate. Their de- 
velopment is similar to Wagner’s, the major difference being that 
Millsaps and Pohlhausen have assumed that the temperature dis- 
tribution in the boundary layer is a function of both a vertical 
length above the plate and a radial length parallel to the horizon- 
tal plate surface whereas Wagner assumed that the temperature 
distribution was a function of a vertical length only. However, 
for the particular problem involved in this investigation, the solu- 
tion by Millsaps and Pohlhausen shows that little error is in- 
volved in assuming that the temperature distribution is not a 
function of the plate radius, On this basis their solution may be 
reduced to a form similar to the equation developed by Wagner as 
shown by 


It is to be noted that the solution of Millsaps and Pohlhausen 
leads to a coefficient of 0.28 in place of the coefficient of 0.333 ob- 
tained from Wagner’s solution. This discrepancy arises because 
Millsaps and Pohlhausen used the specific heat at constant volume 
in a place where Wagner chose the specific heat at constant pres- 
sure. Because Wagner’s solution with the larger coefficient gave 
values nearer to those determined experimentally than would be 
determined from Equation [9] with the smaller coefficient, this 
investigation indicates that the use of the specific heat at con- 
stant pressure rather than the specific heat at constant volume was 
justified. 

Vauipity or ExpeRIMENTAL RESULTS 


From known values for the measuring precision of the instru- 
ments used for the determination of the surface coefficient of con- 
vection, a maximum deviation of plus or minus 5 per cent be- 
tween the experimental and true values of A is predicted. Be- 
cause Af is the difference between two measured quantities, the 
values of Ah at the greater values of At may be somewhat more 
accurate than at the smaller values of Af. 

A long period of time was necessary for the attainment of 
steady-state conditions in the well-insulated, electrically heated 
device used in this investigation. In order to make sure that a 
true steady-state condition was reached at the time data were 
taken, no readings were made during unsteady-state conditions 
as indicated by drifting of the potentiometer galvancmeter used 
to measure the circuit current. Once a steady-state condition 
had been reached as indicated by galvanometer stability, several 
readings were taken over a period of time. If these readings 
showed only random variations, then it was assumed that a true 
steady-state condition had been reached. 


Summary or ConcLvusions 


Equations and curves have been presented for the computation 
of heat transfer by convection from a rotating upward-facing 
plate to air for values of At from 10 to 60 F and angular velocities 
from 0 to 500 rpm. It was found that at Reynolds numbers less 
than 500,000 both natural and foreed-convection phenomena were 
of importance, while at Reynolds numbers greater than 500,000 
forced-convection effects alone were significant. Previously pro- 
posed analytical solutions of the problem predict values of the 
convection coefficient some 25 per cent less than those found ex- 


YOUNG—HEAT TRANSFER FROM A ROTATING PLATE 


1167 


perimentally. The primary reason for this discrepancy is that the 
analytical solutions fail to take into account the appreciable heat 
transfer by natural convection which occurs at Reynolds numbers 
less than 500,000. 
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Discussion 


FLORENCE F. BuckLanp.* This paper contains much interesting 
new material. In going over it in some detail there appeared to 
be confusion in using w both as angular velocity and as rpm. This 
situation can be remedied by adding a symbol N defined as rpm, 
and by defining w as radians per hour = 1207N. Then Equation 
[6] would have the Reynolds-number terms expressed in radians 
and the speed terms in rpm, and Schmidt’s and Wagner’s would 
remain the same. 

A question that arises concerns the area used in evaluating h. 
Was the area in Equation [4] associated with the heat input to 
the inner seven sections? 

The careful measurements of heat input make it appear that 
the data are available for determining the local values of heat- 
transfer coefficient. The question of using one radius for evaluat- 
ing Reynolds number, and another for evaluating heat-transfer 
area would be clarified by a plot of such data, no matter how 
limited the accuracy. 

If the equipment is still available, useful additional information 
could be obtained by mounting the same disk horizontally. 


R. J. Minpak.' The author is to be congratulated for present- 
ing data on a subject about which too little is known. His work 
will be a definite contribution to the science. However, there are 
a few points which should be discussed further. 

The writer would like to know the details of the iron-wire cali- 
bration procedure, Because of the unique method of measuring 
the average surface temperature, one of the critical points of the 
experiment is the accurate determination of the temperature co- 
efficient of resistivity of the iron wire. 

It would be helpful if some comparative data were presented 


‘Heat Transfer Applications Engineer, General Engineering 
Laboratory, General Electric Company, Schenectady, N. Y. Mem. 
ASME. 

5 At present, Physical Science Coordinator, Office of Naval Re- 
Assoc. Mem. ASME. 
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showing simultaneous measurement of current, voltage, and re- 
sistance of the heaters. It was stated that the momentary in- 
terruption of the heater circuit seemed to have little effect on the 
temperature of the wire. This statement was based on compara- 
tive data measurements and it is believed that the inclusion of 
those data would add to the usefulness of the paper. 

At first glance it would seem apparent that the relatively small 
mass of wire might cool appreciably during the time required to 
make resistance measurements, thus resulting in low surface- 
temperature measurements, 

In determining the conduction loss through the cork insulation, 
why was the loss assumed to be '/2 of the total loss through both 
assemblies? Since no two samples of insulation ever have ex- 
actly the same thermal conductivity, it would seem that a more 
precise method of measuring the conduction loss would be to main- 
tain the same temperature at each heater surface and then meas- 
ure the output of the test heater. Also, were thermometers in- 
serted in the second assembly as in the test assembly in order to 
have an exact duplicate assembly? 

If Equation [6] in the paper is evaluated at zero rpm, an ex- 
pression for the natural-convection heat flow from a horizontal 
plate facing upward is obtained. Would the author care to dis- 
cuss the reasons for the differences between this expression and 
the usual expression found in heat-transfer texts? For the larger 
temperature differences both expressions agree fairly well but at 
small temperature differences a discrepancy exists. 

It would be of additional interest if the author could present 
some data showing the variation of the heat-transfer coefficient 
over the various heater sections. This information would be as 
important as average data. 

In closing, it seems that the author endeavored to conduct a 
very careful and precise investigation and the writer’s comments 
are not to be construed as criticisms of his work. Rather, the 


various points are raised to increase the value of this excellent 
paper. 


AuTuor’s CLOSURE 


As Mrs. Buckland remarks, a single symbol has been used for 
angular velocity. Only Equations [5] and [6] require that par- 
ticular units be used for angular velocity and here, to prevent 
any confusion, the proper units for the variables have been speci- 
fied. It was felt that carefully specifying units where necessary 
would satisfactorily avoid the added complication of two sym- 
bols for a single variable. 

As stated just after Equation [4], A was calculated on the basis 
of the convection heat transfer from the surface area associated 
with the inner seven heating sections. This area is equal to 57.7 
square inches. 

Both Mrs. Buckland and Mr. Mindak inquire about the varia- 
tion of local heat-transfer coefficient with plate radius. In 
general, the data for local coefficients were not conclusive enough 
to report in numerical form. The trend of these values showed 
that for the forced-convection situation the coefficient was some- 
what greater in the vicinity of the plate edge than near the plate 
center. 

It was not mechanically feasible to mount the assembly in a 
horizontal position in order to provide a rotating plate with a 
vertical surface. 
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Mr. Mindak’s concern over the determination of the tempera- 
ture coefficient of resistivity of the wire is quite proper, for an 
accurate determination of this factor was vital to the reliability of 
the experimental results. A one-hundred-foot roll of iron thermo- 
couple wire with calibrated thermocouples embedded in it was 
placed in an electric heating oven. At various equilibrium tem- 
peratures, the resistance of the wire was measured to five figures 
with a Mueller type bridge and a sensitive galvanometer. After 
the heater element was fabricated, it was placed in the oven and 
the temperature coefficient of resistivity was checked. The same 
bridge was used in the experimental apparatus. 

The simultaneous measurement of current, voltage, and re- 
sistance for each heater was impossible because during the time 
the resistance of a given section was being measured, the heating 
circuit was interrupted. The fact that the resistance computed 
from current and voltage values obtained just prior to, or just 
after, the interruption compared well with the resistance measured 
while the heating circuit was momentarily opened showed that 
the brief interruption had little effect on the wire temperature. 

In determining the conduction heat loss, the two assemblies 
were as nearly identical as possible and thermometers were in- 
serted into each. The two cork cylinders were cut from the same 
block of material in order to help assure uniformity of insulation 
properties. 

As Mr. Mindak comments, when evaluated for zero rotational 
speed, Equation [6] gives the following for the coefficient of 
natural convection from a heated plate facing upward 


h = 0.195 (At). 


This equation was obtained by using the method of least squares 
to fit the best curve to the experimental data. 

The usual type of equation suggested for horizontal plates fac- 
ing upward is from reference (6) 


h = 0.38 


The following table shows that Equations [10] and [11] give 
an essentially equivalent value for a At of 60 F and somewhat dif- 
ferent values for a At of 10 F and a At of 30 F. 


At, h by Eq [10] 
deg F Btu /hr sq ft F 

10 0.51 

30 0.81 

60 1.09 


The primary basis for Equation [11] is the data reported by 
Griffiths and Davis* for plates three to four feet square. Whether 
one should expect the same average h for a three or four-foot 
square plate and a twelve-inch-diameter disk is questionable. In 
addition, an inspection of the data of Griffiths and Davis reveals 
that the smallest At they obtained was 25.4 F so their data cannot 
be of any use in establishing the validity of Equation [11] for 
At less than their smallest value. 

The author wishes to thank Mrs. Buckland and Mr. Mindak 
for their constructive comments. 


h by Eq [11] 
Btu /hr sq ft F 
0.67 
0.89 
1.06 


‘The Transmission of Heat by Radiation and Convection,”’ by 
E. Griffiths and A. Davis, Food Investigation Board Special Report 
Number 9, Department of Scientific and Industrial Research, H. M. 
Stationery Office, London, England, 1922. 
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A primary instrument was constructed for the measure- 
ment of the thermal conductivity of liquids at atmospheric 
pressure. An aluminum instrument was constructed 
such that it used a liquid layer only 0.022 in. thick in order 


to eliminate the effects of convection. Measurements 
were made over the approximate temperature range from 
20 to 90 C with the following compounds: 


1 Ethyl acetate 6 Distilled acrylonitrile 
2 Vinyl acetate 7 Dibutyl phthalate 

3 Butyl acetate 8 Methyl methacrylate 
4 Adiponitrile 9 Dimethyl formamide 
5 Acrylonitrile (commercial) 10 Dimethyl] acetamide 


The experimental accuracy was estimated to be approxi- 
mately +2.5 per cent. 


INTRODUCTION 


HE fundamental relation for the conduction of heat in 
fluids (liquids and gases) is the same as for solids. The 


steady flow of heat by conduction was studied by the 
French physicists Biot and Fourier and may be expressed by 


This formula implies the assumption of a homogeneous substance 
in which a constant temperature difference A,t is held between 
the points of a plane area A and any points at a short perpendicu- 
lar distance AX from this area. Then, a steady flow gq. per unit 
time (rate of heat flow) occurs in the direction of decreasing tem- 
perature. The factor of proportionality k is called “heat conduc- 
tivity” or thermal conductivity. 

Reliable data on the thermal conductivities of liquids are rare, 
accurate data on the temperature coefficient being especially 
meager. In fluids, under engineering conditions, it is usually 
impossible to eliminate the effect of convection. Many of the 
early investigators used such thick layers of liquids and large 
temperature differences that convection currents were set up; 
hence spurious values of the thermal conductivity were obtained. 
This investigation was a continuation of a research program 
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(1 to 6)§ which was previously initiated in the Purdue laboratories 
in order to obtain more reliable values of physical properties for 
use in various dimensionless groups: such as the Nusselt, Prandtl, 
Peclet, Graetz, and condensation moduli. 


APPARATUS 


The concentric cylinder type of instrument was selected, since 
it appeared to be the simplest primary instrument to construct 
and operate with the facilities available. In this type of instru- 
ment the heat leaks can be obviated and the instrument may 
readily be degassed, cleaned, and filled. 

Instruments of this type are modifications of those used by 
Winkelmann (5) and P. W. Bridgman (7) and consist of an 
annular liquid layer contained between concentric metal cylinders. 
The entire unit is immersed in a constant-temperature bath and 
electric heaters inside the inner cylinder supply the thermal energy 
which flows radially through the annular liquid layer. Errors 
may occur if temperature gradients along the cylinder walls 
produce axial heat flow or if the annular space and the tempera- 
ture drop across the liquid layer are large enough to allow convec- 
tion currents in the liquid. 

Fig. 1 shows the details of the instrument. The cylinders 
were 248 aluminum, machined and polished so as to provide an 


FILLING TUBE \ VA 
FLUID LAYER THERMISTOR WELLS 


Fic. 1 Test Instrument 


annulus 0.022 in. wide. The concentricity of the cylinders was 
maintained by three small teflon pins spaced symmetrically about 
each end of the inner cylinder. Both cylinders were closed 
with teflon gaskets and aluminum caps which were fastened with 
screws. 

The outer cylinder had a bore of 1.506 in. and a */,-in. wall. 
The length, including end caps, was 9*/, in. 

A heater of No. 30 B & S gage chrome! P wire wound on a 
balsawood core was inserted in the */,-in-diam hole in the inner 
cylinder. The pitch of the heater windings was '/, in. in the 
middle 4 in. and gradually decreased near the ends to provide a 
guard-heater effect. 


* Numbers in parentheses refer to the Bibliography at the end 
of the paper. 
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Cylinder-wall temperatures were measured by means of No. 
14-B Western Electric thermistors mounted in thin-wall tubes. 
Two '/;-in. diam holes were drilled axially through the center of 
the walls of each cylinder for use as thermistor wells. Aluminum 
tubes welded to the cylinder caps protected lead wires and ther- 
mistor wells from test and bath liquids and allowed filling of the 
annular space. 


Fie. Generat APPARATUS 


Laboratory stirrer 

Constant-temperature bath, 15 gal transformer oil 

Test unit, Fig. 1 

Cooling coils for oe 

Control heater (No. S gage nichrome wire) 

Auxiliary heater & 8 gage nichrome wire) 

Powerstat, Superior Electric Co., 120 volts a-c 

Sensitive element of bath-temperature control, No. 14-A Western Electric 
thermistor 

Thermistor probe (Fig. 3) 

Bath-control unit 

Land N 4-dial Wheatstone bridge and type R galvanometer 

Land N 5-dial bridge and type E galvanometer (0.0035 microamp/mm 
deflection) 

L and N type K-2 potentiometer and type E galvanometer (0.05 
microvolt/mm deflection) 

Motor-generator set, 28 volts d-c 

Wet cells (4 ea 6 volt) 

Land N standard resistor, 1 ohm 


THERMISTOR 


COPPER LEADS TO 


14-B WESTERN 
ELECTRIC THERMISTOR 


PLASTIC 


CLAMPING SCREW OD. THIN WALL TUBE 


Fic. 3 Tuermistor Prose 


Fig. 2 is a schematic diagram of the test instrument with its 
auxiliary apparatus. The test-instrument power supply ton- 
sisted of a motor-generator set (part 14, Fig. 2) which delivered 
direct current at 24 volts to four 6-volt cells (part 15, Fig. 2) at 
the same rate at which it was drawn off by the test heater. The 
supply-voltage regulation proved to be better than +0.1 per 
cent. 

After assembly, as shown in Fig. 3, the thermistors were 
aged for a period of several days in a laboratory furnace at 300 F 
to improve their stability. A direct current of 150 wA was 
passed through the thermistors during the aging period. During 
a 6-month period following the aging, frequent measurements at 
the ice point showed an average thermistor resistance variation of 
only +4 ohms in 6000 ohms. Further tests showed that an 
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operating current of 50 to 100 wA allowed good sensitivity but 
caused no appreciable heating of the thermistors. All conduc- 
tivity measurements were made using a thermistor current of 
approximately 90 wA. 

The outer surface of the test instrument was maintained at a 
constant temperature in a 15-gal oil bath. The bath tempera- 
ture was controlled to +0.005 deg C by a Wheatstone-bridge cir- 
cuit, one leg of which was a thermistor suspended in the oil. 
Slight changes in temperature unbalanced the bridge causing de- 
flection of a galvanometer which controlled the bath heater 
through a photocell relay. 


EXPERIMENTAL PROCEDURE 


All the liquids were tested as received from the manufacturer. 
No attempt was made at further purification. Prior to each fill- 
ing with test liquid, the instrument was cleaned thoroughly with 
solvents and evacuated for a 12-hr period to reduce the formation 
of a gas layer between liquid and metal. The test liquids filled 
the annular space from the bottom and overflowed through a 
tube at the top. The filled instrument was suspended in the oil 
bath and the heater current adjusted to a value estimated to 
allow a temperature drop of not greater than 1 deg F across the 
liquid. The oil bath was then brought to the desired tempera- 
ture and the control unit set in operation by balancing the 
bridge resistance against that of the bath thermistor. Steady 
state was indicated when the resistance of the thermistor probes 
in the oil-filled wells became constant. Resistance measurements 
were made with the probe located in the inner and outer cylin- 
ders and in the oil bath with sufficient time allowed between 
measurements to assure steady-state conditions. The bath tem- 
perature was read from a calibrated mercury-in-glass thermom- 
eter graduated in 0.1 deg C increments. 

The power supplied to the test length was determined by 
measuring the potential drop across the l-in. heater length and 
across a 1-ohm standard resistance connected in series with it. 


ANALYSIS AND RESULTS 


This primary or absolute instrument did not require calibra- 
tion. The measurements were made under steady-state condi- 
tions where the following equation closely approximated the 
heat-flow relations 


where 


q = rate of heat flow through liquid test layer, Btu/hr 
k = thermal conductivity of liquid, Btu/hr ft deg F 
S = shape factor of liquid test layer, ft 
At = temperature drop across liquid layer, deg F 
L = length of isothermal section in which conduction takes 
place, ft 
D,,D, = outer and inner wall diameters, respectively, ft 


All of the quantities indicated on the right side of Equation [4] 


- 
‘ 
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were determined by experiments or by physical measurements. 
The dimensions of the annulus (D, and D,) were determined by 
precision instruments at the Measurements Laboratory, General 
Engineering Department, Purdue University. The surfaces of 
the annulus were kept bright by frequent polishing and the 
dimensions were checked periodically. The length of the iso- 
thermal section L, was determined with a measuring microscope 
in our own laboratory. 

The temperature drop across the liquid layer At was measured 
by means of a calibrated thermistor probe which was placed 
alternately in each of the oil-filled wells shown in Fig. 1. 

The power dissipated in the test length was calculated from the 
values of individual determinations of the potential drop across 
the l-in. heater length and the current flowing through the 
heater. The current flow was determined from measurements 
made on a one-ohm standard resistor connected in series with the 
heater, Fig. 2. 

The final results of these experiments are tabulated in Tables 
1 to 12. The thermal conductivities of these organic compounds 
are all of the same order of magnitude. The temperature coef- 
ficients of the thermal conductivities were negative in all cases. 


Discussion oF Errors anp AccuRACY 


This particuiar test cell was the fifth in a series of these instru- 
ments which had been constructed and studied in the Purdue 
laboratory. These studies were made by three different investi- 
gators over a period of two years (1, 2, 4, 5, 6). 

This application of the Fourier-Biot equation (see Equation 
{4]), assumed radial heat flow by conduction only through the test 
length of the liquid layer; therefore it was necessary te determine 
the effect of convection. According to work by Beckman (8) 
and by Mull and Reiher (9), thermal-conductivity measurements 
made assuming only conductive heat transfer will be in error by 
less than 2 per cent if test conditions allow the product of the 
Prandtl and Grashof numbers to be less than 1000. The maxi- 
mum value of this product was 55; therefore the convective 
effects were assumed to be negligible. A series of tests made 
with increasing values of At tended to confirm this assumption. 

End losses through the heater core and cylinders are inherent 
to this type of apparatus. The location of the test length within 
the measured isothermal zone and the guard-heater effect pro- 
vided by the closer windings near the core ends served to reduce 
the end losses greatly. In addition, the balsawood core offered 
high resistance to axial heat flow. A number of heaters were 
constructed and studied. The temperature variations along the 
length of the cylinders were measured. A thermistor probe was 
advanced in '/,-in. increments along the wells and allowed to reach 
steady state in each position. At temperatures of 30, 50, and 


BLE 4 THERMAL CON- 
DUCTIVITY ACE- 


3 THERMAL CON- 
boeriviry! ACE- 


k X 10° CGS units 
23.1 
3429 
48.2 


k X 10° CGS units 


5926 331 
67 


« Du Pont, Tables 3-12. 
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70 C there was no discernible variation along the outer cylinder. 
At the same temperatures, the inner cylinder appeared to have 
at its middle an isothermal zone whose length changed from 
approximately 4 '/; in. at 30 C to3'/,in. at 70C. The length of 
this isothermal zone was also a function of the liquid in the annu- 
lus. The low-thermal-conductivity liquids produced longer 


TABLE 1 THERMAL-CONDUCTIVITY CONSTANTS* 


Compound Conductivity kg 
sec cm A 
Vinyl Acetate 319 1.025 
Ethyl Acetate 300 2.775 
sutyl acetate 239 0.478 
Adiponitrile 401 0.375 
Acrylonitrile (conmercial) 359 0.90 
Acrylonitrile (distilled) 352 0.90 
Dibutyl Phthalate 315 0.375 
* Methyl Methacrylate 300 0.92 
Dimethyl Formamide 397 0.825 
Dimethyl Acetamide 403 0.325 


k = kw + A(70 — 
where k = cal/sec cm deg C, and ¢ = deg C. 


A TABLE 2 RANGE OF INVESTIGATION 


Vompound foiling Poirt Ye.perature dane of 

de;. C Investigation - de: C 
Vinyl acetate 73 23 - 67 
Sthyl acetate 77015 a2 89 
sutyl acetate 125.5 28 = 90 
adiponitrile 295 2-77 
acrylonitrile (cons erciul) --- 23 = 54 
aerylonitrile (distilled) 50 (200 m) 23 = 72 


Dibutyl phthalate 175 (269 22 = 90 


iethyl “ethacrylete 100 <2 - 90 
> 

Dimethyl formanide 153 23 - 32 

bimethyl acetamide 168 22-77 


BLE 5 THERMAL CON- 


TABLE 6 CON- 
DUCTIVITY ACE- A 


DUCTIVITY OF DIPONI- 
TRILE 


k X 10° CGB units kX 10° CGS units 
t, t, ¢ 

28.5 23.3 
3361 
50.5 


765 


29.63 
40.5 
50 300 


i 
| 
t, 
2326 350 hel 
2he7 339 412 
69 301 30 299 
7 284, 
70.1 284, 
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TABLE 8 THERMAL CON- 
DUCTIVITY OF DISTILLED 
ACRYLONITRILE 


k X CGS units 


THERMAL CON- 
RYLONI- 


ABLE 7 
DUCTIVITY OF 
TRIL 


k X 106 CGS units 
t, 

23 456 397 
26.9 382 
370 


5326 


isothermal zones; therefore the greatest error due to axial heat 
losses occurred in the measurements on water. The actual test- 
heater length was defined by copper potential taps soldered to 
two test-heater coils (1-in. apart) near the middle of the isother- 
mal zone where axial heat flow could be assumed to be a minimum. 

Corrections were made for changes in heater and annulus 
length with temperature. Temperature had no appreciable 
effect on the width of the annular space. 

The most effective use of the thermistor probes was deter- 
mined under steady-state conditions by a series of tests which 
compared temperatures obtained by four individual probes 
located in the oil-filled wells with those of single probes placed 
alternately in each well. Since there was little appreciable 
difference in the temperatures obtained by the two methods, the 
latter was chosen for the conductivity measurements because of 
its relative simplicity. 

The At-values as measured with the thermistor probes were 
corrected since the actual temperature measurements were made 
at the mid-points of the cylinder walls and not at the surfaces. 
This analytical work was substantiated by a series of experiments 
in which the A¢-values ranged from 0.1 to 5 deg F. 

Calculations indicated that the effect of a small degree of 
eccentricity of the heater cylinder was negligible. A series of 
experiments confirmed this deduction. 

The accuracy of the experimental measurements was esti- 
mated as follows: 


Standard resistor. . 
Potentiometer 


+0.01 per cent 
+0.1 per cent 
(based on volt- 
age regulation ) 

Cylinder diameters... . +0.01 per cent 
Length of test section. . . +0.2_ per cent 
Temperature drop +1.0 per cent 

(based on a series of experiments) 


Based upon these values the accuracy of the determination of 
the thermal conductivity values was + 2.2 per cent. 

A series of measurements were made with water over the tem- 
perature range from 22 to 70 C. These experimental conduc- 
tivity values were within 2 per cent of those established as 
reliable in the literature (10, 11). The experimental conduc- 
tivity values were based directly on the measurements of At- 
values without applying corrections. Probably the greatest 
error was introduced by the formation of gas pockets on the 
metal surfaces in contact with the water. 
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t, 


TABLE 9 THERMAL CON- 
DUCTIVITY OF DIBUTYL 
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k X 10° CGS Units 
t, 
22.3 21.7 


49.1 45.2 
10k 70.2 
903 
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buctivity 
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TA 
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Discussion 


J. H. Boaas.* The authors have presented valuable infor- 
mation and data on the thermal conductivity of ten liquids. 

The data from ethyl acetate agrees almost exactly with that of 
Van Der Held and Van Drunen. It is about 12 per cent lower 
than comparable values presented by Shiba. There is even more 
disagreement between the present data and that of Bosworth. 
However, the works of Shiba and of Bosworth are considered to be 
unreliable. The data presented in this paper on ethyl! acetate is 
probably the best and most reliable available. 

The values for butyl acetate are likewise lower (15 per cent) ~ 


* Associate Professor of Mechanical Engineering, Oklahoma 
Institute of Technology, Oklahoma Agricultural and Mechanical 
College, Stillwater, Okla. Assoc. Mem. ASME, 
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than comparable data of Shiba. Here again this new work is to 
be considered the more accurate. 

These comparisons, together with the discussion of errors and 
accuracy by the authors, indicate that the data presented on the 
eight new liquids are reliable and accurate. Determinations over 
a range of temperaturee give added value to this work. The 
values for the temperature coefficient are believed to be accurate 
as they result from determinations at several temperatures. 
Often such coefficients are calculated from determinations at only 
two points. 


J. R. Wootr.?’ The method for measuring thermal conduc- 
tivity of liquids employed by the authors appears to be the most 
satisfactory yet devised. It is the outgrowth of work begun at 
Purdue in 1949, and is a slight modification of the apparatus 
employed by Woolf (reference 1 of the paper) and that of Pagerey 
(reference 2 of the paper). 

The successful use of thermistors for measuring small tempera- 
ture differences accurately (of the order of 1 deg C) has eased one 
of the most difficult aspects of these measurements. Their 
calibration is rather easy and checks for stability are also simply 
accomplished. The instruments used are relatively inexpensive 
and require only a modest knowledge of laboratory precision 
instruments. 

The use of the thermistor as the temperature-sensitive element 


7 Propulsion Group Engineer, Consolidated Vultee Aircraft Cor- 
poration, Fort Worth, Texas. Mem. ASME. 
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in the constant-temperature-bath control circuit also has been 
most successful.* 

The concentric-cylinder apparatus appears to be much simpler 
and more reliable than the flat-plate method. The flat-plate 
method has been used with success; however, it requires greater 
attention to losses and elimination of vapor films. It is believed 
that some of the measurements in the literature wherein thick 
liquid layers and relatively high temperature differences were 
used in flat-plate apparatus may be in error due to convective 
effects, even though heating was from above. The effects of 
convection most certainly have been eliminated in the concen- 
tric-cylinder apparatus when used with the small temperature 
differences measurable with thermistors and the proper cylinder 
clearances. 

In the literature differences are found between the data on 
organic liquids of different investigators. These differences 
exceed the apparent accuracy of the apparatus. Would the 
authors please comment on effects of contamination or impurity 
on the thermal conductivity of organic liquids? Were any par- 
ticular measures taken to control the quality of the samples? 

It is noted that the data presented are for temperatures in the 
range 22-92 C. A most valuable contribution would be the 
extension of apparatus and data to higher temperatures, and 
pressures. It is to be hoped that future work at Purdue will be 
extended in this direction. 

* For details of the control see ‘‘Methods for Controlling Constant 


Temperature Baths,”’ by P. E. McNall, J. R. Woolf, and J. E. Brock, 
Proceedings of the Indiana Academy of Science, 1950. 
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The Determination of Thermal Diffusivity 
of Aluminum Alloys at Various 
Temperatures by Means of a 
Moving Heat Source 


By DANIEL ROSENTHAL? ano N. E. FRIEDMANN,’ LOS ANGELES, CALIF. 


Previous work has demonstrated that the theory of 
moving heat sources can be used for a direct and rapid de- 
termination of thermal diffusivity in metals at high tem- 
peratures. Present work describes the experimental pro- 
cedure and instrumentation which have been developed 
for metals of relatively high thermal diffusivity, 0.2 cm*/sec 
and more. The method was applied to two aluminum 
alloys, 3S and 61S which are commonly used for welding 
purposes. Therefore the results are believed to have prac- 
tical significance. The thermal diffusivity of both alloys 
shows little or no increase with temperature from 150 to 
1000 F. To check the reliability of results the thermal dif- 
fusivity of a sample of deoxidized copper was determined, 
first by this method, and then independently from its elec- 
trical resistivity using published data of the Franz-Wiede- 
mann ratio for copper alloys. The two determinations 
agreed within +1 per cent. The results on aluminum al- 
loys proved that values of thermal diffusivity, averaged 
over an interval of 100 deg F, can be determined easily to 
three significant figures. The reproducibility of individual 
results was found to be largely independent of the velocity 
and intensity of the heat source and the wall thickness of 
the specimens. It was of the order of +2 per cent. How- 
ever, six consecutive runs can be made readily within two 
or three hours, thus reducing the probable error to a much 
lower value. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


T = difference between temperature at point and ambient tem- 
perature, deg C 
= time, sec 
= distance measured with respect to the heat source, cm 


= thermal diffusivity, cm*/sec 


= perimeter, cm 

= cross-sectional area, cm? 

= ratio of convective heat-transfer coefficient to thermal 
conductivity (em~) 


1 Work sponsored jointly by the University and Welding Research 
Council. 

2 Professor, Department of Engineering, University of California. 
Mem. ASME. 

* Assistant Engineer, Department of Engineering, University of 
California. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Pittsburgh, Pa., June 20~24, 1954, of Tue 
American Society or MecuanicaL ENGINEERS, 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 20, 
1953. Paper No. 54—SA-56. 


8B = slope of heating curve 
8’ = slope of cooling curve 
v = velocity of heat source, cm/sec 


INTRODUCTION 


A factor which normally appears in the differential equation of 
heat flow is the thermal diffusivity of the material, k/pc, where 
k is the thermal conductivity, c, the specific heat, and p the 
density. In the ranges of temperature generally considered it is 
conventional to assume that the diffusivity is constant. It is 
known that for a number of pure metals, like aluminum, copper, 
zine (1), this assumption is not correct if the range of tempera- 
ture is extended beyond the usual limits; e.g., up to the melting 
point. The behavior of alloys is more complicated and generally 
unpredictable. The present work is concerned with the deter- 
mination of thermal diffusivity of two aluminum alloys, 618 
and 38, for which no data have been found in the literature at 
elevated temperature, despite the fact that both are commonly 
spot and fusion-welded (2). 

A survey of the existing methods used for the determination 
of thermal diffusivity at high temperature indicated that the one 
proposed by Rosenthal (3) and investigated by Rosenthal and 
Ambrosio (4) had the greatest potentiality. However, for the 
present work several modifications were required in the experi- 
mental procedure to yield satisfactory results and sufficient pre- 
cision. These modifications will be described subsequently. 
For the sake of clarity a short theoretical background will pre- 
cede the description of the method. 

Theory. The essential principles of the present method are 
contained in the theory of moving heat sources (3). It has been 
shown that when the temperature distribution due to a moving 
source of constant intensity reaches a quasistationary state the 
differential equation of linear heat flow with surface losses (i.e., 
in a long conductor) reads as follows 

oT oT PH 
= —2)v dE + A 7. 


Equation [1] is based on the assumption that the thermal proper- 
ties of the material are constant. This of course is not true, but 
if the properties vary slightly with temperature, their average 
value in a small interval of temperature may be used. On this 
understanding an equation of the form : 


where A and £ are constant, will satisfy the differential Equation 
[1] in each selected interval of temperature (4). Both A and @ 
may vary from interval to interval. Substitution of Equation 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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{2} in [1] gives the following relation between the coefficient 8 
and the quantities appearing in Equation [1] 


B? = —2dv8 + 


On the other hand, by plotting from experimental data In T 
versus £ one has for the interval of temperature, T, — T2 


If the cooling instead of the heating portion of the temperature 
distribution is used a different value of 8 will be obtained for the 
same interval of temperature and same source velocity since the 
cooling period is different (longer) than the heating one. Calling 
B’, &', and &,’ the data relevant to the cooling period, one has 


PH 
[B’]* = + re 


Solving Equations [3] and [6] for 1/2 one obtains 


1 v 

2X BCE) + 
If time versus temperature rather than distance versus tempera- 
ture variation is recorded, Equation [7] can be reduced to that 
given previously (4) by putting 


= 


in which case 
1 v? 


+ 


In some cases the cooling period was too long to reach the lower 
limit of the interval. For these cases it was found more expedient 
to obtain the value of 8’ from an independent run, in which the 
temperature distribution was due to a stationary source. By 
putting v = 0 in Equation [6] one has 


= 


and on substitution of Equation [10] in [3] 


2d — 


Selection of Material. The two aluminum alloys, 61S and 358, 
were selected as representative of materials commonly welded. 
According to available information, 35 is the standard material 
for unfired pressure vessels. Wherever the strength of welded 
parts made from this alloy is adequate, its use is suggested in pref- 
erence to any other material. For fusion-welded designs 61S 
finds wide use where structural strength is important. In the 
welding operation both metals are subjected to high tempera- 
tures and transient heat flow. The determination of thermal 
diffusivity at these temperatures appeared therefore to be of 
practical significance. 

Table 1 gives the dimensions of the specimens. The composi- 
tion is that indicated by the manufacturer. 


‘Welding and Brazing Alcoa Aluminum,” 1952. 
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TABLE 1 DIMENSIONS AND COMPOSITION OF THE 
SPECIMENS 


Composition, 
ID, in. 
0.75 
0.935 


38 0.935 


Material 
618. 


EXPERIMENTAL EQuiIPMENT 


Moving Heat Source. In previous investigations (4) the heat 
source was in the form of a circular ring which permitted burning 
of an air-acetylene mixture. It was found that following normal 
impingement of the flame cones on the specimen, the products of 
combustion escaped in an axial direction along the tube. As a 
result, heating was distributed over a considerable portion of the 
specimen. To confine heating to a narrow portion of the tube 
various devices were tried. The final solution, Fig. 1(a), consists 
of two copper cans, containing circulating water at room tem- 
perature, placed on both sides of the ring burner. The effective- 
ness of this device was substantiated by the following experiment: 

A transite block was turned down to a hollow tube and circular 
copper rings were fixed to its periphery. Number 22 iron- 
constantan thermocouples were silver-soldered to the rings and 
drawn through the inside of the transite. In effect, the finished 
product was a copper tube that was cut at various sections to 
minimize axial heat conduction. 


EXPERIMENTAL Setup SHow1na: (a) Movine Source, 
(b) Burner, (c) Recorpine System 


Fie. 1 


TEMPERATURE (°F) 


100 60.75) «60.50 025 050 0.75 100 
DISTANCE FROM BURNER CENTRAL PLANE (IN) 


Fic. 2 Temperature Distrisution or Heat Source 


The heat source was then placed around the transite and the 
temperatures of each ring were recorded as a function of time 
using a Brown multichannel recorder. Fig. 2 shows the result of 
measurement after five minutes, at which time the ring tempera- 
tures were stabilized at about their maximum value. It is seen 
that the temperatures of the copper rings A and B located just 


Cr—0. 25 
2 
Bm .. [4] 

In T; — In 72 

4 (5) 
and 
| 

— 
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outside the water cans are about the same as those of the rings 
C and D located on the outside of the heat source. The heating 
of the iatter is due essentially to axial heat conduction in the 
transite tube. 

As a result of lateral confinement by the water cans the escape 
of gases became turbulent, and the combustion incomplete, caus- 
ing clogging of the holes of the burner. Several solutions were 
attempted as follows: 


1 Insertion of stainless-steel needles in the holes along a 
spiral trajectory to insure spinning of the flames around the tube. 

2 Replacement of the air-acetylene mixture by compressed 
air-natural gas, and oxyacetylene mixtures. 

3 Modification of the geometry of the water cans to facilitate 
a divergent outward flow of combustion gases. 

4 Replacement of the ring burner with a “fishtail” type 
burner. 


Of all these only the last proved to be successful. The final 
design of the moving heat source consisted of a fishtail-type 
burner bounded on either side by the water-bath cans, Fig. 1(b). 
The burner is operated on a compressed air-acetylene mixture. 
To insure a constant-volume combustion process both acetylene- 
and compressed-air-input rates are regulated. The maximum 
temperature variation due to a variation in the fuel-input rate 
was found to be +2.5 deg F. 

The resultant combustion-flame flow was laminar. To main- 
tain uniform peripheral heating of the specimen the latter was 


- - NON - UNIFORM HEATING —~ 


+ 20 
a COUPLE A 


Fie. 3) Actuat Recorp Time-Temperature History 


rotated at a peripheral velocity which was about 500 times 
greater than the moving-source velocity. The efficacy of this 
device was checked by observing at what distance from the heat 
source temperature variations due to the rotation of the tube 
became smaller than the precision of measurement which was 
+2 deg F. It was found, Fig. 3, that this distance did not 
extend appreciably beyond the limits of the heat-source assembly. 
Since the theory of moving heat sources does not apply to the 
portion occupied by the heat source, the foregoing result was 
considered to be satisfactory for the present purpose. The maxi- 
mum attainable temperature with this source was 1000 F when 
using the thinnest tube, '/is in. thick and the minimum source 
velocity of 0.0635 cm/sec. Asin previous tests, to achieve periph- 
eral rotation the tube was mounted in a lathe with one end 
held rigidly in the chuck and the other centered on an expandable 
live center. The heat-source assembly was mounted in a tool 
post and it could be moved at a designated velocity (+0.5 per 
cent) along the tube by engaging the lead screw. 

Installation of Thermocouples. Since the experimental speci- 
mens were of aluminum the method of installation of thermo- 
couples by brazing used by Ambrosio and Rosenthal (4) was 
found to be unsatisfactory. 

In an attempt to find a suitable means of attachment several 
methods were investigated: (a) welding, (b) spot welding, (c) 
peening, and (d) use of taper pins. Only the last one was found 
to be satisfactory. The taper pins were machined from the 
parent material, and a slot was filed along the edges to accommo- 
date No. 22 iron-constantan thermocouples. The thermocouples 
were drawn through the inside of the tubes, fed through a taper 


hole, and placed in the slot of the pin. The entire assembly was 
then pressed into the hole and excess of metal filed off. The 
closeness of fit of the pin to the parent material was checked by a 
radiograph. This radiograph also gave some idea of the location 
of the “hot junction.” 

Some of the tubular specimens were far from thin and a tem- 
perature gradient could conceivably exist through the wall 
thickness. This point was checked by making a series of identical 
runs and comparing the temperature-time records, taken from 
different thermocouples. The records were found to agree within 
+2° F. Since it was highly improbable that the hot junction 
of all thermocouples would be at the same depth below the sur- 
face, it was concluded that no appreciable gradient existed in the 
thickness direction. The time lag of response of the thermo- 
couples was eliminated as a contributory cause of error by select- 
ing the time origin at that value at which the peak amplitude in 
the heating curve occurred. 

Slip Rings. Although the slip-ring assembly described in the 
previous paper (4) was found to be adequate at low peripheral 
velocities of the specimen, at higher velocities there was a tend- 
ency for the mercury to splash out of its bath. Therefore the 
assembly was redesigned. Copper rings were fastened to a series 
of bakelite hubs which were slipped over a slit copper tube and 
firmly attached te it. Wires were drawn through the inside of 
the tube, passed through the slit, and connected to appropriate 
rings. To prevent splashing of mercury the whole assembly was 
enclosed in a lucite container with the mercury pools isolated 
from each other by lucite partitions. 

Recording System. The recording system, Fig. 1(c), consisted 
of a high-gain d-c amplifier whose output drove a Brush oscillo- 
graphic recorder directly. The instrument had a built-in, buck- 
ing-potential source which permitted recording of the time-tem- 
perature traces between any two levels of output different from 
zero. 

By using a recording scheme whereby the maximum difference 
was kept to 4.0 millivolts it was possible to read all temperatures 
with an accuracy of +2 deg F. 

The precision of time measurement was held to 1 sec by operat- 
ing the Brush recorder at a linear velocity of 1 cm/sec. 

Fig. 4 is a block diagram of the entire experimental setup. 


HEAT 
SOURCE 


THERMOCOUPLES 


PERIPHERAL 
ORIVE 


SUP RINGS 


Fic. 4 Brock Diacram or System 


Reduction of Data. The results were recorded as variations of 
thermocouple potentials with time. For the purpose of computa- 
tion they were converted to plots of In 7’ versus time, or versus 
the distance from the moving source, using Equation [8]. This 
last procedure was used whenever it was necessary to combine 
data from the heating portion of the records with measurements 
of temperature distribution due to a stationary source (see Equa- 
tion [11]). The plotted points were connected by segments of 
straight lines and the slope of each segment was determined 
graphically. From the values of 8 and 8’, which referred to the 
same temperature range, the value of average diffusivity for this 
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range was then obtained by means of Equation [9] or Equation 
{11}. Fig. 5 represents typical plots of log 7’ versus time for 61S 
and 38S aluminum alloys, while Fig. 6 gives the values of »/(PH/4A ) 
versus temperature obtained with a stationary source. 
Calibration of the Method. In order to check the reliability of 
the method the diffusivity of a deoxidized copper tube, having 
1.0 in. OD and 0.065 in. wall thickness, was determined and 
compared to the value computed from density, specific heat, and 
conductivity at the same temperature. Since the thermal con- 
ductivity of copper is greatly influenced by impurities,’ the 
handbook value must be corrected for slight variations of com- 
position. This can be done best by having recourse to the Franz- 
Wiedemann law; that is, instead of the thermal conductivity of 
the specimen, one measures its electrical resistivity. The cor- 


§ The nominal composition of deoxidized copper for which data are 
available in the ‘‘Metals Handbook,” 1948 edition, is 99.94 Cu P — 
0.02 P. 
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TABLE 2 PROPERTIES OF COPPER SPECIMEN 


Property 


Thermal conductivity. 
Thermal conductivity... . 


Specific heat. . 


« Hughes Aireraft Laboratory, Culver City, Calif. 
> Franz-Wiedemann ratio. 


TABLE 3 DIFFUSIVITY OF COPPER SPECIMENS 
range, Diffusivity, 
eg F cm?*/sec 


150 
150-550 


Tem 


0.99 
0.980 + 0.009 


g 


400 
TIME - SECONDS 


2 


. 7 Trwe-Temperature History or Copper CALIBRATION 
SPECIMEN 


rected value of thermal conductivity then is obtained by multi- 
plying the handbook value by the ratio of the handbook and 
measured values of resistivity. The details of the computation 
are shown in Table 2. The computed value of diffusivity is given 
in Table 3 which also contains the experimental value of diffusiv- 
ity. The latter was determined in the range of temperatures 150 
to 550 F from two runs using data of Fig. 7. It is seen that the 
experimental data can be approximated by a straight line within 
+1 per cent. Thus the diffusivity at 150 F can be sufficiently 
well represented by the average diffusivity in the range con- 
sidered. Table 3 shows that the agreement between the meas- 
ured and computed values of diffusivity is better than 1 per cent, 
which can be taken as a measure of the reliability of the method. 

Experimental Results. The values of thermal diffusivity de- 
termined for the two aluminum alloys under various experimental 
conditions and for various temperature ranges are given in Tables 
4and5. Inthe case of the 61S aluminum alloy the determination 
was carried out for two different wall thicknesses, two different 
speeds, and using two different methods in the cooling range. A 


TABLE 4 DIFFUSIVITY OF ALUMINUM 38 


Method 
used 


Moving source 
Moving source 
Moving source 


@ Standard deviation. 


Source Mean 


Number of 
determinations 
4 
3 


TABLE 5 DIFFUSIVITY OF ALUMINUM 618 


Source 


Methods 
used 


(5) 
Stationary -++ moving source 
Stationary + moving source 
Moving source 


Moving source 


¢ Standard deviation. 


Number of 
determi- 
nations 


Wall Mean 
thickness, diffusivity 
in. om?/sec 
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| 
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| 

77 0.605 

150-250 0.0715 0.551 0.005 

/ 250-500 0.0715 0.647 0.014 
= 500-1000 0.0715 0.661 0.013 

a. 150-450 0.0882 0.125 0.668 4 0.020 
150-450 0.127 0.125 0.660 5 0.014 
ws 150-450 0.0715 0.065 0.675 19 0.010 
wh bd 450-900 0.0715 0.065 0.678 12 0.010 
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total of 30 determinations for 61S and 9 determinations for 35 
were made. It is seen that there is very little change of thermal 
diffusivity with temperature for both alloys, except that in the 
range 150-250 F the thermal diffusivity of 38 appears to be ab- 
normally low. A possible explanation of this anomaly is given 
subsequently. 


Discussion oF RESULTS 


Reproducibility of Results. On the basis of the probable error of 
measurements the average error of thermal diffusivity was com- 
puted as +2.0 per cent. The average discrepancy between 
individual runs was found to be 2.5 per cent. This is compatible 
with the computed probable error. However, the standard 
deviation of several runs shown in Tables 4 and 5 is much smaller. 
Since six runs can be made easily within two or three hours, the 
attainment of a standard deviation of +1 per cent is entirely 
feasible with this method. 

Reliability of Method. It has been shown previously that the 
present method gives a value of thermal diffusivity of deoxidized 
copper which checks within 1 per cent with the result of an inde- 
pendent determination based on electrical resistivity. Additional 
information on the reliability of the method is provided in Table 5, 
which shows the influence of the source velocity and wall thickness 
of the specimens on diffusivity. It easily can be shown (4) that 
an increase of source velocity produces a steeper temperature dis- 
tribution around the source; that is, a given temperature occurs 
nearer to the heat source. If the basic assumptions of the theory 
are valid, this change should not affect the surface heat losses 
which appear in the term PH/A, Equation [1]. Inspection of 
Fig. 6 proves that this assumption is not quite correct. It is 
seen that the surface losses for the same temperature are greater 
when the thermocouple is further away from the heat source. 
This is to be expected since the burning gas causes hot-air cur- 
rents around the tube. Direct radiation from the tube does not 
appear to be an important factor as no change was observed when 
the inside of the tube was filled with glass wool. 

In so far as the present measurements are concerned, the varia- 
tions shown in Fig. 6 could not have influenced the results sig- 
nificantly.’ The probable error due to these variations can be 
computed readily from Equation [10] and it turns out to be only 
+0.5 per cent. The discrepancies in thermal diffusivities re- 
ported in Table 5 for three different experimental conditions in 
the same range of temperatures are much larger. The discrep- 
ancy between the thin and thick-walled tubes appears to be in 
the right direction, but other causes also may be operative, e.g., 
minor changes in composition, since the two series of specimens 
were not from the same heat. 

Comparison With Available Data. Table 5 contains a value of 
diffusivity at 77 F for the aluminum alloy 618O computed from 
available data. This value compares favorably with our own 
data. This specimen was delivered in the 61ST6 condition, but 
after several preliminary runs its hardness dropped to a lower 
value, indicating a partial softening. Hardness readings taken 
after several runs and several days disclosed no appreciable 
change. It was concluded that the rates of cooling to which the 
specimens were subjected were slow enough to prevent precipita- 
tion-hardening treatment. 

The specimen 38 was delivered in the '/, hard, 35H 14, condi- 
tion and hardness readings revealed a slight increase after the 
runs were completed. They went up from 65 to 75 Rockwell H 
(*/s-in. ball, 60-kg load). The fact® that only a very slow cooling 


7 This conclusion may not be true for metals of much lower dif- 
fusivity; e.g., less than 0.2 cm?/sec. 

8 We are indebted to Dr. Cyril 8. Taylor of Alcoa for this informa- 
tion. 


can precipitate the excess of Mn from the solid solution would 
account for the observed increase of hardness and the relatively 
low thermal diffusivity in the 150-250 F range of temperatures. 

Influence of Alloying Elements. Storm (1) has reported that for 
pure aluminum the product kpC, is relatively independent of tem- 
perature. Our results seem to indicate that alloying elements can 
modify substantially this relation. The same appears to be true 
for alloys of copper (6 to 8). In the present case, however, an 
additional complication arises from the fact that the composition 
of the solid solution itself varies with temperature (5). This 
complication may account for the observed invariance of thermal] 
diffusivity, since as a rule the thermal conductivity (and diffusiv- 
ity) of alloys of constant composition appears to increase with 
temperature (10, 6, 7). 

The Attainment of a Quasistationary State. The attainment of 
the quasistationary state was checked experimentally by the 
following procedure: Two thermocouples, separated from each 
other by a distance of ten inches, were attached to the specimens. 
The distance between the starting point of the heat source and the 
first thermocouple was increased for each of a series of runs until 
temperatures measured by each of the thermocouples were in 
agreement with each other within the experimental accuracy. 
The distances the source had to travel in order for a quasistation- 
ary state to obtain was 20 in. for the aluminum specimens and 27 
in. for the copper specimen. 


CONCLUSIONS 


On the basis of the results reported and discussed in this paper 
the following conclusions appear justified: 


1 The thermal diffusivity of the aluminum alloy 618, which 
was received in the heat-treated, T6 condition, but changed to a 
softer condition during the test, exhibits almost no variation in 
the range of temperatures, 150-900 F. The value of diffusivity 
determined from two different samples was 0.670 (0.006) cm?/ 
sec, and it differed little from the value of diffusivity computed 
from “Metals Handbook” data at room temperature for the soft 
O-condition. 

2 The thermal diffusivity of the aluminum alloy 3S, which was 
received in the 35H 14 condition, shows a slight increase in the 
range, 250-1000 F. The value of diffusivity in this range varies 
from 0.647 to 0.661 (+0.013) cm*/sec and is in the right order of 
magnitude compared to the value of diffusivity of the 3SH 14 
condition computed from ‘Metals Handbook” data at room tem- 
perature. However, in the range 150-250 F there is a sharp drop 
of diffusivity which is believed to be caused by a supersaturated 
solid solution of Mn in aluminum. 

3 The method of moving heat sources and experimental pro- 
cedure employed in this investigation affords a rapid and direct 
determination of thermal diffusivity at high temperature of 
metals whose thermal diffusivity is relatively high, 0.2 cm*/sec 
and more. For metals of lower thermal diffusivity a modifica- 
tion of the heat source appears necessary. This modification is 
the subject of future studies. 

4 The value of thermal diffusivity, averaged over an interval 
of 100 deg F, can be determined easily to three significant figures. 
The precision of the method has been estimated to be 2.0 per cent 
on the basis of several consecutive runs. Since six consecutive 
runs can be made readily within 2 or 3 hr the attainment of the 
required precision is quite feasible. 


ACKNOWLEDGMENTS 


The authors would like to express their indebtedness to the 
University Research Committee and Welding Research Council 


1180 


for the sponsorship of this work. They are also indebted to Dr. 
D. M. Van Winkle of the Hughes Aircraft Company, for the 
determination of the electrical resistivity of the copper specimen. 


BIBLIOGRAPHY 


1 ‘Heat Conduction in Simple Metals,”” by M. L. Storm, Jour- 
nal of Applied Physics, vol. 22, July, 1951, pp. 940-951. 

2 “Aleoa Aluminum and Its Alloys,”” Aluminum Company of 
America, Pittsburgh, Pa., 1950. 

3 “The Theory of Moving Sources of Heat and Its Application to 
Metal Treatments,” by D. Rosenthal, Trans. ASME, vol. 68, 1946, 
pp. 849-866. 

4 “A New Method of Determining Thermal Diffusivity of 


TRANSACTIONS OF THE ASME 


AUGUST, 1956 


Solids at Various Temperatures,’ by D. Rosenthal and A. Ambrosio, 
Trans. ASME, vol. 73, 1951, pp. 971-974. 

5 ‘Metals Handbook,” American Society for Metals, Cleveland, 
Ohio, 1948. 

6 “Thermal Conductivity of Copper Alloys, I. Copper—Zine 
Alloys,” by C. 8. Smith, Trans. AIME, vol. 89, 1930, pp. 84-106. 

7 “Thermal Conductivity of Copper Alloys, II. Copper-Tin,” 
by C. S. Smith, Trans, AIME, vol. 93, 1931, pp. 176-184. 

8 ‘Specific Heat of Copper in the Interval 0° to 50° C,” by 
D. R. Harper, 3d, National Bureau of Standards Bulletin, vol. 11, 
1914-1915, pp. 259-329 (Bulletin No. 231). 

9 ‘The Temperature Function in a Moving Medium,” by R. H. 
Ritchie, Journal of Applied Physics, vol. 22, 1951, p. 1389. 

10 ‘The Flow of Heat in Metals,”’ by J. B. Austin, American So- 
ciety for Metals, Cleveland, Ohio, 1942. 


e 
: 
& 
F 
= 
em 
= 4 


An Electrolytic Analog Applied to Heat 
Conduction Within a Transistor 


By P. E. McNALL, JR.,' anp J. E. JANSSEN,? MINNEAPOLIS, MINN. 


A description of an electrolytic-tray analog used in the 
determination of the temperature field within a transistor 
is presented. Special features which made possible the 
simulation of heat flow through several different materials 
connected at nonisothermal interfaces, controlled dis- 
tribution of heat generation at a boundary, and interface 
thermal resistance are discussed. A treatment of the 
inherent errors is also presented. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


p = material density (or electrical resistivity as noted) 
cp = material specific heat 

= material temperature 

= time 

= material thermal conductivity 

= Cartesian co-ordinate axes 
= heat-generation rate per unit volume 


INTRODUCTION 


One of the advantages attributed to transistors over vacuum 
tubes is the fact that transistors produce less heat than compara- 
ble vacuum tubes and therefore less cooling is required. Unfor- 
tunately, however, a germanium-indium transistor is limited to a 
safe maximum temperature of about 250 F whereas the internal 
parts of a vacuum tube may operate at temperatures upward of 
1000 F. A vacuum tube can dissipate its heat readily by radia- 
tion from the hot parts, but a transistor, because of its internal 
arrangement and low operating temperature, must be cooled 
largely by conduction and convection. It becomes apparent then 
that a ‘‘power’’ transistor, although it dissipates less heat than a 
comparable vacuum tube, often presents a more serious cooling 
problem. 

Because of the electrical characteristics of the transistor almost 
all of the heat is generated at the interface between the collector 
and the base, Figs. 1 and 2. The heat must then be conducted 
from this interface through the transistor to its housing and finally 
to a heat exchanger of some form which will dissipate the heat to 
the atmosphere or some other “‘infinite’”’ heat sink. The thermal 
conductivity of germanium and indium is quite poor, compared to 
many metals, and consequently the temperature drop in the 
conduction path from the heat-producing junction to the trans- 
istor housing is quite important, Since germanium also has a 
negative temperature coefficient of electrical resistance, the loca- 
tion of “hot spots” within the germanium is important. Con- 
sequently, in the development of a transistor capable of han- 
dling a relatively large amount of power, the study of the tem- 
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perature fields within transistors for various configurations was 
quite important as a means of evaluating the different possible 
designs. 

The general equation in Cartesian co-ordinates for heat con- 
duction is (1)* 


2 along interface A-A.’) 


Equation [1] may be simplified to 
if the following conditions apply, at least within the limits of 
accuracy required: 
1 Steady-state conditions maintain (dt/dr = 0). 
2 There is no heat generation within the material, (q’’’ = 0). 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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3 The thermal conductivity is equal in all directions, (k, = 
k, = kz, isotropic material). 

4 The thermal conductivity is not a function of temperature. 
(Items 3 and 4 together imply k = const.) 


Equation [2] is the familiar Laplacian equation and while it is 
shown as applied to a heat-flow problem, similar equations also 
apply to problems of electrostatic fields, fluid flow, electrical cur- 
rent flow, magnetic fields, and other field problems. Solutions of 
the Laplacian equation can be obtained in a number of different 
ways. Some of the common methods used are mathematical 
methods including the direct solution, complex variable applica- 
tions, the method of images, and the relaxation method. Analog 
methods are also very useful in obtaining solutions to the La- 
placian equation, These include the application of geometric 
models, electrical resistance networks, semiconducting solids or 
films, elastic membranes, and electrolytic tanks. Other methods 
and modifications of the methods mentioned have been used. 
The most appropriate method of solving a particular problem 
depends upon the complexity of the problem itself, the accuracy 
required, and the equipment at hand. 


Tue PROBLEM 


The problem of determining the temperature field within a 
transistor involved the following conditions: 


1 Heat conduction with negligible convection. 

2 Two-dimensional flow. 

3 Heat conduction through several different materials. 

4 Materials in intimate contact at interfaces which were not 
necessarily isothermal, 

5 Thermal resistance across a clamped joint. 

6 Heat generation, but only at one interface between two 


materials. 
7 Many different geometrical configurations to be evaluated. 
8 Very small dimensions which ruled out the possibility of 
direct measurements. 


The specific problem was to evaluate various possible transistor 
configurations. Two of these are shown in Figs. 1 and 2. These 
figures are cross sections cut through the transistor, its copper 
support plate, and, in Fig. 2, the aluminum chassis to which it is 
fastened. Only one half is shown because of symmetry. The 
heat-flow paths were made up of several different materials and 
the flow could be assumed two-dimensional. Heat was generated 
internally and not necessarily uniformly along the plane A-A’ 
and was removed at plane B-B. If plane B-B was taken far 
enough downstream, it could be assumed to be an isothermal 
surface, All materials were in intimate contact with each other 
(soldered joints) except the copper support and the aluminum 
chassis, These were mechanically clamped together, and there 
was a thermal resistance in this interface. Note that the inter- 
faces were not necessarily isothermal because the heat-flow vector 
could have a component along the interface between any two 
materials as well as perpendicular to the interface. 

Several of the dimensions were specified by the electrical 
requirements. However, the other dimensions (d), d2, ds, d4, and 
d;, Fig. 1) which could have an effect on the thermal field were 
arbitrary within limits and it was desirable to optimize these 
dimensions for efficient cooling. The exact distribution of 
heat input was unknown, so it was also desirable to investigate 
several possible heat-input distributions. 


GENERAL MeEtTuHop oF SOLUTION 


The complexity of this problem and also its simplifying aspects 
led the authors to choose the electrolytic-tray analog as the most 
practical method of obtaining information on the temperature 
field within the transistor. The small size of the transistor and 
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the associated problems of instrumenting such a device without 
changing its thermal and electrical characteristics ruled out the 
possibility of direct measurements. Analytical procedures such 
as the relaxation method were discarded because of the time 
required for making the large number of solutions required when 
changes in configuration were considered. A simplified electro- 
lytic analog appeared to be the most practical method of attack. 

This type of analog is by no means new. McDonald (2) has 
pointed out that the basic idea of tracing equipotentials by 
means of a probe goes back to Kirchhoff’s work in 1845. Adams 
(1875) was the first to use an electrolyte. Malavard (3) became 
interested in the electrolytic analog as a result of the work done 
by Relf (11) in 1924 and Taylor (12) in 1928. Malavard and 
Peres used analogs of this type in the solution of hydrodynamic 
and aerodynamic problems. Prior to World War II, however, 
the literature, particularly the American literature, revealed 
very little development in the field of electrolytic analogies. 

Since World War II a number of researchers in Europe and a 
few in this country have used various types of electrolytic tanks 
in conjunction with the design of power transformers and other 
types of electrical equipment. Several different schemes have 
been used to extend the usefulness of the analog. McDonald 
(2), Miekelsen (4), and Hartill (5) have used tanks with a stepped 
bottom to produce areas of different conductivity. The two- 
dimensional field was preserved at the boundary or “step” by 
the use of a vertical fence made of metal pins. A null detector 
was used for locating an equipotential line. In the tanks used by 
McDonald (2) and Mickelsen (4), the probe was connected 
mechanically to a pantograph which traced the line directly. 
Mickelsen’s (4) tank also incorporated a servo system to move the 
probe automatically along an equipotential line and trace the 
line on paper. Hartill’s (5) tank had a “‘Perspex”’ plotting table 
located directly above the tank. Tracing paper was placed on 
the plotting table which was illuminated from beneath, and the 
shadow produced on the paper by the intersection of two wires 
fastened to the probe carriage indicated the location of the probe. 

Malavard and Mireux (6) reported on a modification of an 
idea used by Lutz (13). They simulated the resistance to heat 
loss by evaporation from a free surface of mercury in a rectifier 
tube by using a boundary made up of a number of immersed 
strip electrodes connected through resistors to the power line. 
The use of several individual electrodes in place of one continuous 
electrode at the boundary allowed a potential gradient to form 
along the surface as it does in the actual case. Malavard and 
Miroux also used an electrolytic analog containing a boundary 
to simulate heat transfer by convection at solid surfaces. 

Farr and Wilson (7) used a field analyzer consisting of tanks of 
the appropriate size and shape connected together with conduct- 
ing “hairpins.’”’ They adjusted the resistivity of the electrolytes 
in the tanks to determine the electrostatic field in a composite 
dielectric. They also used a similar analog in the solution of a 
heat-transfer problem in a transformer core. Here again a 
boundary consisting of conducting strips with series resistors was 
used to simulate a film coefficient. 

Kayan (18) has suggested an interesting possibility. He 
proposed the use of a jellied electrolyte instead of a liquid. This 
would eliminate the need for trays, but it might present a problem 
in obtaining a good electrical connection between the electrode 
and electrolyte. This system would require a new model for 
each alteration in design. 

The analogs mentioned, with the exception of Kayan’s sug- 
gestion, all seemed quite elaborate, being constructed for general 
use as computing machines. The analog described in this paper, 
however, is a relatively simple device and while its use could be 
extended to some other problems, it was designed for the solution 
of one specific problem. 
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CoNSTRUCTION OF THE ANALOG 

Since the transistor configurations to be investigated were all 
symmetrical about a center line, gnly one half was simulated. 
Shallow rectangular lucite trays were constructed to represent 
each piece of material. Lucite is a good electrical insulator and 
is unaffected by the electrolytic solutions which were used. The 
trays were made to a scale of 100:1 in the plan view, and for 
convenience, to a smaller scale in depth. This was permissible 
since the flow was assumed to be two-dimensional, and the analog 
represented a slice of arbitrary thickness cut from the actual 
device. Fig. 3 shows these trays connected together in a desired 
configuration. Because the effect of dimensional changes was to 
be studied some of the trays were made larger than necessary. 
Insulating baffles shown in place in the foreground trays of Fig. 
3 were used to change the dimensions. These were constructed 
of lucite and rubber. 


Fie. 3 Anatoe Trays 


The narrow interface strips were made from 0.005-in. copper 
sheet and were */» in. wide. These strips were long enough to 
extend from the tray bottoms to about an inch above the edge 
of the trays, and the spacing between them was */, in. The 
strips were gold-plated to give corrosion protection and to reduce 
polarization and they were fastened to the tray walls with small 
screws, Adjacent trays were connected electrically by soldering 
together the tips of the strips in corresponding trays. 

The use of these strips added to the analog fiexibility. In order 
to simulate interfaces of shorter length between two materials, the 
strips at one end of the interface between two adjacent trays 
could be disconnected easily and the insulating baffles inserted, 
thus making part of the analog inactive. The interface thermal 
resistance between the copper transistor support plate and the 
aluminum chassis material was simulated in the analog by insert- 
ing common carbon resistors of the proper value between the 
strips of the trays representing these components as shown in 
Fig. 3. A separate investigation was made to determine the 
value of this interface resistance which was to be expected in the 
actual case. 

Heat loss by convection and radiation from the outside surfaces 
was assumed to be negligible and these surfaces were therefore 
electrically insulated in the analog. 

The input currents which simulated the heat-generation rates 
were controlled and measured at the control board shown in 
Fig. 4. A separate circuit was provided for each contact strip 
along the interface where the heat generation was simulated. 
Each circuit was provided with a 25,000-ohm variable resistor 
and a preselected 100-ohm resistor accurate to +2 percent. The 
potential difference across any 100-ohm resistor was a measure 
of the current in that particular circui:. The total current was 
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measured by determining the potential difference across a 10- 
ohm precision resistor which was accurate to +1 per cent. 

A conductance cell shown in the foreground of Fig. 4 was 
constructed for measuring the resistivity of the solutions and 
also to determine the scale factor for the analog. The con- 
ductance cell consisted of a bakelite box with end dimensions of 
3 em X 3 cm and a length of 9 cm. This gave a length/area 
ratio for the cell of 1 cm~', and the resistance measured across the 
cell was numerically equal to the resistivity of the electrolyte in 
ohm-centimeters. The two ends of the cell were fitted with gold- 
plated copper electrodes. When the analog was in use the total 
current in the analog passed through this cell providing a means 
of obtaining the scale factor relating potential to temperature. 

The measuring probe shown in Fig. 3 consisted of a 0.010-in. 
tungsten wire mounted in a plastic handle. Tungsten was used 
because of its stiffness and its resistance to corrosion. A small 
wire hook gage also shown in the center of Fig. 3 was constructed 
and used to adjust the fluid depth in each tray to the desired 
level. 


INSTRUMENTATION AND ELECTROLYTES 


All instruments used are shown in Fig. 4. Because of the very 
low power level involved it was necessary to use vacuum-tube 
voltmeters with high-impedance inputs. Two meters were 
required in this case because of the range involved; one was used 
in conjunction with the probe for determining the potential 
field in the analog and the other for measuring currents. 

The currents simulating heat-generation rates were determined 
by measuring the potential difference across the preselected 
100-ohm resistors with a vacuum-tube voltmeter. The meter 
used with the probe consisted of an ordinary direct-reading 
multimeter, and a vacuum-tube isolation repeater. This repeater 
has an input impedance of about 200 megohms and the maximum 
input impedance from the electrolytic solutions to the probe was 
calculated to be about 600 ohms, which was small enough to be 
neglected in this case. 

Sixty-cycle a-c power was used to prevent excessive polarizing 
of the electrodes although a higher frequency would have served 
better. A constant-voltage transformer was used to reduce the 
effect of line voltage fluctuations and a variable auto-transformer 
was used to adjust the voltage to the desired level. 

It was necessary to choose a resistance level for the electrolytic 
solutions such that the power dissipation in the solutions would 
be a minimum but still provide measurable potential differences 
and current flows across the solutions. A power dissipation of 
about 0.003 watt per cc in an electrolyte of approximately 500 
ohm-cm resistance gave a calibration constant of 3.2 deg F per 
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volt in this case which was satisfactory. The power dissipation 
should not exceed 0.01 watt per cc in the case considered since the 
solutions heated appreciably at higher power dissipations. With 
these facts in mind the solutions were obtained to give the 
resistivities shown in Table 1. 


RESISTIVITIES OF ELECTROLYTES 
Resistivity of 
electrolyte 
(ohm-em) 


TABLE 1 


Thermal conductivity 


Material (Btu per hr-ft-deg F) Reference 


* The thermal conductivity of indium is given as 0.057 cal /em-sec-c 
at 20 C. It was assumed to be 0.050 cal /cm-sec-c at working tem- 
perature. 

Experiences with the transistor subsequent to the analog work in- 
dicated discrepancies between the analog results and actual transistor 
operation. The difference was found to be in the value used as the 
thermal conductivity of indium. A hasty measurement showed that 
the conductivity of 99.999 per cent pure cast indium was about 40 
Btu per-hr-ft deg F at 200 F. The conductivity of 95 per cent indium, 
5 per cent germanium alloy in the cast condition (which is the material 
used in the transistor) was found to be about 26.5 Btu per-hr-ft deg F 
at 200 F. The value of 12.1 Btu per hr-ft-deg F used in the analog 
was obtained from the literature. The value of 40 Btu per hr-ft-deg F 
agrees quite well with the Wiedemann-Franz-Lorenz relationship. 
This would, of course, affect the results of the particular problems 
used as illustrations in the paper, but it does not detract from the 
analog as a computing device. 

+The thermal conductivity of pure germanium is given as 0.14 
cal /em-sec-c at 20 C. Allowance was made for the higher working 
temperature and doping agents added to the germanium, and the 
conductivity was assumed to be 0.11 cal /cm sec-c, 


These resistivities in Table 1 are inversely proportional to the 


thermal conductivities of the various materials. The electrolytic 
solutions were produced by dissolving potassium chloride in 
distilled water in the required concentrations. Potassium 
chloride was chosen because it could give resistivities in the 
desired range with reasonable concentration, it is only slightly 
corrosive, and it was readily available in very high purity. At 
75 F, the resistivity decreases about 1 per cent for each 1 deg F 
temperature increase. Lange (8) gives information on several 
materials suitable for electrolytes. Einstein (10) and Makar, 
Boothroyd, and Cherry (17) also have published information on 
suitable electrolytes and electrode materials. 


Test ProcepuRE 


The trays were assembled for the desired configuration and the 
baffles were placed in the trays to reduce them to the desired 
dimensions. The trays were filled to a depth of 1.5 cm, as 
measured with the hook gage, with the proper electrolytic 
solution. The current distribution was set up by a trial-and-error 
procedure. When the desired degree of accuracy was achieved 
in the current distribution, minor adjustment in the total current 
was made with the variable autotransformer. The potential 
drop across the conductance cell was then measured, and the 
trays and strips at the various boundaries were probed. Each 
tray had a grid inscribed on the bottom and a special data sheet 
of the same geometry as the analog was designed with the grid 
intersections and metal-strip locations noted. The probe was 
held vertically on the intersection of the grid lines in the bottom 
of the tray and the resulting potential difference between the 
probe and the equipotential boundary was noted directly on the 
data sheet at the corresponding point. The data sheet was then 
used as a work sheet in analyzing the data. 


Data ANALYsIS 
Equipotential lines were first located on the data sheet by 
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interpolation among the recorded readings. These lines were 
then converted to isotherms by multiplying the potential dif- 
ferences by the analog scale factor. This scale factor was deter- 
mined from the conductance-cell measurements. During a run 
the cell was filled with the solution representing the most im- 
portant component, usually the one of the highest resistivity. 
Using the same geometrical scales for the cell that were used in 
the other electrolytic trays, the conductance cell could be con- 
sidered to represent a rectangular parallelopiped of the material 
corresponding to that electrolytic solution. Since the flow in the 
cell could be considered one-dimensional and the total current 
passed through it, the temperature difference for any heat-flow 
rate could be calculated for the parallelopiped that the cell 
represented. This calculated temperature difference was divided 
by the measured potential difference to obtain the desired scale 
factor relating potential to temperature for that particular run. 
Knowing the distribution of the heat flow at the input surface 
and assuming a uniform distribution at the isothermal sink, the 
flux lines could be established. 


REsuULtTs AND Discussion 


Figs. 1 and 2 show the flux plots obtained for two typical 
tests. The configuration shown in Fig. 1 does not include the 
interface resistance and the aluminum chassis. The heat was 
removed instead from the end of the copper transistor support 
plate. The effect of adding the chassis and the interface resist- 
ance to the heat-flow path is shown in Fig. 2. Note that the 
dimensions of the two pieces of indium also have been reduced in 
Fig. 2. The same analog trays were used for each test but baffles 
were inserted in the appropriate trays to reduce their sizes for 
the test results shown in Fig. 2. The manner of heat generation 
was also different for the two cases. In Fig. 1 the heat genera- 
tion was uniform along the interface. In Fig. 2 the distribution 
was given by the equation 


It is known that the electrical conductance of germanium is 
doubled for each 18 deg F rise in temperature. Equation [3] is a 
statement of this fact. 

Because of electrical considerations in the transistor it was 
desirable to investigate the configuration shown in Fig. 1 to 
determine how much the temperature drop would be increased 
with this configuration. The major temperature drop as shown in 
Fig. 1 is in the germanium wafer. This could be calculated 
readily, but there is a difference of 14 deg F between the center of 
the transistor and the edge of the indium. This hot spot at the 
center is sufficient to limit the capacity of the transistor at 
maximum operating conditions. It is interesting to note that the 
amount of overlap of the germanium wafer on the copper mount- 
ing plate can be controlled by mechanical considerations rather 
than thermal considerations. 

In this problem the lowest maximum temperature was required 
and the configuration was adjusted to accomplish this in so far as 
electrical considerations in the transistor permitted. These 
results illustrate the versatility of the analog. The effect of 
changing the dimensions of any component can be shown quite 
easily. 

ERRors 

The analog introduces certain errors due to its own construction 
features, Consider the interface between two trays in the general 
case where there is one component of current flow perpendicular 
to the interface and another component parallel to the interface. 
The potential along the surface of each strip will be constant but 
will vary from one strip to the next, and the potential at points 
between the strips will be higher than the potential on the strips 
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in the case of the “upstream” tray. The average potential would 
be some value between the potential on the strips and the 
potential between the strips. 

Now consider the “downstream” tray. The same type of 
potential distribution will be found except that the potential at 
points between the strips will be lower than that on the strips and 
the average potential will be somewhat less than the potential on 
the surface of the strips. The average interface potentials which 
represent the interface temperatures of the two materials are 
different for each material and there is an error introduced due to 
the discontinuous nature of the interface strips. Fig. 5 illustrates 
this more clearly. 


ERROR 


DISTANCE 


Fic.5 Inrerrace Error 

The interfaces of all trays were probed and it was found that 
with the */,:-in. strips spaced */;. in. apart the greatest error 
was about 1 deg F (or less than 0.5 volt in this case). 

The presence of the strips introduces other errors in addition 
to the one just described. It will be noted that the resistance of 
the metal strips is negligible as compared to the resistance of the 
solutions. Consequently, the presence of the strips in the tray 
serves to introduce a low-resistance path in parallel with the 
electrolyte. This low-resistance path could be expected to alter 
the shape of the streamlines and isotherms in the immediate 
vicinity of the interface unless the interface happened to be an 
equipotential surface. 

An effort was made to measure this error and to correlate the 
results with calculated results. Measurements were made with 
trays of three different widths, the widest being only '/, in. 
These narrow tray widths were necessary to produce large, 
easily measurable errors. A width of as little as '/, in, is much 
too narrow for a practical analog using the */,:-in. strips. The 
error tests were made by causing current to flow parallel to a row 
of strips inserted in the narrow trays filled with electrolyte. The 
potential difference and current were measured. The strips were 
then removed and readings taken again. The effective resistances 
of the assembly for both cases were then computed and compared.” 
The resulting errors are plotted in Fig. 6. The dashed curves of 
Fig. 6 were based on the following assumptions: 


1 The effect of the strips extends into the electrolytic solution 
only as far as the actual strip thickness. In other words, the 
effect of the strips is to introduce a parallel conductor made up of 
alternate pieces of metal strip and electrolytic solution with 
dimensions of height equal to the solution depths, width equal to 
the thickness of the strips, and length equal to the number of 
spaces times the distance between strips. One-dimensional flow 
was also assumed. 
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Errors 


2 The resistance of the strips is negligible as compared with 
the resistance of the electrolyte. 

The resistance of the entire tray shown in Fig. 7 without tle 
strips is given by 


where H is the depth of the electrolyte (unity in this case), and p 
is the resistivity of the electrolyte. 
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With the strips in place there are assumed to be two parallel 
paths for current flow—one through the undisturbed solution and 
the other through the strips and that part of the solution occupy- 
ing the spaces between the strips. The resistance for this case is 
given by 


where R; and FR, are the resistances of the undisturbed solution 
and the path along the strips, respectively. 
But 


where n is the number of spaces between the strips. 
The error is then given by 


Error = R 
and substitution of Equations [4-7] gives 
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Fig. 6 shows two sets of curves plotted for strip spacings of 
3/s2 in. and '/3, in. The measured error for each case is also 
plotted, and is seen to be about twice the calculated error. 
Fringing effects not considered in the calculation account for this 
difference. If the curves are extended to tray widths of practical 
significance, using the estimated calculation curve as a guide, it 
will be noted that the error will be quite small and can generally 
be neglected. It also should be pointed out that in the actual 
analog problem considered, the amount of current flowing parallel 
to the interface in the vicinity of the strips was quite small so 
that the effect of this error was further reduced. 

The third error introduced by the strips was due to the surface 
electrical resistance and polarization of the strips themselves. 
It was found that plain dull copper strips had a resistance of 
about 1000 ohms per strip when immersed in the electrolyte. 
When the strips were pickled to remove the oxide, the film resist- 
ance was reduced to about 100 ohms per strip. Gold-plated 
strips had a resistance of about 20 ohms per strip. The effect 
of this resistance is further reduced by the fact that at each 
interface a number of strips are in parallel. In the analog problem 
considered, the maximum effect of this error was about 0.1 deg F 
with a total accumulated error of not more than 0.2 deg F or 
0.4 per cent for the considered case. Einstein (9, 10) has 
calculated the optimum pin spacing from polarization considera- 
tions for the case of a tank with a stepped bottom and a pin 
conductor fence at the discontinuity. He found that for an 0.5 


per cent potential difference at the pin boundary the pin spacing 
should be four times the pin diameter for pins of 0.025 cm to 0.5 
em diam. He recommends the use of graphitized or platinized 
electrodes and 1500-cycle power to reduce polarization. 

The surface resistance of the strips tends to reduce the error 
produced in the flow parallel to the interface. It tends to increase 


the potential difference across the interface, however, and should 
be minimized in most cases for this reason. 

A slight error also was introduced by the probe since it has a 
finite size. However, even when probing between the strips the 
probe diameter was so small compared to the volume of fluid 
around it that this error could be neglected in this case. 

As mentioned before, a change of 1 deg F in the temperature of 
the electrolytic solutions produces a change in resistivity of 1 per 
cent. The power dissipation was chosen to minimize this effect 
and the maximum temperature rise detected was about 3 deg F. 
One other source of error was detected. It was found that the 
gold plating on some of the strips was not perfect and a cell was 
apparently formed consisting of gold, copper, and potassium 
chloride. A maximum emf of 0.5 volt was detected across the 
whole analog. Since the isolation repeater was of the rectifier 
type, the d-c voltage affected the a-c readings and produced an 
error of 3 per cent in this particular test. This error could have 
been eliminated by more careful preparation of the electrodes. 

The total error for the test was approximately 6-8 per cent and 
this accuracy was satisfactory for this investigation. Einstein 
(10) states, however, that accuracies of 0.1-0.2 per cent can be 
obtained through electrolytic tank methods. It would appear 
that the accuracy of the analog described here could be improved 
by using 1500-cycle current, graphitized or platinized electrodes, 
more dilute electrolytes, and a null-detector system in place of 
the direct-reading instruments. 


CoNncLUSIONS 

From this discussion and the results obtained the following 
conclusions can be drawn: 

1 The temperature field within a transistor was determined. 
A comparison of the analog results with direct temperature 
measurements made on a transistor is not possible at present 
since there is no known way to measure the temperature at the 
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collector-base interface without altering the electrical character- 
istics of the device. Comparison of the analog results with indirect 
temperature determinations on transistors earried to “‘burn-out’’ 
temperatures indicates that the results were of practical accuracy. 

2 The arrangement of the analog was very flexible and changes 
in configuration could be made quickly. The extra strips installed 
on the trays made it possible to change the contact area between 
two materials by merely soldering or unsoldering some of the 
strips. The size and shape of the trays were easily changed by 
inserting baffles. 

3 Once the analog was set up no particular skill was required 
to make the measurements. 

4 The modifications made in the commonly used electrolytic- 
tray analog to provide the simulation of heat generation at a 
boundary, interfaces which are not necessarily isothermal, and 
interface thermal resistances make possible the extension of the 
applicability of the electrolytic-tray analog to many problems 
which may be much more difficult to solve by other means, 
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A number of graphs are presented for determining tran- 
sient heating effects in simple bodies having uniform inter- 
nal heat sources. The range of parameters covers Fourier’s 
modulus between 0 and @, and relative boundary resist- 
ance—also referred to as the inverse Biot or modified 
Nusselt number—between 0 and ~. The full range of 
position variable is covered except for the case of Fourier’s 
modulus less than 0.2. In this case the complete range is 
covered only for values of relative boundary resistance 
equal to zero. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


surface heat-transfer coefficient, Btu/sq ft, hr, deg F 

thermal conductivity, Btu/ft, hr, deg F 

temperature, deg F 

relative distance measured from mid-plane of a slab 
cooled on both sides or from axis of a long solid cylinder 
or center of a sphere 

m = relative boundary resistance, k/ha 

q = volumetric heat generation, Btu/cu ft, hr 

a = half-thickness of a slab symmetrically cooled on two 

sides, or radius of a solid cylinder or sphere 

Nyro = Fourier modulus = ar/a?* 

Tr = time after start of heating 

a = thermal diffusivity, sq ft/hr 


> 


Subscripts 

c,p,s = cylinder, plate, or sphere 

n,0 = arbitrary position n or center 0 of cylinder, plate, 
or sphere 


INTRODUCTION 


Thermal transients arising from internal heat generation occur 
in many fields. Among these are nuclear energy, electrical and 
electronic processes and equipment, metallurgical heat-treating 
and manufacturing, and industrial chemical and wood-laminate 
processes. Nonmetallic materials such as wood laminates, plas- 
tics, and ceramics are heated dielectrically and metallic materials 
inductively or by clamping electrodes to the body and passing 
current through it. In the case of liquid or viscous materials 
such as glass, silicon carbide, and the like, electrodes are im- 
mersed within the material itself. Spars and other wood lami- 
nates are bonded by combined hot-plate and dielectric heating, 
and this is amenable to analysis by a superposition of internal 
heat generation and uniform and constant surface temperature. 


1 This paper is based upon work conducted for the Atomic Energy 
Commission under Contract At 11-1-GEN-8. 

2 Supervisor of Applied Mechanics, Atomics International, Division 
of North American Aviation, Inc. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Pittsburgh, Pa., June 20-24, 1954, of Tue 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, April 
16, 1954. Paper No. 54—SA-44. 
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The ratings of electrical motors, generators, and transformers and 
electronic equipment are often set by considerations of internal 
heat generation. The entire structure of a nuclear reactor is 
subjected to intense radiation fields and the absorption of these 
radiations sets up internal heat sources throughout the reactor 
structure. 

Since thermal transients arising from internal heat generation 
occur in many processes both in and outside of the field of nuclear 
energy, it appears that graphical data which permit rapid evalua- 
tion of these transients would serve as valuable a function as the 
graphs currently in use for constant ambient-temperature heat- 
ing (1 to 4).* As in the charts for constant ambient-tempera- 
ture heating, the geometry is restricted to solids of relatively 
simple shape such as infinite plates, infinitely long cylinders, and 
spheres. In theory this appears to impose some restriction on 
the range of application of the graphs, since the simple shapes 
postulated here are the exception rather than the rule. In prac- 
tice, however, it has been found repeatedly that with a little 
judgment the results from simple geometry can be extended to 
more elaborate configurations and hence the practical range of 
application goes far beyond the theoretical limit. The forcing 
function is assumed to be a sudden, stepwise heat generation, 
uniform with space and constant with time throughout the solid. 
Heat leaving the solid is assumed to follow Newton’s law of 
cooling; i.e., to be equal to —k(dt/dn) where dt/dn is the normal 
space derivative of the temperature distribution at the surface of 
the solid. The condition of a suddenly applied, uniform, and con- 
stant heat generation is also not usually met in practice, but here 
again it approximates many actual heat-generation processes 
well enough to justify its use. Many power surges, for example, 
can be treated by a superposition of two or more stepwise power 
increases having different phase displacements. 


GRAPHICAL PRESENTATION 


Case 1 Finite Boundary Conductance and 0 < Nyro < 0.2. 
The solutions for a step increase in heat production in plates, 
cylinders, and spheres losing heat according to Newton’s law of 
cooling are well known (4, 5, 6) and will not be repeated here 
except where necessary to illustrate their application to specific 
problems. In all cases the response is given by a simple steady- 
state term plus a more complicated transient term in the form of 
an infinite series. In the case of a solid cylinder one form of 
temperature response is the expression 


1—n? + 2m m 
qa*/k 4 + m*w,*) 


1 
ny 
where the w,’s are the positive roots, all real and simple, of 
(2] 


It can be seen that the system is described completely by four 
parameters m, N¥o, t,,/(qa*/k), and n, where n is the position 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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parameter and m is a measure of the relative resistivities of the 
thermal boundary layer and the solid, Ny. is the well-known 
Fourier modulus, and ¢,,/(qa?/k) is a dimensionless temperature 
parameter which relates the temperature increase experienced 
by the solid to its radius, power density, and thermal conductiv- 
ity. 

Equation [1] has been evaluated numerically for the tempera- 
ture rise experienced by the two positions of most interest, the 
center and surface (mn = Oand1), The temperatures are plotted 
in Fig. 1 for Fourier modulus Ny, varying from 0 to 0.20 and rela- 
tive surface conductance 1/m from 0 to @. Surface tempera- 
tures are shown by solid lines and center temperatures by broken 
lines. As expected, the surface temperatures show much wider 
variations with time than do the center temperatures, Similar 
curves for plates and spheres are plotted in Figs. 2 and 3. 

NFo 


[CYLINDER] 
——-—CENTER 


SURFACE 


Fie. 1 Surrace anp CentER TEMPERATURES FOR A Lone Crrcu- 
LAR CyuinpDER Havine Unirorm InreRNAL Heat GENERATION 


(Surface loses heat to a constant-temperature ambient. Cylinder and am- 
bient are initially at same temperature.) 


Case 2 Finite Boundary Conductance and Ny, > 0.2. When 
Nyo => 0.2, all harmonics in Equation [1] except the first become 
negligible and the temperatures are given with an accuracy suffi- 
cient for most engineering applications by the equation 


qa*/k 4 + Jo(w) 


where w is the first root of Equation [2]. 
To obtain the temperature variation at the central axis of the 
cylinder let n = 0. Then Equation [3] reduces to 


toe 1 + 2m 2me NFo 
qa*/k 4 w(1 + m*w*)Jo(w) 


In Equation [4] define Y¢, by the relation 


4 2me~ w*NFo 


1 + 2m + Aw) 
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PLATE 


CENTE 
SURFA 


Fic. 2 Surnrace anp CenTeR TEMPERATURES FOR AN INFINITE 
Piate Havine Untrorm Inrernat Heat GENERATION 


(Both sides of plate face a tant-temperature bient. Plate and am- 
bient are initially at same temperature.) 
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Fie. 3 SurFace aND Center TEMPERATURE FOR A SpHEeRE Hav- 
tne Unirorm INTERNAL Heat GENERATION 


(Surface loses heat to a constant-temperature ambient. Sphere and ambient 
are initially at same temperature.) 


Then Equation [4] can be written in the concise form 
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Proceeding now to the limit, it is easily shown that for large m, 


Y,, tends toward 
4N¥o 


Yu mmti 


Evidently, as m becomes large, all curves of Yo, versus 4 N¥./- 
(2m + 1) converge toward a single curve, that form = », The 
net effect is to compress the range of temperature variation into 
a narrow band in which a relatively small number of curves spans 
the entire range of m between 0 and ©, The compressive effect 
is illustrated by Fig. 4, where Yo, is plotted against Fourier’s 
modulus Ny» for values of relative boundary resistance ranging 
between 0 and 


os 
06 


3 
25 
Fie. 5 Yop For Nyro From 0.2 To © 
An identical analysis for plates shows that when Nr, > 0.2, 
center temperature variation is adequately expressed by 
lop 1 + 2m 
qa*/k 2 
where Yo, is plotted in Fig. 5. 


The temperature variation for spheres, under the same restric- 
tions, is expressed by 


with Yo, plotted in Fig. 6. 

Procedure for Determining Center Temperatures (valid only for 
Nyro > 0.2). The procedure is simple and is illustrated here by 
showing the steps involved in the cylindrical case. First, caleu- 
late m and Ngo. From these form the parameter 4Ny,/(1 + 
2m); with this value enter Fig. 4 and determine Y>.. Insert 
this into Equation [5] and calculate the center temperature, t,. 
The procedure is identical for plates and spheres except that the 
parameters are 2Nro/(1 + 2m) and 6Nx./(1 + 2m), respectively, 
and Figs. 5 and 6 are used. 

Procedure for Determining Temperatures at Any Arbitrary 
Position n (valid for Nyro > 0.2). In the special case of Nro > 
0.2, it is possible by means of an auxiliary set of graphs to obtain 
temperature variations for arbitrary position parameters n. 
Returning to Equation [3] we note that it can be written in the 
form 

1—n*+2m (1+ 2m) Y,. 
qat/k 4 


The equations for plates and spheres, in a similar manner, can 
be written as 
1—n?+2m_ 1 +2m Y,, 
ga*/k 2 2 


Yop 


tn _1—n*+2m_ 1+ 2mfY,, 
qa*/k 6 6 
Values of ¥,./Yoe, Ynp/Yop, and Y,,/Yo, are plotted in Figs. 7, 


8, and 9 against the relative boundary resistance. Separate 
curves are given for different values of relative position n. 


+ + + + + + + — 


+—-+-—+— + 


Fic. 6 Function Yo, For Nyo From 0.2 To © 


To illustrate the procedure, consider a long circular cylinder. 
First, calculate m and Nyro. Obtain Yo, as outlined under “‘pro- 
cedure for determining center temperatures.”” Then find Y,,/- 
Y,. from Fig. 7 for the calculated value of m and any given value 
of n. Insert Yo, and Y,,/Yo, into Equation [8] and then solve 
for the temperature. The procedure for plates and cylinders is 
identical except that Figs. 8 and 9 and Equations [9] and [10] 
are used. 

Case $3 Case of Infinite Boundary Conductance and Nyro < 
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Fic. 10 Temperature Rise a Lone CYLINDER 
Is at Zero TemMPeRATURE AND Wuicu Has Uni- 
rorm InTerNAL Heat GENERATION 
(Surface is maintained at zero temperature.) 


0.2. This corresponds to assuming the surface is kept at a con- 
stant temperature and is of sufficient importance to warrant 
special consideration. It has proved very useful in resolving 
questions of both practical and theoretical importance in thermal 
phenomena. For this reason a separate set of graphs, Figs. 10, 
11, and 12, is presented. These give space as well as time varia- 
tions of temperature. The full range of position parameters is 
covered for values of Fourier moduli between 0 and 0.2. 

The graphs were calculated for the most part from alternate 
forms of solutions of the heat equation. The solutions are ex- 
pressed in inverse powers of time and converge very rapidly for 
small values of time. The derivation of these forms has been 
treated thoroughly by Goldstein (7). Specific examples of Gold- 
stein’s method can be found in standard texts on heat transfer 
and operational calculus (4, 8, 9). 

According to Goldstein’s method, the following solutions, suita- 
ble for numerical evaluation when Ny, is small, were derived: 

Plates 
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ro — Nr E erfe 
(2m+1)+n 
+ 47? erfce Nr | 
Spheres 


t 
= 4i? erfe 
qa*/k 


(2m + 1)—n 
2+/Nro 
(2m +1)—n 


47? 
7? erfe 


1—n 


1190 
or 
= 
CYLINDER 
| 
4 
i 
A 
V/A | | | | | SPHERE |} | 
bil | | | 
| | } | 
| | 4, 673 erfe 
\n 
m 
Nr (9 2 (hin) 
an > . 


HEISLER—TEMPERATURE CHARTS FOR INTERNAL HEAT GENERATION 


10 6 
n 


Fic. 11 Temperature Rise aN Invinire Pirate Is 
INITIALLY AT ZERO TEMPERATURE AND Weicu Has Unirorm In- 
TERNAL Heat GENERATION 
(Both sides of the plate are maintained at zero temperature.) 


1.0 


n 


Fic. 12 Temperature Rise in A SpHere Is at 
Zero TemMPeRaTURE AND Wuicu Has Unirorm Internat Heat 
GENERATION 
(Surface is maintained at zero temperature.) 


Because of the nature of the asymptotic form of the Bessel 
function Jo(nz), the short-time solution for cylinders cannot be 
used when nis small. The functions 

2 
erfe (2m + 1) + 


24/Neo 


i‘ erfe 


are the repeated integrals of the error function defined by 
@erfex = ene ae n=1,2,.. 


These have been studied and tabulated by Hartree (10). 
Carslaw and Jaeger also present a tabulation of these functions 
based on data taken from Hartree. 

Of particular interest in dielectric heating are temperature in- 
creases for extremely small values of Nyo. In order to improve 


the reading accuracy of the graphs in this range, both sides of 
Equations [11], [12] and [13] are divided by Nr» leading to the 
following dimensionless temperature parameters 


/ 
Nyro = for plates 
gat/k/ (qar)/k 


tne 


)/k 


The net effect of plotting these temperature parameters was to 
place the curves for small values of time in the upper region of 
the graphs where reading accuracy is greatest. 


for cylinders 


CoNcLUSION 


The foregoing analysis is an attempt to set up a convenient 
graphical means for solving transient heat-transfer problems in- 
volving internal heat sources. It is hoped that the numerous 
graphs presented will prove useful to the engineer both in the older 
fields of heat transfer and in the newer field of nuclear energy. 
In the latter field the material presented should be particularly 
useful in initial parametric studies of fuel elements, power surges, 
and runaways. In view of the simplifying assumptions contained 
herein, much remains to be done before it can be said that the 
problem has been resolved adequately; but it is doubtful whether 
time will be spent usefully in extending the present analysis to less 
restrictive geometry when such important factors as changes in 
thermal properties of the material during heating have been 
ignored. 
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Discussion 


Victor Pascnxis.‘ It is of great importance to have functions 
which may be used frequently, available in form of graphs. This 
paper is a highly welcome addition to the stock of charts thus 
prepared. 

The graph, Fig. 2, is a significant simplification against Fig. 7 
of the author’s previous paper (reference 5 of paper) and the 
extension of the curves to cover cylinders and spheres is impor- 
tant. Similarly, Figs. 4 to 9 present a much easier way of com- 
putation than that previously published jointly by the author and 
the writer.§ 

Close inspection of Figs. 4 to 6 shows that for abscissa values 
beyond a certain limit, the curves become straight lines. This 
limiting value is apparently different for different shapes and for 
different m-values. In the region in which the curves are prac- 
tically straight lines, a simple logarithmic function relates the 
values of Ny. and Y. Since readability of the charts is quite 


4 Technical Director, Heat and Mass Flow Analyzer Laboratory, 
Columbia University, New York, N. Y. Mem. ASME. 

+ “Temperature Charts for Heating With Internal Heat Sources,” 
by Victor Paschkis and M. P. Heisler, ASME Paper No 49—F-26. 
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limited considerable improvement could be achieved if the charts 
(Figs. 4 to 6) were limited to a region Nr. = 0-1 or 0-0.8; this 
part could be drawn to a much larger scale; and the balance of 
the present curves could be expressed conveniently in the form 
of elementary equations. 

Figs. 10 to 12 are indicative of the difficulties involved in de- 
veloping graphs. In order to cover small values of Nyro, the value 
of time 7 had to be introduced twice; namely, on the ordinate 
scale and in the designation of the individual curve. Thus, fol- 
lowing the temperature increase with time becomes a time-con- 
suming procedure—a price ‘which must be paid in order to com- 
pensate for the low available values of Nyro. 


AutTuor’s CLOSURE 


The author wishes to thank Dr. Paschkis for his comments on 
this paper. He agrees that in Figs. 4 to 6 simple logarithmic 
functions can be found which relate the values of No and Y. 
If a simple relation between the slopes of these curves and the 
inverse Biot number m could be found, a significant simplification 
would be achieved. The improvement suggested by Dr. Pasch- 
kis, that is, limiting the charts to a region Nro = 0-1, or 0-0.8, 
could then be obtained. 
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Preliminary Investigation of Minimum Oil- 


Feed Rates for Fluid-Film Conditions 


in Journal Bearings 


Many industrial bearings do not operate with an abun- 
dant supply of lubricant. Bearings that are fed with 
wicks, pads, and drop-feed oilers, for example, are found 
in this category. It has been demonstrated that a certain 
volume of lubricant must be supplied to a journal bearing 
to permit the formation of a complete hydrodynamic 
fluid film. Since it is generally desirable to have bearings 
operate with a fluid film in order to develop the least fric- 
tion and wear, the question of determining the minimum 
rate of feed in order to insure such operation is of some 
importance. The work described in this paper has re- 
sulted in a method which appears promising for predicting 
the minimum feed rate for a journal bearing. The mini- 
mum feed rate is evaluated in terms of speed, load, 
clearance, and size of bearing. The method is based on a 
theoretical analysis supplemented by experimentally de- 
termined constants. 


INTRODUCTION 


HERE is a question of just what quantity of oil is needed 

to maintain a load-carrying fluid film in a journal bear- 

ing. To answer this question requires some evaluation of 
the side flow from a bearing and also, if possible, some idea of the 
volume of lubricant that flows out of the bearing at the terminal 
edge of the load-carrying oil fim. If these two volumes are to be 
constantly replenished, the sum of the two represents the quan- 
tity that must be supplied to the bearing to maintain the fluid 
film under the specified operating conditions. 

To evaluate side flow, the general Reynolds equation would 
have to be solved to obtain pressure gradients and velocity 
gradients in that direction. The analysis of this equation has 
been a matter of some interest for many years and a number of 
satisfactory solutions have been obtained. Perhaps the most use- 
ful of these solutions is that of Kingsbury’ and later Needs‘ where 
the Reynolds equation has been analyzed by means of an elec- 
trical analogy. The general form of the Reynolds equation for 


1 Professor of Mechanical Engineering, Columbia University, New 
York, N. Y., and The Franklin Institute Laboratories for Research 
and Development, Philadelphia, Pa. Mem. ASME. 

2 Engineering Specialist in Bearings and Lubrication, General En- 
gineering and Consulting Laboratory, General Electric Company, 
Schenectady, N. Y. 

3“On Problems in the Theory of Fluid-Film Lubrication With an 
Experimental Method of Solution,’ by A. Kingsbury, Trans. ASME, 
vol. 53, 1931, pp. 59-75. 

4 “Effects of Side Leakage in 120 Deg Centrally Supported Journal 
Bearings,”’ by S. J. Needs, Trans. ASME, vol. 56, 1934, pp. 721-732; 
Trans. ASME, vol. 57, 1935, pp. 135-138. 

Contributed by the Research Committee on Lubrication under the 
auspices of the Lubrication Activity and presented at a joint session 
of the Lubrication Activity and Railroad Division at the Annual 
Meeting, New York, N. Y., November 28—-December 3, 1954, of Tuz 
American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
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1954. Paper No. 54—A-107. 
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steady-state conditions is 


—| —— —— | 
pw Oz uw Oz Oz 
where p is the pressure in the fluid film, yu is the absolute viscosity, 
h is the film thickness at any point, z and z are the co-ordinate 
axes, and wu is the linear sliding velocity of the moving surface. 
The laws of viecous flow in fluids are closely analogous to those 
for the flow of electricity in conducting substances. Equations 
may be set up for fluid flow and electrical flow that have the 
same general form. Fluid pressure would correspond to electrical 
potential and fluid flow would be equivalent to flow of current. 
If an element of an electrolytic bath is considered, an equation 
can be derived for the electrical potential at any point in the 
bath. The following is such an equation as derived by Kingsbury 
and Needs where H is the depth of the electrolytic bath, k is the 
resistivity of the bath, Z is the electrical potential in the bath, 
and iy is the unit current flow into the bath 


H OF 0 | H OF 


The direct similarity between Equations [1] and [2] is apparent. 
Kingsbury and Needs have developed complete solutions, for 
plane and 120-deg journal bearings, based on Equation [2]. 

The basic data in Needs paper have been reworked to the fol- 
lowing form 


where Q, is the entrance oil-film requirement in units of cu in/sec, 
Kg is a factor obtained from Needs’ analysis of the Reynolds 
equation; u is the peripheral velocity, ips; r is the radius of the 
journal, in.; m is the clearance ratio, in/in.; and / is the length 
of the bearing, in. Table 1 lists values for Kg in terms of two 
parameters. These are the //d ratio of the bearing (length to 


TABLE 1 VALUES OF Kg FOR ENTRANCE-OIL REQUIRE- 
MENTS 


€ 0.9 0.8 0.6 0.4 0.2 
0.25 0.39 0.49 0.50 0.52 0.53 
0.50 0.30 0.41 0.436 0.478 0.513 
0.75 0.22 0.33 0.395 0.45 0.50 
1.00 0.175 0.265 0.36 0.43 0.494 
1.25 0.15 0.23 0.335 0.415 0.488 
1.50 0.135 0.21 0.315 0.40 0.483 
2.0 0.113 0.19 0.28 0.38 0.475 
2.5 0.10 0.175 0.26 0.368 0.465 
3.0 0.088 0.158 0.25 0.34 0.455 
4.0 0.063 0.122 0.235 0.31 0.438 


diameter) and ¢€ the eccentricity ratio of the bearing. In the same 
manner Needs’ data have been reworked to form an expression for 
the side flow in a journal bearing 


where Qs is the side flow from both sides, in units of cu in/sec; 
u, r, m, and 1 are the same as in Equation [3]. Kg is a factor for 
side flow again obtained from Needs’ evaluation of the Reynolds 
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TABLE 2 VALUES OF Kg FOR SIDE FLOW—BOTH SIDES OF 


BEARING 
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equation using the electrical analog. Table 2 lists values for Ks 
in terms of the parameters //d and eccentricity ratio, €. 

The use of Equations [3] and [4] may be demonstrated by an 
example. An oil-ring bearing, 6 in. diam X 9 in. long is operating 
at 720rpm. The eccentricity ratio € is 0.9; m = 0.002; l/d ratio 
= 1.5. If it is assumed that all of the oil flowing out at the 
sides and all of the oil streaming out of the trailing edge of the 
bearing is not returned to the leading edge of the bearing by rota- 
tion of the shaft, then the requirements for supply can be esti- 
mated by using Equation [3]. 

From Table 1, value of Ky is obtained as equal to 0.135. The 
peripheral velocity equals 226 ips. Substituting in Equation [3], 
Qe = 1.65 cu in/sec or 0.43 gpm. This is the entrance oil re- 
quirement that must be supplied if all the oil passes through the 
bearing only once and none is carried around by the rotation of 
the shaft and reintroduced at the leading edge of the bearing. 

It has been shown that an oil ring for a bearing of this size can 
deliver such an amount continuously without difficulty. In many 
bearing designs, however, the oil escaping from the bearing at 
the terminal edge of the load-carrying film generally adheres to 
the surface of the journal at least in part and is thus resupplied 
to the bearing. The true loss of oil for those conditions therefore 
would be only that oil which flows from the sides of the bearing. 
The minimum volume that must be supplied to maintain a com- 
plete fluid film is that amount necessary to compensate for this 
side flow. This volume can be estimated by using Equation [4]. 
From Table 2 the value of Ks is 0.078. Qs therefore becomes 
0.952 cu in/sec both sides, or 0.25 gpm. 


or Freep Rate For 
ConDITIONS 


EVALUATION 


Inspection of Tables 1 and 2 will show that, as the eccentricity 
ratio ¢ of the journal in the bearing increases, the volume of make- 
up oil becomes less and less. The oil film gets thinner and the 
amount of side flow is reduced. This means, physically, if a 
smaller amount of lubricant is supplied, the eccentricity of the 
journal automatically becomes greater and the film gets thinner 
while the bearing is attempting to maintain a complete fluid 
film. This action has been observed, and has been substantiated 
many times by laboratory and industrial experience. Of course, 
as the oil supply diminishes and the film gets thinner, there is an 
eventual limit. This limit is established when the film becomes so 
thin that the peaks of surface roughness exceed the minimum film 
thickness and begin to produce incipient metallic contact. The 
actual limiting magnitude of this minimum film thickness will de- 
pend on the size and rigidity of the bearing housing and upon the 
surface finish of the bearing material and shaft. 

Values for this limiting film thickness will vary from perhaps 
0.0002 in. down to 0.00005 in. Owing to inevitable elastic and 
thermal distortions of the journal and bearing and to imperfect 
geometry of these elements, it is impossible to extend the theoreti- 
cal values for side flow to such extreme conditions and evaluate 
corresponding A-factors as have been listed in Tables 1 and 2. 
Instead, values of K for these fluid-film limits have been deter- 
mined experimentally in the laboratory. The experiments re- 
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ported in this paper have been such that the oil supply to the test 
bearing was slowly reduced until the friction in the bearing be- 
came unsteady and tended to jump suddenly to high values. It 
is concluded that this marks the transition point of fluid-film 
breakdown. Using the feed rate of oil supply and the physical 
data of the bearing, it is possible to solve for values of Ky, corre- 
sponding to these conditions of operation where the hydrody- 
namic oil film is apparently about to be ruptured. This should 
correspond, then, to the lower limit of fluid-film lubrication where 
friction and wear are still at aminimum. The following equation 
therefore should represent the minimum feed rate required by a 
bearing to just maintain fluid-film conditions 


where Ay is the experimentally determined factor similar to the 
previous values of Kg in Equation [3] and Kg in Equation [4]. 


EXPERIMENTAL Ric 


A journal-bearing testing machine was constructed which was 
capable of measuring the friction of the bearing. Three 360-deg 
bearings were tested with a shaft having a diameter of 2'/; in. 
Bearing No. 1, l/d ratio equal to 1; diametral clearance 0.0045 
in. 

Bearing No. 2, 1/d ratio = 1, diametral clearance 0.0034 in. 

Bearing No. 3, l/d ratio = 0.8, diametral clearance 0.0045 in. 

Test shaft, ground alloy steel (SAE 4850), Rockwell hardness 
B100; surface finish approximately 10 microinchesrms. Bearing 
bushings were made of 750 aluminum alloy and pressed into a 
heavy bronze retaining ring. Surface finish of bearings approxi- 
mately 20 microinches rms. 

Each bearing was tested at three speeds: 1230 rpm, 1800 rpm, 
and approximately 3500 rpm. 


Each bearing was also tested at four loads for each speed: 
First load, 2 psi (approx) based on projected area 
Second load, 40 psi 

Third load, 150 psi 

Fourth load, 300 psi 


In all cases the minimum rate of feed was determined to just 


TABLE 3 TABULATION OF DATA ror. MINIMUM FEED RATE 


OF LUBRICAN 

Load on 
Bearing projected 
no. area, psi 


Approx 
oil temp, Feed rate, 


drops/min 


Km from 
[5] 


0.9 0.8 0.6 0.4 0.2 
0 
0 
a 1 
1 
4 
Qu = 
1230 2 110 78 0.00452 
q 1230 40 120 85 0.00502 7 
% 1230 150 131 112 0.00730 
wa 1230 300 140 135 0.00990 
1800 2 143 100 0.00427 
1800 40 147 110 0.00489 
19 1800 150 149 130 0.00635 
ae 1800 300 156 152 0.00845 
3500 2 157 150 0.00422 . 
+ 3500 40 160 160 0.00485 
{ 3500 150 163 175 0.00613 
3500 300 170 190 0.0080 
| 1235 2 110 59 0.00431 
1235 40 120 71 0.00535 
- 1235 150 130 91 0.00727 
a 1235 300 140 115 0.0101 
“4 1820 2 142 77 0.00398 
1820 40 155 97 0.00534 
7 1820 150 159 111 0.00643 
1820 300 162 133 0.00856 
* 3400 2 162 120 0.00389 
3410 40 165 139 0.00500 . 
3390 150 170 152 0.00591 
3390 300 250+ 170 0.00765 
(bearing seized) (approx) 
% 1230 2 112 63 0.0042 ; 
“i 1230 40 114 69 0.0049 
1230 150 119 93 0.00705 : 
; 1230 300 120 115 0.00955 
i) 1300 2 132 82 0.0041 
. 1800 40 137 95 0.00495 
7 1800 150 141 118 0.00675 
, 1800 300 147 140 0.0090 
3500 2 153 130 0.00405 
3500 40 159 140 0.00465 
3500 150 164 162 0.00625 
3500 300 172 180 0.00840 
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produce unstable friction conditions. A typical set of data is 
shown in Table 3. The viscosity of the oil used in these tests was 
47 centipoises at 100 F (250 SUS) and 23 centipoises at 130 F 
(129 SUS). Bearing friction also was determined under conditions 
of full flow to the bearing where oil was supplied under pressure. 
Temperatures were measured by an iron-constantan thermo- 
couple flush with the inner surface of the bearing. Fig. 1 shows a 
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HOLDER 
CALIBRATED 
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Fie. 1 Schematic DiaGram or ELements or Test MACHINE 


Fie. 2(a@) View or Comp.ete Test MacHiIne 


Fic. 2(c) Test Beartne Removep From Maceine 
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schematic diagram of the elements of this test machine indicating 
the hydrostatic shoe that was used to apply load to the test bear- 
ing, the lever loading arm, a calibrated loading spring, and the 
frietion-measuring scale. 

Fig. 2(a) shows the complete test machine with the instrument 
panel board, loading lever, test bearing, drop-feed oiler, and scale 
to measure friction torque. 

Fig. 2(b) is a close-up of the test bearings as installed, the drop- 
feed oiler, oil-delivery tube, torque arm, hydrostatic loading shoe, 
loading ball, and loading lever. 

Fig. 2(c) shows the test bearing removed from the machine, the 
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oil-delivery tube, axial oil-distribution groove ahead of the load- 
carrying area, and the thermocouple wires. 

Fig. 3 shows values for Ky that were obtained experimentally 
from these tests. It is observed that Ky, is not a true constant 
but varies somewhat with speed and somewhat with applied load 
p in psi of projected area. The value of Ky, therefore, to be used 
in Equation [4], may be expressed simply by the following equa- 
tion determined from the plotted data points 


Ky = 0.0043 + 0.0000185p 
Oil-feed rates are often measured in terms of drops per minute. 


In order to convert from drops per minute to cu in/sec, the size or 
volume of the drop must be known. Generally speaking, an 
average value for lubricating oil is to consider that 30 drops of oil 
have a volume of 1 cc. This is not exactly true and varies some- 
what with the viscosity of the oil and rather markedly with the 
rate of dropping. In other words, a high rate of feed in drops per 
minute shows that the drops are larger in size. Table 4 lists 
typical values obtained for drop size in terms of oil viscosity and 
rate of dropping. Further experiments, not reported, indicate 
that the shape of the tip of the lubricator, at least for the shapes 
that were tested, has little effect upon the size of the drop. Fig. 
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2(d) shows the two extremes of tip shapes that were checked. 
One is a standard drop-feed oiler and the other a glass burette. 
The effect of rate of drop size is shown in Fig. 4 where drops per 
minute are plotted against cu in/min. 


4 DATA ON OIL-DROP SIZE IN TERMS OF RATE OF 
DROPPING AND VISCOSITY ey USED, SAE 10 AND SAE 40 AT 


Cubie adel per minute Aver value, 
SAE 10 SAE 40 pray 
0.030 
0. 040 


322) 


Samp.e CALCULATION 


To determine the required minimum feed rate to maintain a 
fluid film in a 360-deg bearing, 2'/, in. diam X 2'/, in. long, 
diametral clearance 0.0045 in., speed 1230 rpm, load 40 psi 
based on projected area. 

Using Equation [5] 


Qu = Kyurml 


1230 
** X 2.125 = 137 ips 


— = 1.062 in. 
2 
0.0045 
n= 2125 = 0.00212 in/in. 
4 = 2,125 in. 
Average value of Ky from Equation [6] 
Ky = 0.0043 + 0.0000185p 
= 0.0043 + 0.0000185 x 40 
Ky = 0.005 
Then in Equation [5] 
Qu = 0.005 137 1.062 0.00212 2.125 
= 0.00327 cu in. per sec 
Qy = 0.196 cu in. per min 
Then from Fig. 4 
Qy = 84 drops per min, minimum feed rate 


CONCLUSION 


The solution of the general Reynolds hydrodynamic equation 
by Kingsbury and Needs has been used to obtain the form of an 
equation for the analysis of side flow in a journal bearing. Co- 
efficients for this general equation have been obtained, by ex- 
perimental means, for 360-deg journal bearings at the extreme 
condition where the oil supply has been reduced to the minimum 
to maintain a complete fluid film in the bearing. Bearings 2'/; in. 
diam with two //d ratios and three clearances have been used in 
this determination. A simple relationship is obtained which 
should enable the prediction of the minimum oil-feed rate to just 
maintain fluid-film conditions in these and similar bearings. It is 
expected that since the equation for minimum-flow requirement 
is in general form, the experimental coefficients may apply to a 
wide range of bearing sizes, although this has not yet been verified. 
Some qualitative corroboration, however, has been obtained with 
journal bearings of other dimensions. 


1197 


Discussion 


J. A. Cote’ anv C. J. Huaues.’ The estimation of the oil flow 
through a journal bearing is an important and difficult problem, 
and the authors are to be congratulated on their useful and 
pioneering investigation of this aspect of it. 

Do the authors consider it likely that the successive determina- 
tions of limiting film conditions may have damaged the bearing 
and shaft surface finish and geometry, thus affecting the results? 

If critical ZN /P-values are calculated from the data given, 
very high values are obtained for the lighter loads, This presuma- 
bly indicates that the measured temperatures were not represen- 
tative of the limiting film conditions. 

Experiments on starved-film lubrication have been performed 
at the Mechanical Engineering Research Laboratory as part of an 
investigation using a new transparent-bearing technique, and some 
of the results may be relevant. 

The authors mention that their limiting film conditions gave 


Lubrication 


* Mechanical Engineering Research Laboratory, 
Division, Thorntonhall, Glasgow, Scotland. 


lin. X lin. X 0.002 in., 1250 rpm, 40 psi load 
Fie. 5 Fim Exrenr in a Comptete Journat Brearine 
(Single oil hole opposite load; Loaded region in center.) 


Drops/min 
15 
20 
25 
30 0.057 0.059 
40 080 0.084 
50 10 0.105 
60 123 0.129 
70 150 0.155 
| 80 175 0.182 
90 205 0.212 
100 245 0.250 
110 285 0.290 . 
120 33 0.335 
130 375 0.382 
140 42 0.43 
150 48 0.497 
‘ 
— 
~ 
DIVERCK SONVERGENT 
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unsteady friction readings. This may be ascribed to the drip feed 
giving a fluctuating film extent rather than to the intrinsic nature 
of limiting hydrodynamic lubrication. 

With a continuous pressure feed, film extent varies relatively 
slightly over a wide range of supply pressures, and the character- 
istic convergent and divergent film patterns for a single oil hole at 
180 deg are as shown in Fig. 5(A) of this discussion. Lowering 
the feed pressure shortens the continuous film. 

On shutting off the oil supply, the film is fed from the oil 
meniscus at each end of the bearing, and the film pattern is in- 
verted, as in Fig. 5(B). 

Once the meniscus breaks, air enters and the film shortens 
drastically. Gradually the meniscus supply is lost by end leakage, 
and the clearance space empties as in Figs. 5(C, D). 

The time seale for these successive stages varies widely with 
load, speed, and meniscus stability. The sample photographs 
cover a period of 160 sec from the instant of cutting off the oil 
supply, but with a bearing shell suitably designed to retain end- 
leakage oil, it may be possible to obtain safe starved operation for 
long periods. 

The end meniscus also has been observed to permit a bearing 
pumping action, by preventing the entry of air from the sides of 
the bearing. With a single hole entry at 180 deg, oil may then be 
drawn from a level 12-18 in. below the bearing, giving the charac- 
teristic pattern of Fig. 5(A). 


M. D. Hersey.* The present investigation goes far toward 
solving a problem that had been proposed to the ASME Research 
Committee on Lubrication by the late Prof. George B. Karelitz, 
a former chairman. This problem of determining the rate of 
supply of lubricant required to keep a pair of rubbing surfaces 
separated was further described by the writer in a recent publi- 


cation.” 

Reference was made therein to his experiments at M.I.T. on 
a full journal bearing 1 in. diam X 3 in. long.’ It was observed 
that the coefficient of friction decreased, at first rapidly and then 
much more slowly, when the rate of oil feed was increased from 2 
to 60 drops per min. Ten drops per minute were found sufficient 
for good lubrication, with steady friction values, over the speed 
range from 300 to 1500 rpm with loads from 40 to 250 psi on the 
projected area, and viscosity from about 3 to 15 millionths of a 
pound-second per square inch at the bearing temperature. Both 
fatty and mineral oils were used and no systematic difference was 
observed. When the rate of oil feed was increased from 10 to 60 
drops per min there was only a slight drop in friction, between 10 
and 20 per cent, but a much greater increase in the minimum film 
thickness as shown by electrical resistance measurements. 

Another early experiment for comparison is that of Bissell at 
Cornell, using a mineral engine oil. Loads from 70 to 140 psi 
were applied to the partial bearings in a Thurston railroad lubri- 
cant tester, at speeds close to 320 rpm. Although the results can 
hardly be accepted as quantitative, it was concluded that 0.003 cc 
of oil per min per sq in. of projected area would be ample to insure 
fluid-film lubrication. This amount, it was noted in the discus- 
sion, corresponds to “three quarters of a cupful of oil on a locomo- 
tive crankpin per about 100 miles of service.” 


6 Research Associate in Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Fellow ASME. 

7 “Fundamentals of Hydrodynamic Lubrication,”’ by M. D. Hersey, 
Friction & Lubrication in Engineering, The American Society of 
Lubrication Engineers, Chicago, Ill., 1954, pp. 54-56. 

8“The Laws of Lubrication of Horizontal Journal Bearings,’ by 
M. D. Hersey, Journal of the Washington Academy of Sciences, vol. 4, 
1914, pp. 542-552. 

® “An Interesting Experiment With a Lubricant,”’ by G. W. Bissell, 
Trans. ASME, vol. 12, 1891, pp. 221-229 
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M. W. Mue.ier.” The paper seems to present a simple and 
satisfactory approach to the problems of journal-bearing lubrica- 
tion. The results of the presented tests are in reasonable agree- 
ment with actual field experience. 

There are, perhaps, a few factors which might at the same time 
be considered more carefully. Such items as bearing materials, 
bearing design, and service factors, and the effects of higher 
viscosity lubricants, might all introduce new and significant 
variations in the present feed-rate equations. 

There is information available which would indicate that the 
selection of the bearing materials may alter the bearing modulus 
(ZN/p) by over 100 per cent (Fig. 6 of this discussion.") This 
variation may show a considerable difference in the point at which 
the frictional forces in the test journal are found to be erratic. 


Transition point 
altered due to 
materials 


ARI 


4 


Fie. 6 


This would then lead to considerable variation in the determined 
values of Ky and/or Qy. 

In conjunction with the formula developed by these tests, it 
would seem desirable to determine a set of service factors which 
would cover various bearing design and service requirements. 
Information of this type would be of particular value to those of 
us who are in the business of designing and building lubricating 
systems for industry. The development of such service factors 
would, of course, make the present information more directly 
applicable in determining the lubrication requirements of various 
types of equipment. 

One additional point of consideration which would be desirable 
is the modification of the equation for Q,, so that it would contain 
a term for viscosity apart from the quantity Ky. Experience in 
the field tends to indicate that, by using higher viscosity oils, the 
quantity of lubricant may be reduced considerably without ma- 
terially affecting the life or performance of the bearings. 

For example, in the test data, there is one point at which the No. 
2 bearing failed by seizing. Assuming a viscosity of about 4 
centipoises at the given temperature, we have an equation for 
expressing the permissible unit pressure as follows.'* 


3175 \C D+L 


4 X 3390 (8 7 2.125 
3175 X 104 0.0034 2.125 + 2.125 
= 83 psi permissible unit pressure 


where 

p = pressure, psi 

Z = centipoise 

N = rpm 

D = shaft diameter, in. 

1 Trabon Engineering Corporation, Cleveland, Ohio. 

“Sleeve-Type Bearings—Design Protection,"’ by C. H. Leis, 
Product Engineering, vol. 5, September, 1934, pp. 338-340. 

12 “Safe Loads for Journal Bearings,”” by V. Tatarinoff, Product 
Engineering, vol. 5, December, 1934, pp. 445-448 
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L = bearing length, in. 
ec = clearance, in. 


The results show that the bearing has been overloaded by 350 
per cent. However, by using a heavier oi! or by providing a means 
of cooling the present oil to give a viscosity of, say, 15 or 20 centi- 
poises, the bearing probably would not have failed since the load- 
carrying capacity is shown to be directly proportional to vis- 
cosity. By increasing the viscosity to 16 centipoises the permissi- 
ble unit pressure would be determined as 332 psi which is greater 
than the load at which the bearing failed. Also, it would follow 
that a much smaller quantity of oil would suffice to maintain a 
fluid film around the bearing in other tests. In its present form, 
the equation containing Ky is somewhat vague and perhaps mis- 
leading, and, therefore, might well be scrutinized further. 


Avutuors’ CLosuRE 


The authors are pleased to see the extent of interest in the 
question of minimum feed rates for journal bearings and wish 
to thank the discussers for their questions and stimulating com- 
ments. 

The test procedure was such that the oil feed rate was slowly 
reduced until an instability was noticed in the friction of the 
bearing. A sensitive balance-type scale was used for this 
measurement which, when adjusted to the order of magnitude of 
the friction force that was being weighed, had a full scale de- 
flection of + 0.1 lb. The instability in the friction, then, that 
was observed, was a small and transient one and in most cases 
represented only a very small percentage change in the total 
friction force that was being measured. When the bearing and 
shaft surfaces were examined after these tests, no indication of 
solid contact could be seen. These fluctuations were erratic 
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and of very short duration and showed no relationship to the 
rate of dropping of oil from the drop-feed oiler. Actually the 
feed tube, which was about four inches long, would also tend to 
smooth out fluctuations in the oil feed rate to the bearing. 

The determination of a minimum value of ZN/p seems to 
have little correlation with test data for the starvation condition 
that was investigated. The test data show minimum values of 
ZN/p ranging from 70 to 17,000. It may be that this parameter 
is not a significant measure of operating conditions in journal 
bearings when feed rates are inadequate. 

It is quite true that surface finish, the wearing-in history of the 
bearing and shaft, and the type of bearing material are influential 
in establishing the minimum film thickness in a bearing. The 
investigation reported in this paper was of limited scope and 
did not include these many variables. However, selection was 
made of what was considered to be representative materials, sur- 
face finishes, bearing construction, and operating conditions, in 
an effort to obtain equally representative data on minimum feed 
rates to just maintain a hydrodynamic fluid film. 

The expression used for presenting the results of the investiga- 
tion is Equation [5]. Although no separate symbol in this 
equation represents the viscosity, the lubricant viscosity is in- 
herently part of the equation because the minimum film thick- 
ness in a bearing is developed when the eccentricity of the shaft 
is at its extreme limit and still able to maintain separation of 
the surfaces by a fluid film. These conditions are specified by 
the interdependence of speed, load, clearance, and viscosity. 
Thus the viscosity is a variable in Equation [5] in the same 
manner as it is a variable for specified eccentricity ratios in 
Equations [3] and [4]. Essentially, Equation [5] specifies that 
the journal has reached its maximum possible eccentricity in the 
bearing without rupturing the fluid lubricant film, and of course 
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this maximum tolerable eccentricity ratio depends, among other 
things, upon the viscosity of the lubricant in the bearing. 

A very interesting comment was received by the authors from 
Prof. G. B. DuBois stating that the authors’ results could be 
plotted, as in Fig. 7, which is based on the NACA TN 3491 
written by G. B. DuBois, F. W. Oevirk, and R. L. Webe. This 
form of plotting the results of the log of the oil flow factor q 
versus load number 1/C,, appears to be very useful. 
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No doubt the approach suggested in this paper will be modi- 
fied and refined when further experimental data become available, 
but even in its present form the authors have found the analysis 
of frequent value in establishing an order-of-magnitude evalua- 
tion for minimum feed rates in journal bearings. 

Again, we should like to express our appreciation and thanks 
to those who have contributed their comments in the discussion 
of this paper. 
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Feedwater Heaters—A User’s Viewpoint 


By S. M. ARNOW,' PHILADELPHIA, PA. 


Correct heating surface and the proper terminal ap- 
proach are necessary requirements for efficient plant per- 
formance. However, the most important factors from the 
user’s standpoint are those which make for continuous 
trouble-free operation. These include such requirements 
as suitable material protection against direct impingement 
on tubes by steam and flashing drains, provision for avoid- 
ing corrosive-gas accumulation, proper location of vents, 
more attention to the mechanical details, and careful 
study of all failures in order to determine the causes and 
to provide the cures. Several heater-cycle arrangements 
are shown and some typical troubles and remedies are 


discussed. 
INTRODUCTION 


HAT feedwater heaters and related equipment are essen- 

tial elements in modern power plants has long been recog- 

nized, and many papers dealing with heat cycles, justifiable 
number of heaters, types, thermal spacing, terminal difference, 
and so on, have been given and may be found in the literature. 
These remarks will therefore not deal with such phases of the 
subject, but will be devoted to some practical application prob- 
lems. 

What does the user expect from a heater? The answer is quite 
simple. It is the same as he expects from the rest of his power 
plant. He expects it to work; he does not want to lose a 40-mil- 
lion-dollar plant because of the failure of a 40-thousand-dollar 
heater; he does not want to endanger the dollar on account of the 
shortage of one tenth of a cent. And, while it is true that a 
powerhouse contains a number of small items whose failure may 
cause a plant shutdown, everyone connected with design, selec- 
tion, and installation of such equipment must exercise his best 
vigilance that such occurrence be rare if the plant is to operate 
economically. 

Perhaps it might be well at this point to define an economical 
power plant. In the author’s estimation an economical power 
plant is not necessarily one which shows the lowest Btu rate, or 
one that costs least per kilowatt installed, but one which works 
continuously, unobtrusively, and trouble-free. The best-designed 
plant produces absolutely no power when it is down, and even the 
lowest-cost one does not earn its keep when it does not function. 
From this viewpoint, it is far less important that the heater have 
the exact number of tubes than that it have the exact number of 
vents at the proper places to prevent the tubes from corroding; 
less important to place the heaters at the exact theoretical point 
in the cycle than to be sure that the joints do not leak with 
fluctuation in load; less important that certain terminal dif- 
ferences be maintained than that impingement baffles, stay rods 
and spacers remain intact and in place, or that heaters drain 
properly at all loads. If expected thermal performance can be met 
in addition to trouble-free operation, fine. However, the author 
knows of no case where a plant was lost on account of such of- 

1 Senior Engineer, Mechanical Engineering Division, Philadelphia 
Electric Company. Mem. ASME, 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of Tae American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
25, 1954. Paper No. 54—A-129, 


fense; he has seen many occasions of losing load because of the 
other reasons. 

Both manufacturers and users have a responsibility and a part 
to play in attaining the goal of an economical plant, The heater 
designers must apply themselves to the mechanical aspects of 
heater designs with as much zest as they have heretofore devoted 
to thermal and heat-transfer considerations. They must follow 
the jobs after installation, stady all failures, analyze the causes, 
and determine the remedies so that if possible no repetition 
of similar sins of omission or commission will occur. The users 
must see that the designers are free to exercise their design ex- 
perience to its fullest extent, and must not put them in straight 
jackets by writing too close a specification wherein strict limits 
are set to materials, arrangement, individual pressure drops, tube 
sizes, and the like. It is enough to specify what the heaters should 
do and let the designers worry about how it should be done. 
Finally the user must so install the heater that it may do its job 
properly with respect to pipe thrusts, drainage, venting, and so 
on, 
In the following portions of the paper some actual illustrations 
of arrangements, troubles and, it is hoped, cures are shown. 
These are actual case histories. 


Case Histories 


Fig. 1 shows a heat-cycle arrangement used in connection with 
a 180,000-kw, 1250-psi, 950 F unit. Because of the quantity of 
feedwater to be handled, it was economical to divide the flow into 
two parallel paths thus eliminating individual by-passes and 
valves around each heater. This cycle is interesting because it 
contains a re-entry-type boiler feed pump. While this arrange- 
ment contains a minimum amount of auxiliary equipment, it is 
apparent that serious trouble with any heater will necessitate tak- 
ing out of service a complete line of units, and reducing the load 
quite substantially. 
+ A 
HOT 
WELL 


HTRS. WITH 
INTEGRAL D.C 


BOILER 64 


= 


Fig. 1 Heat-Crcie ARRANGEMENT FOR Larce-Capacity Unit 


It so happened that these heaters did give a good deal of trouble 
because of a fundamental design error. They are of the return- 
tube type and the shell was sized so close to the tubes that there 
was no room for a steam-impingement baffle. The manufacturer 
had to resort to an arrangement of a disk and doughnut in the 
steam nozzle as shown in Fig. 2. This was supposed to break up 
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Fic. Benpine or Tuses Due To Steam IMPINGEMENT 
the steam jet; unfortunately, it also broke the tubes or rather 
bent them so that they banged against each other resulting in fre- 
quent failures. 

This condition is shown in Fig. 3. To correct the situation the 
manufacturer suggested placing an additional tube-support plate 
directly in front of the steam nozzle to stiffen the tubes at this 
point. This would have meant an almost complete disassembly 
of the heater. Since there were ten of them with the same trouble, 
one can imagine the cost. Fortunately, one of our younger engi- 
neers came up with the idea of inserting solid rods in the first row 
of tubes facing the steam jet, resulting in protection for the rest of 
the tubes. This worked so well that no more trouble of this na- 
ture occurred. 

After such experience, we became very sensitive about the sub- 
ject of impingement. Figs. 4 and 5 show provisions for prevention 
of steam impingement against tubes. Fig. 4 shows a Y-type baffle 
arrangement in a heater which contains a desuperheating and 
drain-cooling zone. The desuperheating zone on the upper left 
is baffled off from the other passes and extends far enough into 
the shell to provide the necessary surface, while the impingement 
baffle is to the left of the pass partition, forming the Y and effec- 
tively blunting the steam impact. Fig. 5 shows the arrangement 
adopted in a low-pressure heater where large volumes of steam 
must be handled. It can be seen that the size of shell has been 
governed largely by this requirement. 

Location, Shape, and Support of Baffles. While on the subject of 
baffles, it might be well to point out that the mere provision of a 
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baffle is not enough. Careful thought also must be given to the 
proper location, shape, and means of supporting it. 

Fig. 6 shows a baffle installed in the path of flashing drains. It 
will be noted that it has welded lugs which have holes through 
their centers through which the tie rods pass. The lugs were kept 
in place by spacers. Because of the impingement of the drains the 
two lugs to the right broke off and the baffle hinged on the 
other two lugs banged away at the tubes with disastrous results. 

The changes that were made to overcome this condition are 
shown in Fig. 7. As may be noted, angles were welded to the 
fixed tube sheet as well as to the tube-support plate and the baffle 
welded to them on the shell side of the angles. The advantages 
are obvious. 

Eliminating Corrosion and Pitting. In general, all that a 
direct-impingement baffle can do is to protect the tubes. It does 
not eliminate the impingement and the energy must be dissipated 
somehow. Wherever such a direct baffle is installed, the energy 
is reflected back to the shell, causing erosion and pitting. A 
method of eliminating this difficulty is shown in Fig. 8. Here the 
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heater shell is extended beyond the tubes and the drains brought 
in tangentially into this free area. The shell circumference is 
lined with stainless steel for approximately 270 deg and a baffle 
placed at right angles to the drain inlet, acting strictly as a splash 
baffle and not subject to jet action. This arrangement has been 
in service for about five years and has proved quite satisfactory. 

A steam baffle welded on the tube side of the tie rods is shown in 
Fig. 9. The potentially dangerous situation present in case of 
welding failure is apparent. The trouble that did develop, how- 
ever, resulted from the fact that the straight shape of the baffle 
caused direct contact at the center tubes and repeated blows 
against them. A curved baffle and a change in the welding posi- 
tion above the tie rods solved this problem. 

Venting Problems. All heaters must be vented effectively both 
to prevent vapor binding and to avoid accumulation of cor- 
rosive gases. In so doing care must be taken that vent lines 
have the proper slope to prevent water pockets. Careful study 
must be given to the internal structure of the tube bundle to 
avoid obstruction to the flow of gases to be vented. The number 
and position of vents with respect to the tube supports must be 
investigated thoroughly. It will usually pay off in longer life and 
less frequent outages. In some of our heaters there was such 
accumulation of corrosive gases under the tube-support sheets 
that failure occurred not only in the tubes but also in the spacer 
pieces; in fact the latter were completely eaten through. 

Fig. 10 shows the method adopted to assure relief from such 
accumulation, wherein semicircular sections were burned 
through in alternate plates to allow flow of gases to the vents. 
The spacer pieces were changed to stainless steel. 

Tube Failures. Trouble of an unusual sort developed with 
another heater wherein there were repeated tube failures which 
could not be explained. Eventually there were so many plugged 
tubes that a new bundle was ordered. When all the tubes were 
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removed, it was found that the floating tube sheet was bent out 
in the shape of an hourglass as shown in Fig. 11. 

This figure is of course exaggerated, but there was */, in. dif- 
ference from the flat in a tube sheet about 42 in. diam. The 
deformation was attributed to the fact that the tube-support 
plates did not extend to the shell and provided a 4-in. annular 
open path around the periphery of the tubes, heating the outside 
tubes which were subjected to the superheating steam to a con- 
siderable degree higher than the inner tubes, and causing unequal 
loading on the tube sheet. In the new bundle the support plates 
were extended to within */, in. of the shell circumference and no 
further troubles were experienced. 


1203 
TUBES | 
STEAM STEAM 
SUPPORT 
Th STRAIGHT 
PORT BAFFLE ABOV 
ian BELOW TIE RODS 
SHELL 
Fie.9 Improper snp Improvep INSTALLATION OF A Barrie 
A 
DRAIN 
INLET 
Ji 
= 
<> CHANNEL 
4 SUPPORT PLATE = SECTION 
; STAINLESS STEEL = Sn TIE ROD 
LINER = 
STEAM : 
INLET 
NOZZLE 


1204 


Inspection During Manufacture. Many heater failures could 
be prevented by closer inspection of internal structures and tubes 
during manufacture. Fig. 12 shows a tube which literally “burst”’ 
open and in so doing damaged several adjacent tubes. An ex- 
amination of this tube shows a deep tool mark along a considera- 
ble portion of its length which resulted in a weakened section. 
Effective inspection would have discovered and rejected this tube 
and thereby a costly heater failure could have been avoided. 


Fic. 12 Burst Tuse Due ro Fautty MANUFACTURE 


Heater Distribution. Finally, the station designer must make 
a careful analysis of the cycle to determine the justification of 
each heat exchanger. It may be possible that by better distribu- 
tion, a lesser number of heaters could do the job without sacrific- 
ing efficiency. Table 1 shows the distribution of heaters in two 
stations with identical steam and final feedwater conditions. 
Steam for heaters 1, 2, and 3 is bled at the same relative locations 
in the respective turbines, the pressure differences being due to 
the different capacities of the two machines. It should be noted 
that there is practically no difference in cycle efficiency between 
the two cases, but one can be sure that the omitted heater will 
cause no headaches in station B. 


COMPARISON OF HEATER ARRANGEMENTS 
B 


TABLE 1 


CoNCLUSION 


The several cases illustrated indicate that manufacturers must 
pay attention to the common-sense mechanical aspects of heater 
design as well as to the theoretical problems of heat transfer, 
specific conductivity, and so on. It is certain that all heater users 
will be grateful for any features that will reduce the chances of 
heater failures. 
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Discussion 


R.C. Dannetret.? The author, in his usual jovial manner, has 
accused the heater manufacturers of paying more attention to the 
theoretical than to the practical mechanical aspects in their de- 
signs. Keeping in mind the mutual responsibility of manufac- 
turer and user, he has at the same time accused the user of ob- 
structing the manufacturer by insistence on specifying strict 
limits on construction details in addition to performance require- 
ments, leaving too little to test the ingenuity of the manufac- 
turer’s design engineers. 

The premise, that an economical power plant is one which is 


?Senior Engineer, Baltimore Gas and Electric Company, Balti- 
more, Md. Mem. ASME. 
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capable of working continuously in a reliable manner, is well 
taken; and places the plant heat rate and installation cost as im- 
portant but secondary items. 

As +o specific cases, the description of the heater difficulties ex- 
perienced and the cures which were employed is of special in- 
terest. The Richmond Station experience implies the use of by- 
passes around individual heaters in other installations made by 
the author’s company. This suggests the question as to whether 
his company has considered the use of by-passes around the high- 
pressure heaters as a group and around the low-pressure heaters 
as another group, the by-pass arrangement being supplemented 
by inserting a spool piece or jumper in place of a heater water 
channel and tube bundle should an extended heater outage be- 
come necessary. This arrangement, which is our standard prac- 
tice, proved especially helpful following World War II, when ex- 
tended outages of individual heaters were required for replacing 
steel tubing with nonferrous tubing after wartime material re- 
strictions had been lifted, and has also proved entirely adequate 
for short-time individual heater outages for inspection and minor 
repairs. 

As to baffles for connections where steam and cascaded drains 
enter heater shells, it is evident to some degree that the provisions 
incorporated in some of the original designs described by the 
author could have been expected to give difficulty but, as with 
many problems of this nature, experience alone definitely reveals 
the trouble spots. With reference to corrosion, we are probably 
known as old women when venting is discussed, as we are prone to 
adopt the attitude that ‘““Mother knows best.”’ 

We have experienced little or no difficulty with impingement 
problems, possibly because of the practice of using vertical hair- 
pin heaters with adequate extended-shell hot wells, with drain 
inlets entering below the tube bundle and with storage in each hot 
well being sufficient for satisfactory drainage control. 

As the author may be apt to state it, his experience with the 
warping of the floating tube sheet could never happen with hair- 
pin-type bundles. 

It is agreed that rigid shop inspection of all tubes, joints, in- 
ternal baffling, and the like, is a very helpful trouble preventative if 
judicially carried out by both the manufacturer and the pur- 
chaser. 

We heartily concur with the author’s remarks concerning cycle 
layout for a minimum number of heaters. His statement re- 
garding Table 1 which compares the 7-heater cycle for a 125,000- 
kw unit in Station A (presumably Delaware Nos. 7 and 8 units) 
with the 6-heater cycle for a 150,000-kw unit in Station B (pre- 
sumably Cromby No. 1), where steam conditions, final feedwater 
temperature, and cycle efficiency are the same in both cases, is an 
exemplary one. It is probable that power-plant operators will 
unequivocally concur that “the omitted heater will cause no 
headaches in Station B.”’ 

It would be helpful if the author would relate such experiences 
as he may have had with the use of vertical heaters, with water 
channels at the top (or inverted) and provided with integral drain 
coolers. Knowledge of the effect on tube surface, adequacy of 
drainage control, baffles, and so on, by flooding which may occur 
during periods of starting up and shutting down, or during pro- 
tracted periods of operation at partial loads, would be interesting. 

If the paper succeeds only in alerting the manufacturer and the 
user alike to the many pitfalls possible in the design and operation 
of feedwater heaters, and promotes more painstaking efforts in 
their construction and installation details, it is believed that the 
author will have accomplished his purpose. 


AvuTHor’s CLOsuRE 


Mr. Dannettel’s comments are most appreciated. His sugges- 
tion regarding by-passes around the heaters would not be ap- 
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Station......... 
Size of turbine, kw................ 125000 150000 
mite 5.1 6.4 
17.6 21.9 
43.5 53.8 
Heater pressure, psia.............. 129 
189 
695 692 
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plicable at Richmond Station, since each line of heaters includes a 
re-entry pump with no cross headers. Failure of the pump would 
result in dropping load anyway. By-passes around the pumps 
would be very costly, would require many valves, and would con- 
siderably complicate operation. 

We have plenty of vertical heaters, both regular and with chan- 
nels inverted, but have stayed away from incorporating integral 
drain-coolers in such heaters, primarily because of expected drain- 
age complications at light loads. We have a number of horizontal 
heaters with integral drain coolers and have experienced no diffi- 
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culties during all types of operation. We have a number of in- 
verted vertical heaters in which the water level is kept within the 
shell flooding the lower section. No adverse results developed. 

One item not mentioned in the paper which may be added here 
is our practice of insisting on stainless-steel facings at all points 
where water or steam leakage might occur. With carbon steel a 
nominal leak would spread and eat through the surrounding sur- 
face, whereas stainless steel confines such damage and prevents it 
from spreading, thus postponing the removal of the heater from 
service and facilitating repairs. 
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It is shown that the mean temperature obtained for a 
section of a heat exchanger varies with the technique of 
measurement. Because of axial heat flow, neither a mix- 
ing box, nor temperature and velocity probes in a turbu- 
lent fluid, will give the energy mean temperature of the 
moving fluid. For long, thin-walled, uniformly heated 
tubes, the inherent discrepancy due to the use of a mixing- 
box mean temperature is negligible if RePr > 30. The 
tube and apparatus, however, may have an axial conduc- 
tivity many times that of the fluid, and it is shown that 
some of the experimental data for liquid metals may have 
been influenced by this axial heat-flow discrepancy. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = area section A—A of Fig. 1 

specific heat of fluid at constant pressure 

inside diameter of exchanger tube; in Equation 
[14], diameter of heated wall of an annulus 

outside diameter of exchanger tube 

in Equation [14], diameter of insulated wall of an 
annulus 

thermal conductivity 

thermal conductivity of fluid 

thermal conductivity of exchanger-tube wall 

ratio, at a cross section, of total axial molecular 
and eddy conductivity of fluid and apparatus to 
total axial molecular conductivity of fluid 

Nusselt number derived by use of 7’,,,, 
qD/k — T'ns) 

Nusselt number derived by use of T'probe, 
qD/k AT, — T prove) 

Prandtl number, cu/k; 

heat-flow rate per unit area from tube to fluid at 
section A—A 

Reynolds number, pU,,D/u 


c= 


D= 


= 


= temperature fluctuation, (7 — 7) 
= instantaneous temperature at a point 
= energy mean temperature, defined in text 
= heater-input mean temperature, defined in text 
= temperature of inlet fluid, as measured in an iso- 
thermal region 
mixing-box mean temperature, defined in text 
probe mean temperature, defined in text 
temperature of inside surface of tube at section 
A—A 
velocity fluctuation in axial direction, 
u =(U—U) 
instantaneous axial velocity at a point 
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mean axial velocity of fluid, 


Un = U aa / f guia 


V = instantaneous vector velocity a‘ a point 

electrical input rate to that section of heater be- 
tween sections B—B and A—A of Fig. 1 

distance in axial downstream direction 

viscosity of fluid 

mass density of fluid 

time 

superscript indication of time average of a point 
scalar function, as in time average 


U- (1/dr) var 


Un 


INTRODUCTION 


This paper is concerned with the meaning of the concept “mean 
temperature’’ for fluid passing a given section of a pipe. (Other 
adjectives frequently used in place of “‘mean’’ are ‘‘mixed-mean,”’ 
‘“‘mixed,’’ “average,’’ “bulk,’’ ‘“mixing-cup,’’ and “‘mixing-box.’’) 
In order to analyze this concept, the paper is largely devoted to 
four procedures which might be used to determine the mean tem- 
perature at a cross section of a heat exchanger, in particular sec- 
tion A—A of the exchanger in Fig. 1. It is found that the tem- 
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perature obtained depends on the procedure used. Two of the 
different temperatures so calculated are then nondimensionalized 
into two Nusselt numbers for the special case of long, uniformly 
heated tubes. 

The author had earlier concluded, when first noting that there 
were ambiguities in the ways mean temperatures were defined and 
used, that the discrepancies were, in practice, negligible. Ex- 

***Heat Transfer Properties of Liquid Metals,” by Lloyd Mac- 
Gregor Trefethen, Christ’s College, Cambridge University, Cam- 
bridge, England, July 1, 1950, reprinted by Technical Information 
— USAEC, Oak Ridge, Tenn., as Report NP-1788, footnote, 
p. 77. 
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amination of the two Nusselt numbers, however, suggests that 
the different procedures for obtaining mean temperatures may in 
part explain some of the odd features noted in recent experimental 
data with liquid metals at low Reynolds numbers. 


ILLUSTRATIVE Heat EXCHANGER 


The circular-tube heat exchanger shown in Fig. 1 will be used 
as a basis for the discussion and calculations which follow. It is 
assumed that the fluid is incompressible; pc is constant; there is 
negligible frictional heating; the exchanger is perfectly insulated; 
there is no heat conduction along the thermocouple leads, the 
heater leads, or the heater; the fluid is isothermal at entry; 
steady state has been reached; the tube and heater are long, so 
that at the plane section A—A there are no temperature and 
velocity entry effects and 07’/dz has a constant value in the fluid 
and the wall. The system so defined is simple to permit exact 
analysis. Such analysis is not necessarily applicable to other 
apparatus, but the conclusions reached are rather general, and 
applicable in principle to more complex systems. 


First MeEasurInc 
MEAN TEMPERATURE 


Mean temperatures are not measured directly, except where the 
fluid is isothermal as, for example, in mixed fluid at entry or exit. 
Within an exchanger, where the fiuid is not at constant tempera- 
ture over the cross section, the mean temperature is usually ob- 
tained from measurements by the following definition: 

The “heater-input mean temperature’ is the sum of the 
measured inlet temperature and the temperature rise correspond- 
ing to the heat input from that part of the heater located between 
the inlet and the section under consideration. For section A—A of 
the simple exchanger and fluid assumed, this procedure leads to 
the equation for mean temperature 


Ww 
T neater—input = T intet 
pe VdA 
A 


Ww 
= T inlet + 


pcUm 


An equivalent procedure is that of subtracting from the outlet 
mixed temperature the temperature rise corresponding to the 
heat input from that part of the heater located between the sec- 
tion and the outlet. 


Seconp MEASURING ProceDURE—ENERGY MEAN TEMPERATURE 

Mean temperatures are used conceptually to describe the en- 
thalpy of moving fluid. The following definition would seem to 
fit the purpose: 

The “‘energy mean temperature”’ is that temperature represent- 
ing an average energy per unit volume which, multiplied by the 
total volume of fluid passing a section in a period of time, equals 
the energy of that fluid as it passed the section. 

If pc is assumed constant, then pc7’ can serve as a measure of 
the energy of the fluid at a point. The volume of fluid passing 
section A—A in time Ar is 


(V-dA)dr 


The energy of that fluid is 


vf. f, (TV-dA )dr 
The definition then leads to the equation 
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T and V are instantaneous values. It would be difficult to meas- 
ure them directly, and they are never measured in turbulent flow. 

The numerator of Equation [2] can be expressed in terms of 
commonly measured average values by means of an energy bal- 
ance over the entire surface of the volume A—A—B—B of Fig. 1. 
Because the exchanger is at steady state with respect to average 
measurements, the sum of all these energies must approach zero as 
Ar becomes large. For the simple exchanger assumed, these 
energies are 


The first term represents the energy of the entering fluid; the 
second, the energy of the leaving fluid; and the third, the electrical 
input energy. There is no heat conducted across section B—B be- 
cause Y7' is zero. In section A—A, YT is not zero; therefore 
the fourth term is necessary. Since the two mechanical flow 
energies are equal if there is negligible frictional heating, they 
have not been included. 

The integral in the first term equals (U,,7D*/4)Ar, and in the 
third term Ar. The fourth term contains two variables, k and 
VT. Since average values are assumed not to change with time, 
Ar can be a long interval of time, and the fluctuating component, 
t, will average zero. It then follows that 


f = VTAr 


If section A—A is taken to be a plane, perpendicular to the z-axis, 
then 


= 


= OF 
oz 


which is constant over the fluid and the wall because of the as- 
sumption of no entry effects at section A—A. The other variable 
k has the value k, in the fluid and k, in the tube wall. The fourth 
term can then be integrated to provide two terms, one represent- 
ing the energy conducted along the fluid, the other representing 
the energy conducted along the tube wall. The energy balance, 
Equation [3], becomes 


2 
pcT pe f (TV-dA)dr + WAr 
A 


2 


4 oz 4 


This heat balance can be combined with Equation (2] to express 
the energy mean temperature in terms of commonly measured 
average values 


T energy = Tiniet + 


1 Do? — D*\ | dT 


Procepure—Prose Mean TEMPERATURE 


Probes for measuring velocity and tenyperature provide a third 
way to measure mean temperature. (In this discussion, it is as- 
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sumed that probes can measure exactly the values 7 and (U.) 
In the few cases where this has seen done, a mean temperature 
has been taken as follows: The “probe mean temperature”’ at a 
section where pc does not vary is 


More important than the occasional direct measurement is the 
fact that the various analyses aimed at predicting heat-transfer 
coefficients employ this definition. 

The probe mean temperature is not the same as the energy 
mean temperature. If V-dA = (0 + u)dA and T = (T + ¢) are 
substituted in Equation [2], it becomes 


ova = f + tu dr 
A A Ar A Ar 
or 


The average over a period of time of the product tu does not 
vanish; it represents the eddy, or turbulent, diffusion in the axial 
direction. Equations [6] and [7] provide the relationship be- 
tween probe and energy mean temperatures 


aaa 


T probe T energy += 
fi, 


Procepure—Mrxinc-Box MEAN 
TEMPERATURE 


In texts dealing with heat transfer, mean temperature is usually 
defined in terms of a mixing box, in the following fashion: 

The “mixing-box mean temperature’’ at a section is the tem- 
perature which would be measured in a mixing box inserted at 
that section. 

It is apparent that introducing a mixing box at the section of a 
heat exchanger where one wishes to measure the mean tempera- 
ture would involve a number of physical problems. Among these 
would be velocity and temperature changes similar to entry 
effects. To a degree, such complications could be avoided by 
careful design. One difficulty would remain, however; the inser- 
tion of a mixing box would eliminate axial heat conduction, for a 
mixing box is, in essence, a device for providing, through mixing, 
an isothermal volume in which the temperature of the fluid can 
be measured readily. If a mixing box were inserted at section 
A—A, 07'/dz would vanish at the section and an energy balance 
over the surface A—A—B—B would provide 


pcT inter 0dA+W = peas 


Examination of Equations [1] and [10] shows that the mixing- 
box mean temperature is the same as the heater-input mean tem- 
perature. Equations [5] and [10] provide the relationship be- 
tween mixing-box and energy mean temperatures 
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in which 7'snergy and 07'/dz represent conditions at section A—A 
prior to the hypothetical insertion of the mixing box. 


TEMPERATURE-MEASURING PROCEDURE TO 
Nusse_t NuMBER 


A Nusselt number based on the mixing-box mean temperature 
is usually used for reporting experimental data. In an attempt to 
provide common ground between prediction and experiment, pre- 
dictions also are usually expressed in the form of a Nusselt num- 
ber, but based on the probe mean temperature. These two Nus- 
selt numbers are not the same, since they are based on different 
temperatures. An exact relationship between these two Nusselt 
numbers, Nuprobe and Nu,,, can be obtained for section A—A of 
Fig. 1. It is convenient to use the ratio K, which is, for section 
A—A 


IMPORTANCE OF 


ky ke (Dot — D? 
)+ 


Equations [8], [11], [12], and the definitions of Nu,,, Nuprove, Re, 
and Pr, can be combined to give 


By a similar derivation, not given here, one can obtain the more 
general equation for long annuli heated through one surface only 


Nuprobe 
(RePr)? D’+D 


Nuys = 


i+ 


where D and D’ are the heated and unheated diameters, respec- 
tively, and Nu and Re are based on the length (D — D’). For 
the special case of circular tubes, D’ = 0, and Equation [14] re- 
duces to Equation [13]. 

For laminar flow, Equations [13] and [14] can be evaluated 
exactly by inserting the known values for Nuprote.* For the 
special case of circular tubes, which corresponds to the present 
analysis, the laminar flow Nuprobe value for long tubes is 48/11, 
and 


(48/11) 
4K(48/11) 
(RePr)? 


Nuys = 


Curves for this laminar-flow Nu,,, in long circular tubes are 
plotted in Fig. 2. It is seen that, if K has its lowest possible value 
of 1, the distinction between Nuprobe and Nu,,, becomes important 
only if (RePr) < 30. If longitudinal conduction in the apparatus 
is appreciable, K has a larger value and the distinction becomes 
important at higher (RePr) values. 

For turbulent flow, present knowledge of the function tu is too 
meager to permit evaluation of Equation [12] and, consequently, 
of Equation [13]. As a rough approximation, the assumption 
that eddy diffusion coefficients in the axial direction are of the 
same order of magnitude as those in the radial direction, about 
which more is known, leads to the conclusion that Nuprobe will 
equal Nu,, for practical purposes in turbulent nonconducting 


* These values have been derived for annuli. 


a See footnote 2, ap- 
pendix. 
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fluids such as air and water. This conclusion would not necessar- 
ily apply to liquid metals. 


EXPERIMENTAL Data 


Johnson, Hartnett, and Clabaugh**® and English and Barrett,®? 
have obtained data with liquid metals at low Reynolds numbers, 
using apparatus rather similar to the exchanger in Fig. 1. These 
two sets of data, which were calculated on the Nu,, basis for 
sections remote from entry, are plotted in Fig. 2. 
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English and Barrett used nickel and stainless-steel tubes of 1.3 
mm ID and 1.5 mm OD, coated with a copper sheath 0.3 mm 
thick. The total axial conductivity of the tube was roughly 50 
times that of the fluid, which was mercury. While their data ap- 
pear qualitatively to show the results of having used 7’,,, rather 
than T'probe in their Nusselt numbers, a K of almost 1000, rather 
than 50, would be required for quantitative explanation. The K 
may, in effect, have been that large, for relatively massive copper 
bus bars were soldered to the ends of the tube, which was directly 
heated electrically. Not enough detail is reported to permit cal- 
culation of the effect of these bus bars on the value of K. 

Johnson, Hartnett, and Clabaugh used a 0.652-in-ID 0.750-in- 
OD mild-steel tube with an aluminum sheath 0.25 in. thick 
bonded to the outside. If k values of 4.8, 26, and 90 Btu/hr ft deg 
F are assumed, respectively, for the liquid metal, mild steel, and 
aluminum, the resultant K ratio is 47. Their laminar flow data 
would agree with the Nu,, analysis for the exchanger in Fig. 1 if 
K were about 100. 

The exchanger used by Johnson, Hartnett, and Clabaugh cor- 
responded closely to the exchanger in Fig. 1, except for a series of 
circumferential slots cut through the aluminum sheath at 6-in. 
intervals. This was done to minimize longitudinal conduction of 
heat. The wall thermocouples, from which the Nusselt numbers 
were calculated, were midway between the slots. At low (RePr) 
values, these slots would have a pronounced effect on the tem- 


‘Heat Transfer to Lead-Bismuth and Mercury in Laminar and 
Transition Pipe Flow,” by H. A. Johnson, J. P. Hartnett, and W. J. 
Clabaugh, University of California, Berkeley, Calif., Institute of En- 
gineering Research Report, series 16, issue 12, August, 1953. 

’“*Heat Transfer to Lead-Bismuth and Mercury in Laminar and 
Transition Pipe Flow,” by H. A. Johnson, J. P. Hartnett, and W. J. 
Clabaugh, Trans. ASME, vol. 76, 1954, pp. 513-517. 

¢‘*‘Heat-Transfer Properties of Mercury,’’ by D. English and T. 
Barrett, Proceedings of the General Discussion on Heat Transfer, 
The Institution of Mechanical Engineers, London, England, 1951, pp. 
458-460. 

7 See footnote 2, pp. 139-144. 
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perature distribution, both in the tube and in the fluid; d7°/dz 
would not be constant over the section, and the heat-transfer 
conditions would not correspond to long-tube conditions. Their 
apparatus is not, therefore, subject to the same simple analysis 
made for the exchanger in Fig. 1. It is not immediately obvious 
whether the slots would reduce or exaggerate the (Nuprobe — Nu,,) 
discrepancy of the simpler apparatus. 


CoNCLUSIONS 


The procedure for measuring mean fluid temperatures in- 
fluences the temperature obtained. 

Mean temperature is usually defined as the temperature which 
would be measured if a mixing box were inserted. If this were 
actually done the temperature of the fluid would be changed be- 
cause the energy of the moving fluid would have been altered by 
an amount equal to the axial heat conduction along the fluid and 
along the apparatus. 

The commonly used method for measuring mean temperature 
is to add to the inlet temperature a temperature rise correspond- 
ing to the heater input up to the section being considered. This 
heater-input mean temperature equals the mixing-box mean tem- 
perature. 

The mean temperature, if measured from traverses with 
velocity and temperature probes, does not represent the actual 
fluid energy by an amount equal to the axial eddy diffusion of 
heat energy. If axial eddy-diffusion coefficients are of the same 
order of magnitude as radial eddy-diffusion coefficients, this dis- 
crepancy is probably negligible in practice for nonconducting 
fluids in long-tube heat exchangers. 

Theoretical predictions of Nusselt numbers are usually made 
on a probe mean-temperature basis. Experimental data are 
usually reported on a mixing-box mean-temperature basis. 

In practice, for long-tube heat exchangers at steady state, the 
discrepancy between the probe and the mixing-box mean tem- 
peratures would be important only for (RePr) values less than 30, 
unless the apparatus itself conducts a large amount of heat 
axially. 

Two sets of experimental data for liquid metals, obtained with 
highly conductive apparatus somewhat similar in form to the 
simple heat exchanger analyzed in this paper, showed unex- 
pectedly low Nusselt numbers at low Reynolds-number operation. 
It would appear that these data demonstrate qualitatively the 
effect of employing mixing-box mean temperatures. Neither set 
agrees quantitatively with the analysis of the simple exchanger of 
Fig. 1, and each set was obtained on apparatus which differed 
significantly from that simple exchanger. The experimental 
data, therefore, appear to demonstrate the mixing-box discrep- 
ancy, but in an inconclusive fashion. 

While the influence of mean-temperature-measuring procedures 
can be shown in principle, it would be difficult to calculate their 
effects for any but the simpler systems. In long channels, how- 
ever, they would appear to be significant only at low (RePr) 
values or for highly conductive apparatus. 


Discussion 


J. P. Hartnett anv W. J. Cuasauan.® The paper introduces a 
concept which certainly should have been considered in the 
analysis of the laminar-flow, liquid-metal, heat-transfer results.'° 
However, even assuming an effective k value of 47 the resulting 
lowest Nusselt values are still approximately 2.0 and therefore 


* Assistant Professor of Mechanical Engineering, University of 
Minnesota, Minneapolis, Minn. Assoc. Mem, ASME, 

* Engineer, Atomic Power Equipment Dept., General Electric 
Company, Schenectady, N. Y. Assoc. Mem. ASME. 

” See footnote 4 of paper. 
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considerably below the so-cailed limiting value of 4.36 for laminar 
flow. It is felt by the writers that the assumed k value of 47 is 
already on the high side since the circumferential slots should de- 
crease this value appreciably. Any detailed analysis along the 
lines proposed by the author would be extremely difficult in view 
of entrance effects, exit effects, and limited data on the tube-wall 
temperature distribution. The better attack would be to rerun 
the tests with more instrumentation and perhaps with a different 
exchanger which would permit a more simple analysis. However, 
it is still felt that the low experimental data should not be com- 
pletely discounted until further experimental work is accom- 
plished, particularly in view of the many existing anomalies in 
liquid-metal heat transfer. 


R. H. Norris.*! For problems where axial heat flow is not 
negligible, the attempt to select some particular definition of 
mean or effective temperature difference between the duct surface 
and the liquid metal may not be worth while. 

The justification for customary use of the log-mean tempera- 
ture difference in turbulent counterflow-convection problems with 
negligible axial conduction is that it results in a mean coefficient 
of heat transfer h, which is substantially independent of the 
length of the duct and is equal at most points of interest to the 
local coefficient h,. The heat flow in that case is essentially one- 
dimensional, so that we can then consider the thermal-resistance 
distribution as simply a string of equal resistance “lumps’’ con- 
nected in parallel. The log-mean temperature difference then 
leads to simpler results than use of the temperature difference at 
the inlet. 

But in two or three-dimensional fields of heat flow, which arise 
when axial heat flow is appreciable in a duct, we have a two or 
three-dimensiona! distributed thermal-resistance field which can- 
not adequately be replaced by any single string of equal average 
lumps of resistance. It can be represented only by a whole 
network, at least two-dimensional in nature, of resistance ele- 
ments, which, at least at the ends, include some of unequal magni- 
tudes. In this case, the local temperature rise above the fluid 
temperature well upstream of the inlet (if uniform transversely 
there) may be the most convenient form by which to represent the 
results. There will then be some value for the ratio of this tem- 
perature rise, above this inlet temperature, to total heat input, 
for each point of the system. This ratio will depend on the point 
chosen, on the distribution of heat input, and on the length-to- 
diameter ratio, as well as on the usual parameters. This ratio 
might perhaps be called an effective thermal resistance, although 
it will not represent a true local resistance element of a network 
for the particular spot chosen. 

Regardless of what form is chosen to represent the results, how- 
ever, the old concept of either a local, or a mean, heat-transfer 
coefficient h, does not seem to have the usual convenient sig- 
nificance if both axial and radial heat flow are of considerable in- 
fluence. 


R. A. Sepan.** The author has demonstrated the importance 
of longitudinal heat conduction in the evaluation of heat-transfer 
coefficients for fluids of high conductivity under circumstances in 
which the Peclet number is low, It may be useful to view the 
problem from a slightly different and initially more general point 
of view, in which the heat-transfer coefficient is defined as h = 
q/(Tw — Ty), the conventional definition, with Ty the mixed 
mean, or bulk, temperature as defined by Equation [6] of the 
paper. Experiment will yield values different from the true value 
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when errors are made in the evaluation of the three quantities 
defining the coefficient. 

The analysis of the paper, and that given here, deal with a pipe 
heated uniformly over part of its length, as illustrated in Fig. 1 of 
the paper. Only longitudinal conduction is considered, under the 
implication that the radial temperature distribution, while not 
negligible, retains a symmetry which enables the specification of 
the longitudinal heat flow in terms of only one temperature, that 
of the inner wall for the pipe and of the mixed mean for the fluid. 
With these assumptions the following equations are obtained 
from energy balances on sections of the wall and of the fluid, re- 
spectively 


kwAw — Ty — Ty) = W 


aT aT 
— A ;puc + — Ty) = 0... [17] 


In the unheated sections of the tube the heat generation per unit 
length W is zero. 

It is difficult to be specific enough about conditions at the 
points of inlet and outlet fluid-temperature measurement to pre- 
scribe the boundary condition without some question about 
physical reality. If the tube is presumed to extend far upstream 
of the heated section then there 7y = Tw = Tiniet, with z = 
At the outlet section, distant d downstream of the heated 
section, the action of the mixing pot may give Ty = Ty = 
T outlet. Even with such simplifications, however, the solution has 
not been worked out completely. 

A large simplification is obtained by neglecting the conduction 
in the tube wall entirely, so that a single equation is obtained 
from Equations [16] and [17] of this discussion. With 

Ww 


D 
Qa wk; 


—o, 


the following solution is obtained for this case and boundary con- 
ditions of 7, = Tyo at x = —~, anddT,/dz = Oat x = l, the end 
of the heated section 


Qez Q 259 


Fig. 3 of this discussion shows schematically this type of tem- 
perature distribution. The wall temperature is above the fluid 
temperature by the amount W/(#Dh) and is equal to the 
fluid temperature in the unheated sections of the exchanger. 

Fig. 3 shows also the interpretation upon which the results ob- 
tained in footnote 4 of the paper were obtained. There the 
measured inlet and outlet temperatures were assumed to exist at 
the ends of the heated section, and the mixed mean temperature 
of the fluid was assumed to change linearly between these points, 
as it would if there were no longitudinal heat conduction. The 
wall temperature was assumed to vary linearly, parallel to the 
fluid temperature, and for illustration, a dashed line is placed 
through the wall temperatures on this basis in Fig. 3. In the com- 
parison of heat-transfer coefficients that follows, the differences 
between the analytically predicted wall-temperature distribution 
and this estimated distribution, as shown by the dashed line, 
are assumed to be small. 

The heat-transfer coefficient evaluated on the basis of the tem- 
perature distribution between the dashed lines is now designated 
as h, and the true value ash,. Then 
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Now, except for a few diameters near the downstream end of the 
heated section 


and the apparent coefficient is found to be related to the true co- 
efficient as 


This is the relation obtained by the author, except that in 


AWEATED LENGTH —> 
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Equation [13] of the paper the conduction of the fluid is aug- 
mented by that which would take place in the wall, and the factor K 
denotes the ratio of the augmented conduction to that which would 
take place in the fluid alone. This is certainly an approximation 
to the situation that would be given by a solution of Equations 
({16] and [17] of this discussion, but it appears that this would 
overestimate the effect, since conduction in the wall in a sense 
would increase the heat-transfer area and thus tend to reduce the 
wall temperatures, thus tending to compensate the difference 
which makes the apparent coefficient different from the true one. 

Finally, it appears that in the exchanger used to obtain the re- 
sults presented in the paper (reference, footnote 4), this general 
effect may have been quite small, for if the radial slots which 
separated the aluminum sections are accounted for, conduction 
would occur only through the steel wall of the tube, making 
K «2. Also, such longitudinal conduction as did occur in the 
aluminum sections probably had little effect on the wall-tempera- 
ture distribution because of the high “‘isothermal”’ effectiveness of 
the individual sections. That is, for the low Peclet numbers con- 
cerned, the local heat-transfer coefficient would vary only over a 
small portion of each 6-in-long heated section. 
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Autuor’s CLOSURE 

Mr. Norris cautions appropriately against oversimplification 
of multidimensional problems, a point which the author should 
like to emphasize. The adoption of a mean temperature in itself 
implies that the temperature field being studied can be usefully 
considered as of one or zero dimensions. All real cases are at 
least three-dimensional. Unless the problem has considerable 
symmetry and simplicity, such a reduction in dimensions results 
in an inability to reconstruct the temperature field of the original 
in terms of the mean temperature, and the concept of a heat- 
transfer coefficient loses usefulness, as Mr. Norris suggests. 

The idea of a mean temperature, and of a heat-transfer coeffi- 
cient, is useful, however, for such a simple system as that shown 
in Fig. 1. The entry region, where (7', — T'mean) cannot be repre- 
sented by a single number, is weli in the interior of the region 
A—A—B—B. The influence of axial conduction, which can be large 
if the Peclet number is low or if the conductivity of the apparatus 
is large, makes it necessary to be consistent in the use of a mean 
temperature, as discussed in the paper. With such consistency, 
experimental results can be compared, without ambiguity, to 
theoretical predictions. This simplicity, however, relies heavily 
on section A—A’s being in a region where 07'/dz is constant and 
not a function of radius or axial position. 

Messrs. Hartnett and Clabaugh’s comments are well taken. A 
detailed analysis of the effect of the repetitive circumferential 
slots of the apparatus described in their paper (footnote 4) would 
be difficult, even with laminar flow, for the radial symmetry 
would only reduce the problem to that of two-dimensional heat 
convection and conduction. As they suggest, the low experi- 
mental results cannot be considered to be explained until the 
system from which they were obtained can be analyzed, or until 
data are obtained from a simpler system which can be predicted. 

Professor Seban presents an alternate analysis, in which con- 
duction in the tube wall is assumed to be negligible. As ke points 
out, the analysis reduces to Equation [13] at regions remote from 
entry, except that K assumes the special value of 1. His assump- 
tion that axial heat conduction within the fluid can be expressed 
in terms of the gradient of a mixed mean temperature amounts 
to a reduction in dimensionality in the problem, and makes the 
analysis approximate in axially nonlinear regions, such as entry 
regions. With respect to the suggestion that Equation [13] over- 
estimates the effect of conduction in regions which are axially 
linear, the author does not understand how thick walls would 
increase the heat-transfer area and thus reduce wall tempera- 
tures below the measured values. With respect to the circum- 
ferential slots of the apparatus described by Johnson, Hartnett, 
and Clabaugh (footnote 4) the author is uncertain that the effect 
is in the direction indicated by Professor Seban. Although his 
assumption seems intuitively reasonable, it needs the confirma- 
tion of analysis of the multidimensional heat flow around such 
slots and within the moving fluid. 

In a quite recent paper,'* Hall and Crofts mention that, in a 
figure-eight exchanger, a few measurements of the Nusselt num- 
ber for laminar flow “showed a continued decrease as the Reyn- 
olds number decreased.’’ They suggested that this might be 
due to axial conduction. In a recent letter to the author, Mr. Hall 
said that the effect may be studied in more detail in an elec- 
trically heated exchanger which has been built at the United 
Kingdom Atomic Energy Authority’s Laboratories at Sellafield. 


18 **The Use of Sodium and of Sodium-Potassium Alloy as a Heat- 
Transfer Medium,” by W. B. Hall and T. I. M. Crofts, The Institu- 
tion of Mechanical Engineering, Preprint for January 18, 1956, 
meeting. 
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Stress Distribution and Design Data for 
Adhesive Lap Joints Between 
Circular Tubes 


By J. L. LUBKIN* anp ERIC REISSNER#* 


This paper presents stress distributions for 48 adhesive 
lap joints between thin circular tubes loaded in tension. 
The adhesive is treated as a thin elastic layer, much more 
flexible than the adherends, so that the analysis applies 
primarily to the bonding of metals and plastics. Ordinary 
thin-shell theory is used for the adherends. The basic 
theory and the calculated adhesive shear and normal 
stresses are given, and the significant principal stresses are 
discussed. The influence of the various system parame- 
ters, notably the tube curvature, is considered in some de- 
tail, and a comparison is made with previous flat lap-joint 
results. The applicability of the theory in joint design also 
is treated. 


1 


HEORETICAL studies of adhesive lap joints between flat 

adherends have been made by O. Volkersen (1), M. Goland 

and E. Reissner (2), C. Mylonas and N. A. De Bruyne (3), 
and R. W. Cornell (4). Earlier studies by Hovgaard and Troelsch 
are listed in reference (2), but we shall take Volkersen’s analysis 
(1) as typical of the general approach in question. References 
(2) and (3) consider other cases as well, but in general the studies 
with which we are concerned here, and that of the present paper, 
assume that the adhesive layer is very thin and flexible compared 
to the adherends. This is consistent with current practice in 
bonding metal to metal or metal to plastic. Therefore the ad- 
hesive film can be treated with some accuracy as a series of in- 
finitesimal coil springs, which vastly simplifies its analytical treat- 
ment. 

On this basis, Volkersen’s paper gives the shear-stress distribu- 
tion arising in the adhesive layer of a simple lap joint, under the 
action of the direct tensile forces in the adherends, but neglecting 
the effects of adherend bending. Goland and Reissner show how 
to allow for adherend bending in addition, both within and outside 
the overlap region; bending greatly increases the calculated shear- 
stress concentration. In addition, they find that appreciable ad- 
hesive normal stresses arise under tensile load in the adherend 
sheets, acting in a direction perpendicular to the plane of the ad- 
hesive layer. Mylonas and De Bruyne compare and evaluate 
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references (1) and (2), as well as related investigations. More re- 
cently, Cornel] has analyzed a case involving adherends with dis- 
similar elastic and geometric properties, supporting the analytical 
treatment by several types of experiment. 

The present paper deals with adhesive lap joints between thin, 
circular, cylindrical shells in tension. Extensive numerical results 
are given for the case of identical adherend thicknesses and elastic 
constants. The analysis is at essentially the same level as that of 
the flat lap-joint theories just noted. The scope of this type of 
analysis is discussed in references (2 to 4), to which the reader is re- 
ferred for additional information. In brief, the calculated stress 
distributions to be given should hold over most of the joint, pro- 
vided adherends and adhesive remain in the elastic domain. 
However, substantial local stress concentrations (above thoee 
calculated in this paper) may be expected at the free ends of the 
adhesive layer, extending into the joint for a few adhesive-layer 
thicknesses. Mylonas has examined some of these adhesive free- 
edge and boundary-curvature effects (5), supplementing the over- 
all view of the joint provided by the type of approach used here. 

The special feature of the lap joint considered in this paper is its 
tubular geometry, and we will summarize briefly the effects of this 
factor. We can take the thickness of the adherend tube, relative 
to its radius, as an appropriate index of tubularity. The calcula- 
tions show that, at small joint overlaps, the relative tube thickness 
is not a strong variable, because adherend bending does not con- 
tribute significantly to the adhesive stresses. The stresses in the 
adhesive are then largely governed by those parameters found in 
flat joints, and indeed are nearly uniform along the joint. At 
larger overlaps, adherend bending becomes appreciable, and we 
find that increasing the relative thickness of the adherend tubes 
at first tends to lower the adhesive stress concentration (because 
of the greater rigidity of the tubes in axisymmetric bending). 
This trend does not hold without qualification, however, and 
there is some tendency for the stress-concentration level to rise 
again as the tubes continue to get thicker. The reader is re- 
ferred to Section 5 for a detailed discussion and explanation. 

Considering now the design use of the present calculations, we 
note first that it is virtually necessary to treat the adhesive and 
adherends as linearly elastic, or at best viscoelastic, to obtain any 
results with a reasonable amount of computational effort. While 
many high-strength adhesives are probably nearly Hookean up 
to a substantial fraction of the failure stress, once appreciable in- 
elastic deformation of the adhesive occurs the calculated stress 
distributions to be presented cease to be valid. Joint strengths 
predicted upon the basis of Hookean elasticity are likely to be 
excessively conservative. Design upon the latter basis is de- 
scribed in Section 7, as part of a comparison of tubular and flat 
lap joints. 


2 ASSUMPTIONS OF THE ANALYSIS 


We consider two semi-infinite, elastic, circular, cylindrical shells, 
lap-jointed by an elastic adhesive. This system is shown sche- 
matically in Fig. 1 where the thickness of the adhesive layer (7) 
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Scuematic Diagram or TusuLtar Lap 
ApHESIvVE THICKNESS SHOWN EXAGGERATED 


Fic. 1(a) 


Fig. 1(6) Derart or SHapep ApHEsIvE ELEMENT IN (a), TO SHow 
Sign CONVENTIONS FOR ADHESIVE STRESSES + AND ¢@ 


If adherends have identical wall thickness _ elasticity, take 


(Note: 
= t, 


has been exaggerated for clarity. The two shells are pulled apart 
by given forces F in the direction of their common axis. We seek 
the stress distribution in the adhesive as a function of the applied 
forces, and of the geometric and elastic properties of the adhesive 
and the adherend tubes. Assuming that the adhesive layer is very 
thin compared to the wall thickness of the adherends, we may take 
the stress in the adhesive as uniform across its thickness. We can 
then calculate the strain in the adhesive very simply, from the 
relative displacmeent of points on the adherend-adhesive inter- 
faces which initially were opposed in the unloaded condition. 
The adhesive is assumed to be much more flexible than the ad- 
herends; to resist relative radial motion of the adherends by de- 
veloping normal stresses perpendicular to the cylindrical bond 
surface; and to resist relative axial motion of the bond inter- 
faces by developing shear stresses. No other stress components 
are considered in analyzing the adhesive layer. The adherends 
are treated by means of the ordinary theory of bending and 
stretching of thin, isotropic shells, and any nonlinear effects aris- 
ing from large deflections of the thin shell walls are neglected. 

On the basis of these assumptions, it is a relatively straight- 
forward matter to reduce the equilibrium equations and stress- 
strain relations governing the system to a tenth-order system of 
three linear, ordinary differential equations with constant co- 
efficients. These equations are subject to ten appropriate 
boundary conditions, The entire derivation is given in the Ap- 
pendix, assuming unequal wall thicknesses and elasticities for the 
adherends. In the calculations presented later, we confine our 
attention to the case of identical adherend elastic constants and 
wall thicknesses. Even here the amount of computation is con- 
siderable, because of the large number of cases we have investi- 
gated (48). 


3 DrMeENSIONLEsS PARAMETERS AND THEIR NUMERICAL VALUES 
IN THE CALCULATIONS 


For the case of identical adherend wall thicknesses and elastic 
behavior, the stresses in any tubular lap joint can be specified 
completely by means of five dimensionless parameters. These 
may be chosen in a variety of forms. The following ones have an 
obvious physical significance, and the first four are common to 
both flat-sheet and tubular configurations: 

First, we have the adherend Poisson’s ratio v, which has been 
fixed at 0.3 throughout the computations, The dimensionless 
ratio F/G, of the adhesive Young’s modulus £,, to its shear 
modulus G,, also enters the theory. This has been kept at 8/3 for 
all cases. 

An important dimensionless parameter is the joint overlap ratio 
2c/t, where 2c is the total joint overlap and / is the adherend wall 
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thickness, Fig. 1(a). Four values are used in the calculations: 2c¢/t 
= 1, 2,5, and 10. 

The last dimensionless quantity common to both flat-plate and 
tubular lap-joint theory is the “elastothickness” parameter, 8 = 
nE/E,t, compounded of the Young’s moduli of adhesive E,, and 
adherend FE, and their respective thicknesses, 7 and ¢t. This 
parameter is a measure of the relative stiffness of adherend and 
adhesive, and cannot be too small if the basic theoretical assump- 
tion of a comparatively flexible adhesive layer is to be obeyed. In 
this connection, Cornell’s experimental work (4) shows that the 
discussion of the scope of the theory in reference (2), based upon 
considerations of the strain energy of the lap joint, is probably 
somewhat conservative. It is likely that values of 6 smaller than 
10 are admissible, and for the computations we have therefore 
chosen the three values 8 = 4, 20, and 100. 

Finally, we have the effect of the tubular geometry of the 
system, in the form of a dimensionless quantity R = ¢/2a, where 
2a is the diameter of the adhesive layer. This “relative tube 
thickness’ parameter has been given the values R = 0.10, 0.05, 
0.025, and 0.01, corresponding to adherend tubes whose diameters 
are roughly 10, 20, 40, and 100 times their thicknesses. Note 
that R = 0.10 may be near the practical limits of the ordinary 
thin-shell theory, for this problem. In considering the value R = 
0.10, as in taking 8 = 4, we are deliberately trying to “stretch” 
the theory in the hope that useful results can be obtained. Ex- 
perimental data will of course furnish the ultimate basis for judg- 
ing the valid range of the theory. 


4 Ca.cuLatep ApHEsIvVE SHEAR AND Norma Srress Dis- 
TRIBUTIONS 


For each of the 4 X 3 X 4 = 48 cases just described, we have 
calculated the adhesive shear stress r, and normal stress ¢, dis- 
tributions. Fig. 1(6) shows the definitions and positive sign 
conventions for these stresses, assuming tubular lap joints in ten- 
sion. What we actually have calculated is not r and o but these 
stresses rendered dimensionless; i.e., made into stress-concentra- 
tion factors, by referring them to a suitable reference stress. The 
latter is 7,,, the mean shear stress in the adhesive, computed from 


Tm = F/4mac 


where the denominator is the bond area and F is the total axial 
load. We now define the dimensionless shear stress 7’ and normal 
stress N by 


In each case considered 7 and N have been computed according 
to the theory of the Appendix. The distributions of 7 and N are 
given in Table 1 as functions of 

2.0 z, the fraction of the joint over- 
lap, measured from the loaded 
end of inner adherend 1, Fig. 
l(a). A few representative 
cases are shown in Fig. 2; the 
rest of the 48 cases are omitted 
for brevity but can be plotted 
from Table 1. In Fig. 2 we 
show the 7 and N distributions 
for 8 = 4 (a comparatively 
N stiff adhesive layer), 2c/t = 5 
(an intermediate overlap), and 
R = 0.025. We also have T 
and N when 6 = 100 (a com- 
paratively flexible adhesive 
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LUBKIN, REISSNER—STRESS DISTRIBUTION FOR ADHESIVE LAP JOINTS 


48 stress distributions, we observe four trends. These may be 
forecast on the basis of the flat-plate theory, or from simple 
physical reasoning: 


(a) As in the flat lap joint, small overlap ratios correspond to 
low stress concentration and virtually uniform stress distribution 
along the joint. Large overlaps result in high stress concentration 
at the ends of the joint, the major portion of the load being 
transmitted in the neighborhood of these ends. 

(b) The largest shear stress 7’,,,, and the largest normal stress 
Nwax invariably occur at the loaded end of the inner adherend, 
i.e., at z = 0. This is explained as follows, referring to Fig. 1: 
For equilibrium the total axial load F must be the same in both 
adherends. The mid-circumference of the outer adherend is 
larger than that of the inner one in the radius ratio a2/a,, which 
ranges from 1.22 for R = 0.10 to 1.02 for R = 0.01. Thus the 
distributed tensile load per unit of inner adherend mid-circum- 
ference is larger. Now the cause of all adhesive stress concentra- 
tion in the present analysis is simply differential adherend strain- 
ing, which tends to be greater at the ends of the joint because 
there one adherend has the full load, whereas the other has trans- 
mitted its load. This differential effect is greatest at z = 0, be- 
cause of the appreciably larger inner-adherend tension there. 
The stresses 7’ and N therefore take on their largest value at 
z= 0. 

(c) Carrying the argument of item (b) further, we observe that 
the loading per unit circumference of the two adherends becomes 
more nearly equal as R = ¢/2a becomes smaller, i.e., as d2/a; ap- 
proaches unity. We therefore anticipate that the dimensionless 
stresses 7’ and N will become more nearly symmetrical about 
z = 0.5, the joint center (axially speaking), as the relative tube 
thickness R decreases. Inspection of the complete set of calcula- 
tions confirms this expectation. 

(d) Again from flat lap-joint theory, we expect that the more 
flexible the adhesive layer is, compared to the adherend, the 
lower the stress-concentration level will be, and the more uniform 
the adhesive stress distribution. Now the elastothickness pa- 
rameter B is our measure of comparative adhesive layer flexibility, 
the latter increasing with 8. We find that as 8 increases, other 
things being equal, the stresses 7’ and N tend to be more uniform, 
and smaller values of N arise. 


5 Apuestve Srress-CoNceNTRATION Factors IN SHEAR AND 
Norma Srress 


We noted in the preceding section that the largest values of the 
dimensionless stresses 7 and N, respectively, T'max and Nmax, 
occur at z = 0. Figs. 3 to 8 show crossplots of T'max and Nmax for 
all 48 cases computed, except where curves must be omitted to 
prevent overcrowding on diagrams drawn to a small scale (in 
such cases, the omitted curves may be plotted from the data of 
Table 1). Figs. 3 and 4, respectively, show the shear stress- 
concentration factors Tmax and Nmax, plotted primarily as func- 
tions of 8, with 2c/t and R as auxiliary parameters. The decrease 
of Tmax and Nmax With increase in 8 is apparent. In Figs. 5 and 6, 
respectively, we plot Tmax and Nmax against the overlap ratio 
2c/t, and observe the trend of item a, Section 4. 

Figs. 7 and 8 are of especial interest because they show Tmax 
and Nmax plotted against the relative tube thickness R, the only 
parameter so far discussed that is unique to the tubular configura- 
tion. To interpret these diagrams, we observe first that adherend 
bending is not important when the overlap ratio 2c/t is small, but 
becomes significant as the overlap ratio increases. In beam theory 
the analogous situation is the high bending stiffness of short beams, 
which gives way to increasing flexibility as the beam is lengthened. 
Next, we observe that a shell of given thickness resists axisym- 
metric bending more strongly as its radius decreases. Finally, we 
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note again that in the present theory the source of adhesive stress 
concentration is differential straining of the adherends, both in 
bending and in direct tension. 

Referring now to Figs. 7 and 8, at large overlaps (2c/t = 5, 10) 
we find that both Tmax and Nmax tend to decrease with increase of 
R. At constant wall thickness ¢, increase of R = t/2a is equiva- 
lent to decrease of the radius of curvature a of the system; as 
observed previously, this makes the tubes stiffer in bending. 
Thus 7'max and Nmax at first fall with increase in R because of the 
increase in the bending stiffness of both adherends. When both 
tubes are very thin, this factor outweighs a certain opposing fac- 
tor, which enters because the two adherends have different tensile 
and bending stiffnesses. The Jatter differ because the tubes have 
different radii. Although the radii in question are very nearly 
equal when the tubes are thin, as R continues to increase the 
difference in the bending and tensile stiffnesses of the adherends 
becomes appreciable. This probably accounts for the tendency of 
Tmax and Nmax to rise again with continued increase in R. 

In the case of small overlap, adherend bending is of secondary 
importance, and as a result 7’... in Fig. 7 is nearly independent of 
R. From Fig. 8, at low overlap ratio Nmax is somewhat more 
sensitiv: to change in R than Tmax, but exhibits substantially the 
same behavior. It appears to be possible to account for the 
assorted minor variations in curvature and slope on the basis of 
physical reasoning along the foregoing lines, but this is hardly 
warranted here. 


6 AvHEsIvE PRINCIPAL STRESSES 


The adhesive is in a state of combined stress, consisting of a 
shear stress T, and a normal stress ¢. We apply the usual rules 
for calculating the principal stresses o, and o2, and the principal 
shear stress 712, but divide all the formulas in question by r,, to 
render them dimensionless. Thus, defining 


NM = O1/Tm, No = Tit = Ti2/Tm 


we obtain 
Ma = N/2 + V(N/2) + T? 


AUGUST, 1956 


Ti: = (N; — N2)/2 = /(N/2)? + T?.. 


the minus sign in Equation [4] corresponding to the subscript 2. 

The principal tensile stress is N; when the lap joint is tension- 
loaded (F > 0), and presumably will govern failure for adhesives 
failing in tension; 7'\2 will dominate if the adhesive fails in shear. 
When the axial foree F is compressive, we can show that N, is 
large and compressive, and N2 is tensile but much smaller (of order 
T,)» At the same time the principal shear stress 7. is con- 
siderably larger than the tensile stress N2. In what follows we 
therefore restrict our attention to N,; and T'». 

We have calculated the dimensionless principal stress distribu- 
tions N; and 7, for each of the 48 cases studied, and find that 
these behave much like the 7 and N-curves, so that the four 
trends a to d of Section 4 obtain. This is not surprising in view of 
Equations [4] and [5]. In particular, we note that the largest 
values of the principal stresses N,; and 72, respectively, N; max 
and 72 max, occur at z = 0. To conserve space we omit tables 
and plots of the N; and 7’, distributions. These stresses can be 
computed from the T and N data of Table 1, with the aid of Equa- 
tions [4] and [5]. Curves of the concentration factors in principal 
stress, NV; max and 7'}9 max, are similar to those of 7’ and N in Figs. 
3 to 8, and the same explanations apply. We may therefore pro- 
ceed directly to the question of how the tubular and flat-plate 
lap-joint theories compare. 


7 Comparison or AND Lap-Jornt 
THEORIES 


In previous sections we have studied how tube curvature (or 
relative thickness), as manifested in the parameter R, affects the 
stresses in a tubular lap joint. We now wish to consider the 
comparative behavior of flat and tubular lap joints, a comparison 
intentionally deferred until now. This has been done because it 
is substantially equivalent to compare either stress distributions 
and concentration factors, or joint strengths, and if we choose the 
latter basis we can at the same time outline the procedure for joint- 
strength estimation. In the ensuing discussion the adhesive is 
taken to be linearly elastic up to failure. For any but the shortest 
overlaps, the loads thus predicted are probably much smaller than 
the failure loads a strength test would show. 

Equation [1] defines the failure load F% if 7,, is calculated prop- 
erly as the mean adhesive shear stress at failure. Referring to 
Equations [3], and assuming that the adhesive fails when the 
largest value of the principal tensile stress is o), we have T,, = 
o0/N; max at failure. Thus the corresponding failure load is 


Fo = 4macao/N; max (tensile failure) 


Proceeding similarly, if the adhesive fails when the largest value 
of the principal shear stress is To, we have 


Fy = 4macto/T 12 max (shear failure) 


For purposes of comparing the tubular and flat configurations, 
it is most convenient to work with Po, the failure load per unit 
width of glue line, taken circumferentially in the tubular case. 
We use 

Po = Fo/2ma = 2cao/Ni max OF 2cTo/T 32 max .... [8] 


according as Equation [6] or [7] is appropriate.’ Equations [8] 
also hold for the strength per unit width of a flat lap joint. In 
this case the stress factors are calculated from the appropriate 
theory, using Equations [4] and [5]. 


’ Formulas similar to Equations [7] and [8] are readily derived for 
other assumed laws of adhesive failure. The stress factors required 
for Equations [8] can be obtained by interpolating in Figs. 3 to 8 for 
Tmax and Nmax and then using Equation [4] or [5], or (preferably) by 
direct interpolation on easily constructed curves of Ni max and 712 max. 
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LUBKIN, REISSNER—STRESS DISTRIBUTION FOR ADHESIVE LAP JOINTS 


We assume that the same adhesive is used in all joints under 
study, and that it fails when the adhesive principal tensile stress 
reaches a value g). All adherends have the same elastic constants 
and thickness ¢. For the Goland-Reissner* joint we must also 
specify the dimensionless ratio oo/E, which we will take as 10*/ 
3 X 10’, appropriate for a strong adhesive joining steei adherends. 
From Equation [8] we can immediately calculate 


Po/Got = max 


a dimensionless quantity which is proportional to the failure load. 
For the tubular theory, the necessary data are obtained as ex- 
plained previously®; for the Volkersen theory, see reference (1) or 
reference (3), p. 97; for the G-R theory, see reference (2).%* 

In this way we derive Fig. 9 which shows P)/dot as a function of 
the overlap ratio 2c/t. Fig. 9 (a) gives the case of a comparatively 
stiff adhesive layer (8 = 4), and Fig. 9(b) shows the case of a 
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comparatively flexible one (8 = 100). The tubular theory is 
represented by its extreme cases R = 0.1 and 0.01. Finally, the 
case of no stress concentration is shown as a straight line of unit 
slope, identified by 8 = ©, It is evident that all theories ap- 
proach the latter when, by virtue of very short overlap or very 
flexible adhesive, the factor N; max approaches unity. 

Referring to Fig. 9(a), the curious waves in the G-R theory al- 
ways appear when, as in this case, stiff adhesive layers are in- 
volved. This oscillation is probably accounted for by the ad- 
hesive layer, which behaves like an elastic foundation. Beams on 
stiff elastic foundations characteristically deflect in damped 
sinusoidal waves. Because primary calculated data are available 
only for the four overlap ratios 1, 2, 5, and 10, we have as yet no 
conclusive evidence that tubular adhesive joints also can show the 
oscillatory behavior of the G-R curve. The functional form of the 
mathematical solution makes it very likely that this is the case, 
however, and the more so for thin tubes (small R). 

We see from Fig. 9 that the Volkersen flat-plate theory, by 
neglecting adherend bending, always yields less stress concentra- 
tion and hence higher joint strength per unit width than the other 
theories; it is, of course, applicable only where bending is absent. 
Note that for small overlap, where bending has very little influ- 


* Abbreviated henceforth as G-R. 

7 A factor (1 — »*) must be inserted in A of reference (3), and 8? and 
y‘ of reference (2), to make them compatible with the present theory 
(wide lap joints, rather than narrow ones, must be compared to tubes). 

* Note the following corrections of reference (3), which have been 
incorporated in Fig. 9: In Equation [38] replace Ve by —Vo; in Equa- 
tions [53] to [55] replace k" by —k’ throughout; and replace the k’ 
column of Table 1 by the entries 0, 0.124, 0.200, 0.254, 0.296, 0.332, 
0.366, 0.382. Certain diagrams in references (2) and (3) are slightly 
affected. It is useful to note that k’ = (1 — k) /2 for (c/t)(p/E)'/: < 
0.4, 
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ence on the behavior of any of the joints, the Volkersen, G-R and 
tubular joint strengths are nearly the same but the former two 
are always larger. This is because the flat joints have identical 
adherends and are symmetrical, whereas the members of the tubu- 
lar lap joint have different stiffnesses per unit width of glue line. 
This form of adherend dissimilarity is treated in Volkersen’s 
theory (3, p. 97). It results in higher stress concentration and 
hence lower strength. As the overlap increases, bending contrib- 
utes to the stress concentration in the tubular and G-R lap joints, 
which accordingly widens the spread between their predictions 
and those of the Volkersen theory. 

In Fig. 9(a) the tubular joint is stronger than the G-R joint for 
2c/t 2 1.5. Now, in the G-R theory, adherend bending is a much 
more important factor than in the tubular case, purely from con- 
siderations of equilibrium and geometry. The total axial force is 
uniformly distributed about the circumferences of the tubes, and 
directed parallel to their mid-surfaces. This loading thus exerts 
no moment about the ends of the joint until the latter deforms 
under load. As explained in reference (2) or (3), large moments 
are applied initially to the flat joint, greatly increasing the stress 
concentration at the ends of the joint. It is thus seen that the 
two problems, on the basis of their boundary conditions, are in- 
trinsically different. It should not be expected that the tubular 
theory reduces to the G-R theory as R — 0 or the tube radius in- 
creases indefinitely. 

Properly interpreted, Fig. 9(b) yields the same general picture 
for a more flexible adhesive layer, but the scale of the diagram is 
changed. Imagine the 8 = 4 case of Fig. 9(a) cut off at 2c/t = 2 
and the scale then changed so that 2c/t = 2 becomes 2c/t = 10. 
Roughly, then, except for the oscillations in the G-R curve, we 
have Fig. 9(b). This could have been predicted in advance from 
the discussion of the dimensionless factor of flat lap-joint simi- 
larity, (2c/t)8~-"/* (reference 3, p. 104). However, this concept 
applies only approximately to the more complicated tubular joint, 
and there we may employ the factor qualitatively but not quan- 
titatively. 

If the properties of a tubular lap joint are such that it falls 
within the scope and tabulated range of the present theory, the 
designer may use it to predict joint strengths as explained in the 
foregoing. The design probably will be quite conservative for all 
but the shortest overlaps, because of the stress relief afforded by 
inelastic deformation of the adhesive. The nonlinear elasticity of 
actual adhesives is undoubtedly the principal practical limitation 
of the entire analysis. 

One of the authors is now studying the case of symmetrical flat 
lap joints, governed by various nonlinear forms of adhesive stress- 
strain law. This study may permit the designer to approximate 
the properties of the adhesive more closely, and is expected to 
lead to a more accurate prediction of joint-failure loads. We men- 
tion this here because results for flat lap joints conceivably might 
be extrapolated to the tubular configuration. It probably will not 
be simple to set up and solve the nonlinear system of equations 
that arises when direct allowance for adhesive nonlinearity is 
attempted in the tubular lap joint. 
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Appendix 
MATHEMATICAL ANALYSIS OF TUBULAR Lap JoINTS 


In this derivation we retain the generality of dissimilar ad- 
herend wall thicknesses and elasticities, and supplement our 
previous definitions with the following notation (see also Figs. 1 
and 10): 


x axial co-ordinate, measured from center of lap region 
ty, te wall thicknesses of adherends 
a, radii of middle surfaces of shells 
E,, Es Young’s moduli of adherends 
Vi, Ve Poisson’s ratios of adherends 
E,,G, Young’s and shear moduli of adhesive 
T:, T: adherend axial-stress resultants, force per unit mid- 
circumference 
transverse shear-stress resultants, force per unit mid- 
circumference 
stress couple, moment per unit mid-circumference 
Ni, N2 hoop-stress resultant, force per unit of axial length 
Wi, We transverse deflections of adherend middle surfaces 
D; plate moduli, £,t;*/12(1 — v,*): = 1,2 
3(1 vs?) i= 2 
U1, Us axial deflections of adherend middle surfaces 


Vi, Ve 


Mi, 


In terms of this notation, and referring to Fig. 10, it is a 
straightforward matter to derive the following six equilibrium 


Fie. 10 Drtacram ror Ostaintna Equitisrium EquaTIons 
(a, Adherend 1 [inner]; 6, adherend 2 [outer].) 


equations, always associating the plus sign with i = 1 and the 
minus with i = 2 
aaT;/dz +ar =0: i = 1,2 
—N; +ac = 0: i =1,2 
adM;/dz — + atir/2 = 0: = 1,2 


The corresponding stress-strain equations of thin-shell theory 
yield six more relations 


M, = —D,d*w,/dz*: i = 1,2 
T; — = E,t,du,;/dz: 2 
N; - E,tgw;/a;: i= 2 
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Under the assumptions detailed in Sections 1 and 2, the adhe- 
sive stress-strain equations take the simple form 


o/E, = (w2—wi)/7 } [16] 
7/G, = + tedw:/2dz) — (u; — thdw,/2dz))/n } 


where the direct contribution of adherend bending rotation to 
the adhesive shear stress is evident. 

Of the twelve boundary conditions, six may be read off from 
Fig. 1(a) 


= V; = M,;=0:¢=1,2 


(with the previous subscript-sign convention). 

We derive the three remaining conditions at z = —c, and the 
three at z = c follow by analogy. These conditions are the 
mathematical embodiment of the continuity of the 7;, V;, M,, 
N,, w,; and dw;/dz at z = +c. In adherend 1 outside the joint, 
o =7 = 0 and Equations [10] to [15] can be reduced to the usual 
thin-shell axisymmetric displacement equation 


wi? + = 
where we have inserted the relation 
T, = F/2ra, 


The latter, one of the desired conditions, comes from d7;/dz = 0, 
and considerations of axial equilibrium. 
The solution of Equation [18] that is finite at z = —o is 


w, = (A cos + B sin — v,F . [20] 


From this, by differentiation we can express A and B in terms of 
the moment M; and the shear force V; atz = —c. Substituting 
the expressions thus derived into Equation [20], we have 


dw,/dz = Vi/2A2D; 


}s z=—c..[19b] 


These relations hold on both sides of z = —c, by continuity, and 
thus comprise two of the desired boundary conditions. Simi- 
larly, we obtain for z = c 


= F/2raz 
dw,/dz = + 


From Equations [10], [17], [19a], and [21], a7: + a7, = F/2m, 
so that the thus-related 7’; can be replaced by a single variable 
To, such that 


aT, = 27 = dT, /dz 


2a;T; = ee aT»): i= 1, 2 


We now outline the derivation of a system of three simultaneous 
equations for w;, wz, and 7’. We substitute Equations [11] and 
the second of Equations [22] in [12] and apply Equations [13] to 
eliminate the M; in favor of thew;. We next remove the N; with 
Equations [15] and in turn the 7’; with Equations [23]. Finaily, 
¢ is eliminated by using Equations [16]. The result is two fourth- 
order equations in the w; and 7). To get a third equation, differ- 
entiate the second of Equations [16], substitute the second of 
Equations [22], and use Equations [14] to remove the u;. The 
N;, thus introduced are again eliminated with Equations [15] and 
the 7; with Equations [23]. We thus obtain a second-order 
equation in 7) and the w,. 

By similar procedures we can express the 10 boundary condi- 
tions, Equations [17], [19], and [21], in terms of w:, ws, and T». 
We define new dimensionless functions g;(z) by means of 


| 
& 

i 

I T, N, 
aa, 

Te 

ar 


LUBKIN, REISSNER—STRESS DISTRIBUTION FOR ADHESIVE LAP JOINTS 


= (F/2wa)gdz), 2 = (x + ¢)/2c (24) 
w, = (F/2ma)(l — = 1, 2... . [25] 


Denoting z-differentiation by primes, the three differential equa- 
tions then become 


+ (Kit + Yu*)gi — — 
— (3A,;a/a;)g, = —(3Aja/a1) 
gs” + (Kat + — — (3a/a2)gs” 
+ (3Asa/a2)g: = — (3Aga/as) 
gs” — (B;*/az + B,*/a,)ags — ( Bags” + Bi2gi”) 
+ — = — B;*a/a; 


A, = = 1, 2 
= 12(1 — i = 1,2 
Be = (1 — i = 1,2 
= 121 — i,j = 1, 2.. 


In terms of the functions g,(z), the boundary conditions are 


gs = 1, n” = 0, — (Ba/a;)gs’ = 0 
+ + — (3a/as)gs’ = 0 


gs = —1, = 0, — (3a/az)gs’ = 0 
— + — (3a/ai)gr’ = 0 
gi” — V2Kigi’ + = 1 — 


In Equations [33] and [34] the original form of the last line has 
been modified by suitably introducing the second line. 
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Assuming that we are given the solutions g,(z), we can recover 
the adhesive stress r from Equations [22] and (24) 


= (F/8mac)gs'(z) 
Using Equations [1] and [2], we find that the dimensionless shear 
stress T is simply 
T = = gs'(z)/2 


Similarly, from Equations [16], [25], [1], and [2], we obtain the 
stress o and the dimensionless stress 
N = = — ByX2c/t gi) . . . [37] 

The differential equations and boundary conditions do not 
simplify greatly in the case of identical adherend elasticities and 
thicknesses, although the total number of independent parame- 
ters is of course considerably reduced, to the five discussed in 
Section 3. 

In this case, we let 


E,;=E, t =t: i = 1,2; R = t/2a.... [38] 


Then 
= B,? = Bt, a/ja=1—R, a:/fa=1+R 
Ki‘ = K*/(1— R)*, = K*/(1 + R)* 
K* = 48(1 — v*)(2c/t)*R* 
yu! = = = = + R) 
= 121 — v*)(2c/t)*/B, B = nE/E.t 
A; = 4x(2c/t)R/(1— R), A: = (1— R)Ai + R).. [39] 
and the system can be shown to depend upon the five parameters 
B, y, v, R, and E,/G,, or alternatively 8, 2c/t, v, R, and E,/G,. 
Since the differential equations have constant coefficients, an ex- 
plicit solution is possible by standard methods. Because the 
right-hand members of Equations [26] to [28] are constants, the 
particular solutions of the system are also constants. 


[29] 
[30] 
[31] 
[32] 
| 
z=1......[33] 
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Metal Transport in Liquid-Water Systems 
and Effect on Heat Transfer 


By S. C. DATSKO,? ALLIANCE, OHIO 


A series of tests was conducted to determine the effects 
on heat transfer caused by the corrosion by water of zir- 
conium tubes and by the deposition of corrosion products 
of a stainless-steel system on the zirconium-tube walls. 
Tests were conducted at water velocities from 2 to 30 fps 
and heat-flow rates from 30,000 to 500,000 Btu hr-sq ft of 
surface in single-tube, countercurrent, water-to-water 
heat exchangers. The heating-water temperature ranged 
between 500 and 620 F and the cooling-water tempera- 
ture between 450 and 500 F. Several water treatments, 
such as deionization and oxygen or hydrogen additions, 
were investigated. Results of these tests are given in the 


paper. 
INTRODUCTION 


HE cores of water-cooled reactors have been compressed 

into relatively small volumes. Into this small volume 

allocated to the core or heat source, the fuel, cladding, 
control rods, and the cooling medium must be incorporated. 
This results in very small channels through which the cooling 
fluid must pass. The amount of heat-transfer surface is also 
limited, resulting in the need for high heat-flow rates. 

In the reactor system being considered, zirconium heat-transfer 
surfaces were to be used in a system constructed basically of 
stainless steel. 

Early in the program it was recognized that corrosion products 
from the remainder of the system, probably stainless steel, might 
deposit selectively on the heat-transfer surfaces. If such “foul- 
ing’’ was to occur, heat-transfer resistance probably would in- 
crease rapidly. Since the heat generated by the fuel is rela- 
tively independent of its rate of removal, the fuel-element tem- 
peratures could increase until failure occurred. 

A series of tests uncer Bureau of Ships Contracts Nos. 53930 and 
55768 was conducted during the period August, 1951, to August, 
1953. Results were reported to the Bureau in four detailed re- 
ports (1, 2, 3, 4).? 

The apparatus was designed to measure changes in heat- 
transfer resistance and not absolute heat-transfer coefficients. 

Variables investigated were environment, heat flux, and water 
velocity. 


DESCRIPTION OF APPARATUS 


Zirconium tubes with small, about 0.175 in., ID were used to 
obtain the heat-transfer area. These tubes were installed in a 
stainless-steel test section as shown in Fig. 1. As may be seen, 
the thermocouple wells were located as close to the tube ends 


1 Aerojet-General Corporation, Sacramento, Calif.; formerly, 
Test Engineer, The Babcock & Wilcox Company, Research Center. 

2 Numbers in parentheses refer to the Bibliography at the end 
of the paper. 

Contributed by the Joint Research Committee on Boiler Feed- 
water Studies and presented at a joint session with the Nuclear En- 
gineering Division at the Diamond Jubilee Annual Meeting, Novem- 
ber 13-18, 1955, of Tae American Soctety of Mecuantcar 
NEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
September 27, 1955. Paper No. 55—A-183. 
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Fie. 2 Scaematic Dracram or Heat-Transrer Test Cracuits 


as possible. Another set of thermocouples was located in the 
entrance and exit from the annulus. 

Two tubes were tested simultaneously in the system shown 
schematically in Fig. 2. The same heating fluid, water at about 
600 F, was used in the annular spaces on the outside of each 
tube. Since the inside surface of the tube was of interest, the 
circuit for the 600 F water was termed the secondary system. 
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The circuits for the water inside each tube were independent and 
were termed the primary circuits. 

Each water system, the single secondary and two primaries, 
was equipped with a column for a mixed-bed ion-exchange resin 
and a sampling station. Flow was obtained by means of three 
totally enclosed centrifugal pumps. The differential pressures 
across calibrated orifices were used to measure and control the 
flows through the tubes and annuli. The system pressure was 
maintained by boiling water in the combination surge-tank, 
pressurizer boilers. The system temperatures were maintained 
by automatically controlled auxiliary heaters and manually con- 
trolled coolers. 

Zirconium and stainless steel were used together and sepa- 
rately for such purposes as providing clean surfaces, surface ratios, 
and surface-to-volume ratios. Plates or coils of these materials 
were installed in holders in a by-pass to each primary circuit as 
needed. 

TEsTING PROCEDURES 

(a) Starting-Up Operation: 

1 The zirconium tubes and ballast sections were degreased, 
pickled in 5 per cent hydrofluoric acid, and thoroughly rinsed 
before installation into the circuits. 

2 Stainless-steel ballast plates were descaled in a nitric acid- 
hydrofluoric acid solution before test. 

3 Distilled, degassed, and deionized water was fed into the 
bottom of the system while gases were continuously removed 
from the top of the system by means of a steam ejector. 

4 After a satisfactory hydrostatic test, the system was 
brought to operating pressure and finally to operating tem- 
perature. 


(b) Heat Transfer and Pressure-Drop Measurements. Readings 
were made hourly of: 


1 Water-temperature difference; tube outlet minus tube inlet. 

2 Water-temperature difference; annulus inlet minus annulus 
outlet. 

3 Water-temperature difference; annulus outlet minus tube 
inlet. 

4 Water-temperature difference; annulus inlet minus tube 
outlet. 

5 Water temperature; inlet to tube. 

6 Water temperature; inlet to annulus. 

7 Orifice pressure drop; flow through tube. 

8 Orifice pressure drop; flow through annulus. 

9 Tube pressure drop; pressure drop across the tube. The 
twenty-four readings obtained during a single day were averaged 
for each over-all heat-transfer coefficient computation. 


(c) Water and Gas Analysis and Control. Samples of the water 
were withdrawn periodically. Sampling ampules, filled with 
deionized, deaerated, deoxygenated water, were connected into 
a by-pass line. The upstream lines were bled to atmosphere 
and the system fluid was allowed to flow through the ampules 
for about 10 min. The ampules were cooled to room temperature 
and the contents withdrawn by a modified Toepler pump into 
a gas-measuring burette over mercury. The volumes of the gas 
and liquid phases were measured. 

A portion of the gas phase was analyzed for hydrogen and 
oxygen in a modified Blacet, Leighton and MacDonald (5, 6) ap- 
paratus. 

A portion of the liquid phase was used for pH determinations. 
A second portion was analyzed for dissolved oxygen by the 
Winkler (7) method, modified for use with only 50 ce of water. 
Where small amounts of oxygen were to be determined in the 
presence of large amounts of other gases, a two phase sample was 
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drawn into the Winkler flask. The reagents reacted with the 
gaseous oxygen as well as the dissolved oxygen. Subsequent 
titration gave total oxygen. 

Gas additions were made using the same ampules to maintain 
conditions. 

At intervals, the water was drained from the system into 
polyethylene bottles. This water was evaporated and the resi- 
due analyzed spectrographi¢ally. 

Deionization was accomplished by continuously by-passing a 
portion of the water at the rate of about 0.04 gpm through a 
mixed-bed resin. 


Discussion oF RESULTS 


Tests were conducted at several water velocities, and heat 
fluxes, and with various water treatments. Water inside the 
tubes was heated from about 450 to about 470 F by water at 
about 600 F in the annulus. 

With the initial set of tubes the velocities were about 15 fps 
in the annulus and about 30 fps in the tube. Heat-flow rates 
were about 500,000 Btu/hr-sq ft deg F. 

Results on the first set of tubes had indicated that deposits which 
resisted heat transfer could form under certain conditions. Suffi- 
cient deposit formed in about 20 days to reduce over-all heat-trans- 
fer coefficients across the tube from about 2500 Btu/hr-sq ft deg 
F to about 1200 Btu/hr-sq ft deg F. This effect occurred only 
in the system not being deionized continuously, although the 
system with continuous deionization was operated at nearly 
identical conditions. The over-all coefficient did not decrease 
below 1200 Btu/hr-sq ft deg F during seven additional days of 
operation. 

Prior to this run, oxygen was used to adjust the water level in 
the surge tanks. This oxygen subsequently was found in rela- 
tively high concentrations, about 600 ce per liter of water, in the 
system. 

After the first 27 days of operation the tubes were removed 
from the system. Visual examination did not indicate any 
serious clogging of either tube. The tubes were again installed 
in the systems and several tests run with low oxygen concentra- 
tions, about 2 ce per liter of water. Immediately after start-up 
it was noticed that the heat-transfer coefficient had returned 
substantially to its original value. 

Several tests were conducted during the subsequent 29 days of 
operation. Both tubes were exposed to continuously deionized 
water for periods of at least five days. 

At the completion of these tests, during which no further 
drops in heat transfer occurred, the tubes were sectioned and 
examined. A scale, such as that shown in Fig. 3, completely 
covered the inside surfaces of both tubes. A chemical analysis 
of the scale gave iron and nickel as the major metallic constit- 
uents. Only a very thin layer of zirconium oxide was present 
on the outside surfaces of the tubes. 

A second set of tubes was tested at conditions shown in Table 1 
for the circuit without continuous deionization. Conditions 
for the other system were similar except that the water resistivity 
was about 500,000 ohm-centimeters. 

During these tests no measurable changes in heat-transfer 
resistances had occurred in over 200 days. After the tests the 
tubes were sectioned. In Fig. 4 it can be seen that only a very 
thin scale had formed. Spectrographic analysis indicated the 
scale to be nearly completely an oxide of zirconium. 

During the course of these tests, considerable fouling of a test 
section being irradiated in a nuclear reactor had occurred. This 
section had operated with a water velocity of 2.2 fps, a heat-flux 
density of about 30,000 to 40,000 Btu/hr-sq ft and only small 
amounts of oxygen. 

These conditions were duplicated on a third set of tubes, one 
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TABLE 1 
EXCHANGER OPERATI 


Water diti 
Gas Resistivity, 
content ohm-cem pH 


0.2 ce O2/1 
2-5 ee O:/1 


0.2 to 6.2 
ee O2/1 


30000 


500000 
240000 to 250000 
450000 to 480000 


Fic. Secrions or Zirconrum Tuse From tHe Crracurr Wrrsout 
AN Ion ExcHANGER AFTER THE First Four Tests— X 500 


Fie. 4 Secrions or Inner Surrace or Tuse Tesrep in Circuit 
Wirxovut an Ion Excuancer— X 500 


with, and one without, continuous deionization of the water. 
After about 40 days no effect on heat transfer was measurable. 
At that time approximately 0.5 gram of corrosion products from 
an aqueous corrosion test circuit, operated at conditions similar 
to those of these tests, was injected into each system. The 


TABLE 2 CHEMICAL ANALYSIS OF CORROmON PRODUCTS 
FROM WESTINGHOUSE D-LOOP ADDED TO HEAT-TRANSFER 
CIRCUITS DURING TESTS AT ieee, = RIVER CONDITIONS 

er cent 
by weight 
88.5 


Element 


7 
1. 
0. 
1 


® These were probably present as oxides or hydroxides. 


metallic components were present in the ratios shown in Table 2 
and probably as the oxides. 


TEST SECOND ZIRCONIUM FROM CIRCUIT WITHOUT 


30000 6.4 500000 
22000 to 28000 6.2to7.1 450000 to 500000 
7 2to7.8 80000 to 90000 
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Both systems were operated for 
about 20 days after the second ad- 
dition of corrosion products. No 
measurable changes in heat-transfer 
coefficients occurred at any time during 
these tests. 

It seemed apparent at this time 
that the increase of heat-transfer re- 
sistance, produced on the first tube 
tested without continuous deionization 
of the water, was associated with 
the new surface of the system or 
the extremely high oxygen levels. 

It was decided to reproduce the effect on a fourth set of tubes 
and to establish more definitely the variables involved. The 
tests on each of the two tubes will be discussed separately in 
order more closely to follow the events. Velocities were 30 fps 
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Zr coil first 60 days 
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OVER-ALL HEAT TRANSFER 


COEFFICIENT 
BTUs (HR) (FT2) (CF) 


Fie. 5 Heat-Transrer Resvuits ror Tuse Testrep in Circuit B 


inside and 15 fps outside each tube for these tests. Heat-flow 
rates were about 500,000 Btu/hr-sq ft. 

Circuit B was started with the ion-exchange column dis- 
connected. One gram of stainless-steel filings was added to the 
system to give ‘‘new’’ surface. Almost immediately (see Fig. 5) 
a drop in the over-all heat-transfer coefficient occurred. After a 
drop from about 3500 to about 2000 Btu/hr-sq ft deg F, no further 
drop occurred even though more stainless filings were added to 
the system. During this period, oxygen contents were between 
400 and 1100 ce per liter of water. 

After about 20 days of operation with no further increase in 
heat-transfer resistance, an ion exchanger was placed in con- 
tinuous operation. Gradually the over-all heat-transfer coeffi- 
cient was restored to its original value, even though high oxygen 
concentrations were maintained. 

During Test 30 the oxygen level was allowed to decrease to 
about 50 cc per liter of water. The ion-exchanger operation was 
discontinued. During subsequent tests the oxygen level was in- 
creased about 100 ce per test to a final value of about 1200 cc per 
liter. No further increase in heat-transfer resistance could be 
detected. 

The second system, Circuit A, was operated initially with 
continuous deionization. Stainless-steel filings were added and 
oxygen concentrations of about 200 cc per liter were maintained. 
No drop in the over-all heat-transfer coefficient occurred in 20 
days. 

On the twenty-first day the ion-exchange column was isolated. 
Immediately a drop in heat-transfer rate was experienced (see 
Fig. 6). After two days the ion exchanger was returned to 
operation and the ability to transfer heat restored. During Test 
29, the oxygen level was increased to between 200 and 1000 cc 
per liter. With the ion exchanger in operation, no change in 
heat transfer occurred in about five days. Prior to Test 30, the 
ion exchanger again was shut off. Again an immediate drop in 
heat transfer occurred. Immediately before and just after 
Test 31, the system was shut down and the cold water allowed 
to stand in the tubes for from 24 to 30 hr. In each case the 
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over-all heat-transfer coefficient was partially restored by this 
procedure. 

During Test 31, oxygen levels were between 30 and 50 ce per 
liter and during Test 32 between 0 and 2 ce per liter. Operation 
at the higher oxygen level caused an increase of heat-transfer 
resistance, while operation at the lower level caused no major 
change in the resistance. 

Addition of hydrogen to the system decreased the oxygen level 
to less than 0.01 ce per liter. The heat-transfer coefficient re- 
turned substantially to its original value even though the ion 
exchanger was not in operation. The coefficient remained high 
during Test 33 without deionization but with high hydrogen 
concentrations. 

Test 34 was conducted with 0-2 cc of oxygen per liter and 
continuous deionization. No change in heat-transfer resistance 
occurred during about 45 days. For Test 35, the ion exchanger 
was turned off and no decrease in the coefficient was observed 
during about 15 days. Oxygen values were between 0 and 1.0 
ce per liter. Before Test 36, the oxygen level was increased to 
about 300 ce per liter. With no deionization, a drop in the 
heat-transfer coefficient was again experiepced. After a few 
days no further drop occurred and the tubes from this Circuit A 
and from Circuit B were removed, sectioned, and examined. 

The tube from Circuit B, Fig. 7, showed only a very thin 
scale. Heat-transfer resistance of this tube immediately prior 
to its removal had been approximately the same as the original 
value. An analysis of the scale on the inside surface showed 
nickel and cobalt as major constituents. Other materials, as 
shown in Table 3, were also present. 

The low over-all heat-transfer values for the tube from Circuit 
A immediately before the shutdown indicated the presence of a 
relatively thick scale. These indications were confirmed by in- 
spection of the tube. Scale about 0.003 in. thick was found on 
the inside tube surface, as shown in Fig. 8. The outside sur- 
faces had only a very thin zirconium-oxide scale similar to that 
shown in Fig. 4(b). 

It was noted (see Fig. 9) that very little scale was present be- 
neath the end fittings. Heat-flow rate was low in this area indi- 
cating an effect of high heat fluxes. 
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During the series of tests on this set of tubes, it was observed 
that pH was low, in the range of 5 to 6, when deposition was 
present, and slightly higher, 6 to 8, when no deposition was pres- 
ent or occurring. 

An analysis of the scale indicated that nickel hydroxide was 
the major constituent. About equal amounts of iron, chromium, 
and aluminum were present as shown in Table 3. 


CONCLUSIONS 


1 Corrosion of zirconium during up to 200 days of operation 
in water at temperatures between 450 and 600 F was minor. 
The oxides formed did not cause a detectable change in heat- 
transfer resistance of an 0.018-in-thick zirconium tube. 

2 No deposition of stainless-steel corrosion products will 
occur on zirconium heat-transfer surfaces from 450 F, con- 
tinuously deionized water. About 1 per cent of the total flow was 
by-passed through the resin bed in these tests. 

3 With no deionization: 

(a) Deposits of iron and nickel oxides and hydroxides will 
occur from 450 F water when oxygen levels are between 100 and 
1000 ce per liter. 
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TABLE3 SPECTROGRAPHIC AND X-RAY DIFFRACTION ANAL- 
YSES OF MATERIAL TAKEN AT VARIOUS LOCATIONS FROM 
THE CIRCUITS 


Circuit A Circuit B 
Material from top Material 
layer of scale To 
from tube zirconium tube 
Specrrocraruic ANALYses—PerR Cent sy WeIcut 
10-15 
10-15 
15-30 
5-10 
1-2 
15-30 
5-10 


X-Ray Dirrraction ANALYses CrysTALLINeE ConsTITUENTS 


Ni(OH): Undetermined Si 
NiO compound 

Medium . NiO-Fe2Os CoO, ZrOs 

Ni, FesO« NiO, NiO-FerO, 


(b) No deposit will occur with only 2 ce of oxygen per liter of 
water. 

4 Deionized, 450 F water will remove deposits formed during 
periods of operation with no deionization. 

5 There are indications that room-temperature water or 450 
F water to which hydrogen has been added will remove deposits 
as in item 3. 

6 There are indications that low pH and high heat-flow rates 


are factors related to deposition. 


Results of these tests should be encouraging to those faced with 
the design of water-cooled power reactors. The effects of radia- 
tion should not be overlooked. These effects may be beneficial 
or harmful. The use of an excess of hydrogen may tend to 
prevent local concentrations of oxygen formed by radiochem‘cal 
dissociation of water. 
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mended for an excellent job on an important aspect of applied 
nuclear power. The studies reported were designed to determine 
the effect on heat transfer of conditions which might be control- 
ling, as far as they could be simulated with the author’s appara- 
tus. Another approach to the problem would be to determine 
specific effects of corrosion and fouling, by mechanisms believed 
to be applicable. From these measurements the consequences of 
corrosion and fouling could be determined and design allowances 
for them evaluated. 

To this end two series of tests were made in the writers’ labora- 
tory by Mr. J. A. Speeds, under subcontract to the Westinghouse 
Electric Corporation. In the first, the heat-transfer resistance 
was measured of corrosion films on Zircaloy-2 plates, and the re- 
sults correlated with the corrosion-film thickness and corrosion 
conditions. In the second, the heat-transfer resistance was 
measured of deposited typical solid corrosion products of stain- 
less steel on Zircaloy-2 plates, and the results correlated with the 
deposit thickness and the nature of the deposit. The plate-type 
samples were corroded in high-temperature autoclaves prior to 
the heat-transfer tests, and the film thickness was determined by 
accurate weighings. The corrosion products were deposited on 
the plates in place by electrophoresis. In both cases tests were 
made at velocities of 30 fps and heat-transfer rates of 500,000 
Btu/hr-ft*. The test apparatus was similar to that used by the 
author, except that plates were used, and since the factors affect- 
ing heat transfer were introduced in other ways, the temperature 
differences employed were greater, and the absolute temperatures 
lower. The last condition was essential to a simplification of the 
experimental condition. 

From these tests, as stated earlier, absolute correlations were 
obtained. For the corrosion films, the results permitted a calcu- 
lation of the effect of heat transfer on the corrosion of Zircaloy-2 
in water and steam. The results are 


hecaie (750 F steam, 1500 psi) = 1.24 Btu/hr ft? deg F/ft 
95 per cent limits 0.78 — 1.65 


hecaie (680 F water, saturation) = 0.79 Btu/hr ft® deg F/ft 
95 per cent limits 0.52 — 1.21 


For the deposits, two sets of data were obtained corresponding 
to two types of deposits, with no ascertainable difference except 
color, black and brown. All the material used had magnetite 
x-ray structure 


7.0 X 10° + 0.7 105 
Aw(mg/dm?) 


hvisck (Btu/hr ft? deg F) = 


3.6 xX 10+ 0.2 x 105 
Aw(mg/dm?) 


herown (Btu/hr ft? deg F) = 


AvuTHor’s CLosuRE 


The author gratefully acknowledges the discussion presented 
by Messrs. Cohen and Waldman. This work contributes a 
significant addition to a full understanding of the quantitative 
relation of deposited and corrosion films. 

The work reported in the author’s paper was designed to deter- 
mine whether sufficient deposition to adversely affect heat-trans- 
fer rates would occur in a specific environment. No attempt to 
correlate deposit thickness with added heat-transfer resistance 
was made, principally because there was evidence that a portion 
of the deposit was removed during shutdown procedures before 
thickness measurements could be made. 
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The Sintering Test, an Index to 
Ash-Fouling Tendency 


By D. H. BARNHART! anv P. C. WILLIAMS,’ ALLIANCE, OHIO 


This paper describes a laboratory test for determining 
the tendency of an ash to form hard, bonded deposits in 
the convection-tube banks of coal-fired boilers. The sin- 
tering test, as it is called, has been applied to several 
phases of the over-all problem of ash deposition including 
(a) the evaluation of factors in boiler operation, (6) the 
classification of coal according to its ash-fouling char- 
acteristics, and (c) the selection and testing of additives 
for inhibiting or preventing ash fouling. The results of 
these studies are presented herein. 


INTRODUCTION 


HE authors’ company and the Commonwealth Edison 

j Company have been conducting a co-operative research 

program during the past 5 years to discover the underlying 
causes of ash deposition in boilers particularly when certain 
Central Illinois coals are utilized. The ultimate aim of this 
work has been to improve equipment and techniques for remov- 
ing ash deposits and to develop methods of reducing the severity 
of ash deposition occurring on heat-absorbing surfaces. Michel 
and Wilcoxson* reviewed the history of ash fouling when burn- 
ing Central Lllinois coal, and have outlined the corrective 
measures that were developed during the program. The chemi- 
eal aspects of the problem and a proposed mechanism of ash- 
deposit formation were described by Anderson and Diehl.‘ 
This paper describes the sintering test which has been developed 
as an index to ash fouling for use in studying the factors contrib- 
uting to the problem and in evaluating the effectiveness of pro- 
posed remedial measures. 

The most frequently used, and perhaps the best, method of 
making such an evaluation is to observe the performance of the 
boiler in question over extended periods of operation. This 
procedure has its disadvantages, however, in that it is quite 
time-consuming and it is difficult to express the findings in quanti- 
tative terms owing to the large number of variables involved. 
To overcome these difficulties, a characteristic of the ash was 
sought which would account for its behavior in a boiler. 

Analyses of the coal and its ash products by chemical, x-ray, 
and petrographic methods yielded a considerable amount of 
information concerning the make-up of deposits and suggested 
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some of the processes involved in ash-deposit formation. They 
did not, however, provide the desired index. 

Ash-fusion temperatures do not always give a reliable indica- 
tion of the behavior of the ash under boiler operating conditions. 
For instance, as shown in Fig. 1, the ash-fusion temperatures of 
the severe fouling Central Illinois coals were found to be similar 
to those of a number of other low-fusion bituminous coals that do 


not cause fouling. 
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INITIAL DEFORMATION 


ASH FUSION TEMPERATURE F 
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ILL. 
Fic. 1 Ass-Fuston Comparison 


In conjunction with this work, various analyses, tests, and 
observations revealed that the ash deposits are made up of 
fly-ash particles as illustrated in Fig. 2 and Table 1. Fig. 2 
shows a photomicrograph of a pulverized-ash deposit which has 
been magnified 440 times. It can be seen that the fragments 
are actually clusters of spherical fly-ash particles which have not 
been fused completely. Table 1 gives average analyses of typi- 
cal fly-ash and deposit samples obtained from a boiler burning 
Central Illinois coal. The slight differences between the fly-ash 
and superheater-deposit analyses are not believed to be signifi- 
cant. 

This information, and the fact that ash deposits form in 
boilers at temperatures well below ash-fusion temperatures, led 
to a study of the physical properties of both ash deposits and fly 
ash. The first characteristic of these materials to be determined 
was the minimum sintering temperature or the lowest tempera- 
ture at which the ash particles would cohere to form a solid mass. 
While the results of this work revealed that the minimum sinter- 
ing temperature fell between 1400 and 1500 F for a number of 
ash deposits and fly ash from fouling as well as nonfouling coals, 
it was observed that the sintered ash varied widely in appear- 
ance, color, hardness, and so on. This prompted other experi- 
ments in which strength of the sintered ash, its density change, 
weight loss, and shrinkage were determined. 

Characteristics of fly ash only were studied in these tests 
because of the similarity between fly ash and ash deposits as 
noted previously, The strength of the sintered fly ash appeared 
to be the most promising as an index because the sharp differ- 
ences noted agreed with observed fouling tendencies and it also 
could definitely be related to conditions within the boiler. That 
is, deposits formed from ash with a severe fouling tendency are 
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TABLE 1 TYPICAL FLY-ASH AND DEPOSIT ANALYSIS FROM 
CENTRAL ILLINOIS COAL 


Superheater 
outer deposit, 


Fie. 2. FRAGMENTS SHOWING PARTIALLY 
Fusep SPHERES 


stronger than the potential of conventional cleaning equipment, 
while deposits formed from nonfouling ash are not, and hence 
can be removed. On this basis the so-called “‘sintering test’’ 
has been developed and has been used to classify coals, evaluate 
boiler-operating factors, and select additives for inhibiting foul- 
ing. 


Tue Test 


The mechanics of this test are rea)!y quite simple. First, a 
‘/, to */-lb sample of fly ash representative of that passing 
through the boiler is collected from the flue gases at or near the 
air-heater outlet but ahead of the dust coilectors by the bag- 
sampling method. Although a complete traverse of the flue is 
usually not necessary, samples generally are collected from two 
or more points. 

The samples are removed from the collecting bags and ignited 
to constant weight at 900 F in a standard laboratory-type 
muffle furnace in an atmosphere of air. This temperature is 
sufficient to remove the water and carbon from the samples 
(which otherwise would alter test results) and, at the same time, 
is low enough to prevent the fly-ash particles from adhering to 
each other. 

The dry carbon-free fly ash is then passed through a 100-mesh 
screen and any oversize material is reduced so that it too will go 
through the screen. The fly ash is then mixed thoroughly and 
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pressed into cylindrical pellets by means of the simple hand 
press and forming die shown in Fig. 3. Sufficient fly ash is 
used so that when compressed with a pressure of 150 psi, the 
specimens are approximately 0.75 in. in height. Forming the 
unfired specimens in this manner imparts enough strength to 
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Fic. 3. EquipMent ror Forminc Raw Sampies Berore SINTERING 
them, without the use of any binder material, so that they can 
be handled without undue breakage. Six specimens are made 
for each set of test conditions. Thus, if the strength of the 
sintered fly ash is to be determined at four temperatures, which 
is the usual procedure for establishing a strength-temperature 
curve, 24 specimens will be required. After the pellets are formed, 
they are stored in a desiccator until they are sintered. 

When ready for sintering, the specimens are placed in an 
electric furnace at room temperature, heated to the desired 
sintering temperature in 1'/: hr, held at that temperature for a 
period of 15 hr, and then they are allowed to cool in the furnace 
for 2'/. hr before removal. This heating and cooling schedule 
was selected by trial and error to minimize internal stresses in 
the pellets, which, if permitted to build up, would destroy the 
pellets or greatly affect the test results. 

It is also very important that the furnace temperature be kept 
uniform in the area where the pellets are sintered. Most fur- 
naces have pronounced temperature gradients toward their 
unheated ends and they would have to be rewired to correct this 
condition or else the pellets would have to be placed away from 
the ends of the furnace. 

After the sintered pellets are cool enough for handling, their 
ends are faced to remove minor distortions resulting from sinter- 
ing. The ends are then checked with micrometer calipers to 
insure that they are parallel to each other and normal to the lon- 
gitudinal axis of the pellet. This is important if uniform test 
results are to be obtained. The diameter of each pellet is 
measured for use in computing the strength of the sintered pellets. 

The pellets are crushed on a standard metallurgical testing 
machine and the compression strength of the sintered pellets 
computed. A device is used 
together with fiber strips 
placed on the ends of 
the cylindrical pellets, as 
shown in Fig. 4, to obtain 
uniform loading and to re- 
duce further the effect of 
surface imperfections of the 
specimens upon test results, 
The average strength of six 
specimens is taken to be the 
strength of the sintered fly 
ash at a particular sintering 
temperature. 
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EXPERIMENTAL RESULTS 


After the method of sintering was worked out and standardized, 
it was used to evaluate some of the more important operating 
variables affecting convection-bank fouling. 

Coal. Fig. 5 shows the results with two fly-ash samples obtained 
from boilers burning a severe fouling and a nonfouling coal. 
These curves show that fly ash from the fouling Central Illinois 
coal will sinter at temperatures as low as 1400 F and will reach 
a very high strength well below its ash-fusion temperature range. 
Conversely, to obtain any appreciable strength, the fly ash from 
the nonfouling Ohio coal must be subjected to temperatures that 
are several hundred degrees higher, even though both coals have 
essentially the same fusion temperatures. 

50 
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Typical sintered specimens from these coals are shown in Fig. 
6. The specimens shrink and become progressively harder and 
stronger as the sintering temperature increases, until a point is 
reached at which they begin to swell and crack open. This is 
responsible for the decrease in strength obtained after sintering 
at the higher temperatures as shown in Fig. 5. Subsequent work 
has shown that the samples are plastic when the swelling and 
cracking occur; hence strengths obtained under these conditions 
are meaningless. The descending portion of the curve, there- 
fore, is of only passing interest, while the ascending portion is of 
prime importance. In later tests, only the temperature range 
below the maximum point was explored. Close examination of 
the specimens in Fig. 6 from the fouling coal, which had been 
sintered at 1700 and 1800 F, would show that a clear crystalline 
material drained out of the fly ash. This material may be the 
principal agent which bonds the fly ash together in the ash 
deposits. It consists mainly of alkali and calcium sulphates, 
although other compounds (probably silicates) are also present 
which have not been identified positively. This material is 
believed to exist in much smaller amounts in the nonfouling fly 
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ashes, although it has never been found to separate during sin- 
tering to any noticeable degree. 

Additional sintering tests were conducted with fly ash derived 
from a number of other Central Illinois, Ohio, and West Virginia 
coals. Representative results are shown in Fig. 7. In all cases 
thus far tested, sintering results have correlated with the known 
fouling tendency of the coals as determined by actual firing 
experience. 

This naturally raises the question as to the cause of the marked 
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difference in strength between the fly ash from the various coals. 
The answer seems to be in the alkali content of the fly ash, which 
in turn is related to the alkali content of the coal. Fig. 8 shows 
the same curves as shown in Fig. 7 but with the alkali content of 
the coals shown on each curve. From this it seems quite likely 
that there is a close relationship between the strength of the fly 
ash and the alkali content of the coal. Other factors, such as 
sulphur content of the fly ash and particle size play a part, but 
this is believed to be minor when compared to that of the alkali. 

Effect of Time and Temperature. In another series of tests, 
specimens of fly ash from a fouling coal were sintered for various 
lengths of time over a range of temperatures that could be 
expected to exist in ash deposits on a superheater. Typical 
results showing the effect of 4, 15, and 168 hr sintering times 
upon fly ash from the same sample are shown in Fig. 9. From 
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these curves it will be seen that an increase in sintering time as 
well as sintering temperature will cause significant increases in 
strength. 

The information obtained concerning the effect of temperature 
and time on the strength of sintered ash made it desirable to 
study the growth of ash deposits in boilers under various oper- 
ating conditions. This was accomplished by using time phase- 
delay motion pictures. 

A movie camera was focused on the area under consideration 
and a photograph was taken every 30 sec by an automatic timer- 
and-shutter-release mechanism. The developed film was pro- 
jected on the screen at 16 frames per sec, telescoping time by a 
factor of 480. This permitted the eye to see details of ash- 
deposit formation that would not otherwise be comprehended. 
By operating the boiler under various conditions a qualitative 
story was obtained on factors affecting the growth rate of ash 
deposits. 

It was found that the growth of ash deposits was almost nil 
until a critical temperature was reached, and then the rate of 
growth increased abruptly; moreover, as the deposit continued 
to grow, its rate of growth also increased greatly. The movies 
also indicated that the rate at which deposits accumulate is 
almost directly proportional to the amount of fly ash carried 
through the boiler in the flue gases. The growth of deposits 
also was accelerated by operating the boi/er above rated capacity, 
slagging of furnace walls, delayed combustion, ete., which pro- 
duced an increase in deposit temperature. Under the circum- 
stances, the length of time ash deposits were permitted to remain 
on the tubes had an important bearing on whether or not they 
could be removed. To the boiler operator, this indicates that 
it is necessary to operate soot blowers regularly and frequently 
when burning troublesome coals. 

Method of Firing. Fiy-ash samples were obtained from pul- 
verized-coal-fired and cyclone-furnace boilers in the same station 
on a number of occasions while Central Illinois coal was being 
burned. The fly-ash samples were subjected to the sintering 
test and the average strength of several samples is shown for the 
two methods of firing in Fig. 10. There was essentially no dif- 
ference in the strength of the fly ash from the two units. It 
would, therefore, be expected that the ash would exhibit little 
or no difference in ash-fouling tendency, whereas the difference 
attributed to the type of coal fired would be very great indeed. 

Additives. Materials were sought which when added to the fly 
ash would reduce the sintered strength and hence the ash-fouling 
tendency of Central Illinois coal to that of an Eastern coal. A 
large number of finely powdered materials were mixed with fly 
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ash from Central Illinois coal in proportions varying between 5 per 
cent additive, 95 per cent fly ash to 20 per cent additive, 80 
per cent fly ash. These mixtures were sintered over a range of 
temperatures and the strength values determined. In Fig. 11 
the resuits of 20 per cent additive, 89 per cent fly ash are shown 
for some of the more common materials tested. The additive 
materials are arranged in order of their increasing effectiveness 
with dolomite, calcium oxide, and magnesium oxide being the 
most effective of the lot. 

The sintering test also has been used to evaluate the results of 
additive tests in the field. In this application, the effect of 
CaSO, and MgSO, on the strength of fly ash is important in 
analyzing the over-all effect of dolomite and magnesia-type 
additives (as shown in Fig. 11). When dolomite is added to 
the flue gases at the inlet to the secondary furnace it calcines 
rapidly in this high-temperature zone and passes through the 
superheater in approximately 1 sec. In this short period of 
time there is very little opportunity for additive and fly-ash 
particles to come into contact with each other while in flight 
through the furnace, and it is believed that reactions between the 
two occur, for the most part, on the surfaces of the tube banks. 
Over a period of time the quantities of fly ash and dolomite in 
the ash deposits increase almost in proportion to the amounts 
present in the furnace. Analyses of the ash deposits also revealed 
an increase in sulphur content equivalent to the amount of 
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calcium and magnesium present in the ash deposits. This, of 
course, indicates that calcium and magnesium in the deposits 
are converted to normal sulphates by the sulphur oxides in the 
flue gases. If the deposits are allowed to remain on the tubes for 
more than a few hours, a large portion of the benefits of calcium 
in the calcined dolomite is lost. This is not true of the magnesia. 

Accuracy of Test Results. With any test of this type, certain 
uncontrolled or uncontrollable conditions cause deviations in 
test results. To determine what deviation could be expected 
in this test, results obtained from approximately 265 samples 
(1600 specimens) were examined statistically. This work per- 
mitted a re-evaluation of the number of specimens used for the 
sintering test and established confidence limits for the test results 
as shown in Figs. 12 and 13. It can be seen in Fig. 12 that the 
number of specimens chosen (six). represents a compromise 
between the amount of laboratory work required and the test 
error involved. The selection of six specimens appears to be a 
practical balance between these two limitations. 
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The two groups of curves as shown in Fig. 13 represent the 
approximate extremes of results obtained thus far as established 
by averaging the strengths from six specimens at each sintering 
temperature. The results show that if the solid lines represent 
the true mean strength, test results will fall within the bands 
indicated by the dotted lines with 85 per cent confidence. This 
is believed to be adequate for most practical applications. 


ApPLIcATION oF Test aT ELEVATED TEMPERATURES 


Owing to the somewhat empirical nature of the sintering test, 
it was desirable to determine if the findings obtained at room 
temperature were valid at the temperature levels existing in 
ash deposits. To accomplish this, an apparatus was designed 
and built so that the fly-ash specimens could be sintered as 
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before and crushed at temperatures ranging above and below 
the temperature of sintering without an intermediate cooling 
(see Fig. 14). In this series of experiments, fly-ash samples 
from certain Central Illinois and West Virginia coals were used 
because each represented an extreme in ash-fouling tendency. 
The fly ash from the Central Illinois coal was sintered at tempera- 
tures of 1500, 1600, and 1700 F and specimens from each of these 
tests were crushed at room temperature, at 1200, and at 1400 F, 
Attempts to determine the strength of these specimens at higher 
temperatures were not successful because the pellets deformed 
plastically instead of failing by a brittle fracture. In order to 
obtain measurable strengths, the fly ash from the West Virginia 
coal had to be sintered at 1800, 1900, and 2000 F. The crushing 
operation for this fly ash was performed at room temperature, 
at 1400, and at 1800 F, without the occurrence of plastic defor- 
mation. Typical results are shown in Fig. 15. Note that, while 
there is a significant difference in the strength obtained at the 
various crushing temperatures, this difference is small compared 
to the differences attributed to the coals themselves. Thus 
it would seem that the general relationships found by the room- 
temperature determination also would hold at the higher tem- 
peratures. 
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1 The sintering test is a valuable tool for evaluating the 
effect of several operating variables upon convection-bank 
fouling. It has shown that ash fouling is primarily due to char- 
acteristics of the fuel burned. The fly ash from fouling coals 
sinters to a comparatively high strength at temperatures in the 
1300 to 1500 F range, while fly ash from nonfouling coal requires 
temperatures 400 to 500 deg F higher to obtain appreciable 
strength. Ash-fusion temperatures do not always reveal these 
differences. 

2 While firing methods definitely affect some fly-ash char- 
acteristics, the sintering test has shown no major difference in 
ash-fouling tendency when comparing pulverized-coal-fired and 
cyclone-fired fly ash, which originate from the same Central 
Illinois coal. 

3 If fouling occurs with a given coal, considerable attention 
should be given to operating factors that may affect both the 
temperature of the deposits and the time they are permitted to 
remain on the tubes. The sintering test has shown that a higher 
sintering temperature and/or a longer sintering time will increase 
the strength of deposits thereby increasing the difficulty of clean- 
ing. 

4 The test also has shown that if fouling occurs, additives 
may be used to reduce the strength of deposits thereby assisting 
the cleaning equipment. 

The test undoubtedly would be much more useful for evaluat- 
ing the fouling tendency of coals if it were possible to obtain 
results from laboratory-prepared ash rather than to be dependent 
upon field-collected fly-ash samples as was done throughout this 
program. This is the major objective of studies in progress at 
this time. 


Discussion 


W. W. Anverson.® This discussion is an inquiry regarding 
direction and extent it might be safe to extrapolate the authors’ 
work in attempting to classify coals for probable ash-fouling 
tendency. The sintering test has developed conclusions un- 
obtainable by chemical-analysis methods alone; and the com- 
bination of physical and chemical methods collated with op- 
erations data has revealed some of the possible causes for the 
formation of ash deposits in boilers. 

Fig. 7 of the paper shows eight curves labeled with mine 
names and also labeled as fouling or nonfouling coals. Fig. 8 
appears to show the same curves, relating alkali content in the 
coal to the strength of the sintered fly ash at various sintering 
temperatures. The question naturally arises as to whether or not 
it is a logical conclusion from Figs. 7 and 8 that analyzing for 
sodium content in the coal is sufficient to predict probable 
fouling tendencies. Do these curves mean that coals with an 
Na:O content of less than 0.25 per cent can be classified as non- 
fouling coals, whereas coals having an Na,O content higher 
than 0.60 per cent should be suspected of having troublesome 
fouling tendencies? 

At first glance Fig. 7 also gives the impression that fouling 
coals occur in Central Illinois, but not in Ohio or West Virginia. 
However, if alkali content is an indicator of fouling coals, then 
West Virginia also has coals with fouling tendencies. In the 
March, 1950, issue of Analytical Chemistry, the West Virginia 
Geological Survey reported spectrographical analyses of 70 
samples representative of coals throughout West Virginia. 
Fifteen of these coals were reported to have combined sodium 
and potassium-oxide contents in excess of 0.60 per cent, with a 
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maximum value of 1.10 per cent; and an equal number of coals 
had combined sodium and potassium-oxide contents of less 
than 0.30 per cent. 

Is it proper to classify these 70 West Virginia coals as follows: 
15 nonfouling, 15 fouling, and 40 requiring a sintering test for 
proper classification? Perhaps that is not a fair question, but it 
is prompted by curiosity as to how far we can go in judging coals 
from the data presented in this paper on the sintering test. 

This thought leads to the next question regarding the chemistry 
of determining Na,O. It is assumed that the reported values 
for NagO were calculated from some other determined value, 
such as NaCl determined by wet methods, or as Na, determined 
spectrochemically; also that the values include both sodium 
and potassium, since Fig. 7 reports the values as total alkali. 
Details of the methods of analysis would be of considerable in- 
terest to coal chemists. 

Further, it would be of considerable interest to know what 
correlation, if any, there is between the alkali content of the 
coal and that of the ash deposits. 

The paper states that the principal bonding agent consists 
of alkali and calcium sulphates, and under the section on Addi- 
tives discussed the chemical conversion of calcium and mag- 
nesium to sulphates by the oxides of sulphur in the flue gases. 
This explains the presence of calcium sulphate as a bonding agent 
because coal ash seldom contains any appreciable amount of 
calcium sulphate, and therefore its presence as a bonding agent 
would have to be due to chemical reactions during or after com- 
bustion. 

It is worthy of note that the authors do not correlate sulphur 
in the coal with fouling tendency, as have other investigators 
in the past. The authors have rightly relegated sulphur to a 
secondary role. Similarly, it is interesting that no reference has 
been made to the known fact that certain high alkali coals also 
contain high chlorine contents. For example, the average Cl 
content of No. 17 Mine 6-in. X 0 raw coal! is 0.72 per cent, with 
Cl contents of 1.00 to 1.15 per cent in the °/j-in. X 28-mesh 
size. In contrast, Southern Illinois Quality Circle coals have 
average Cl contents of the order of 0.07 per cent in the raw 
1'/,-in. X O screenings. 

Only recently, in discussing sulphur and chlorine in coal, 
BCURA stated in its quarterly Gazette No. 26 that ‘‘the chlorine 
content of British coals ranges from 0.1 to 1.0%; it is often used 
as an indication of the presence of easily volatilized sodium and 
potassium. . .” In the same quarterly gazette, BCURA states 
that “the chlorine content of deposits, when analyzed, is usually 
negligible.” 

Thus it would appear that high chlorine content may be an 
indication of high alkali content, but the chlorine performs no 
function in causing ash deposits. 

Before leaving the subject of chlorine content, there is one point 
which may not be clear to everyone; namely, that chlorine may 
be an indicator of high alkali content, but we know from the 
methods necessary in the laboratory for determination of chlorine 
and alkali contents that total alkali content is not necessarily 
chemically combined as chloride in the ash, nor is the chlorine 
necessarily chemically combined only with alkali. Hence 
classification of coals for ash-fouling tendency by chlorine con- 
tent alone would not be a rigorous method of classification. 

The chemistry of additives is not too clear. The addition of 
calcium sulphate is harmful, as would be expected. Oxides are 
more effective than carbonates; but carbonates are more effec- 
tive than sulphates, as would be anticipated, since carbonates 
calcine to oxides, Silicates appear to be the least desirable as 
additive material. 

Probably the reason the oxides of Ca and Mg are most effective 
is because the oxides are basic anhydrides of the alkaline earths, 


1234 
mi 
2 
F 
ag 
3 
‘a 
iw 
é 
id % 


and thus more reactive than the clay groups, such as Fuller’s 
earth and kaolin, assuming that the improvement in fouling 
tendency is a chemical phenomenon. This, of course, is theo- 
retical. 

Finally, one cannot help but wonder if the problem of fouling 
must be solved completely in the furnace; or can something be 
done at the mine, when the coal is prepared for the market, to 
alter the characteristics of the ash? This question automatically 
calls for size and gravity data on alkali distribution in various 
coals, in order to determine whether the alkali content is a part 
of the inherent ash of the coal or part of the extraneous ash 
content. What, if anything, has been done on this phase of the 
subject? 


J. U. Batgy.* The authors appear to have made a substantial 
contribution to the knowledge of the mechanics of certain forms 
of ash fouling. The operators of modern boilers, which are ap- 
proaching the appearance of porcupines with soot-blower quills, 
appreciate this contribution. Any means of learning why certain 
ash formations occur and how to make such sticking ash less of a 
nuisance goes far to ease the worries of continuous operation. 

Unfortunately, this particular line of attack may not explain 
all of our troubles. A boiler placed in operation in Baltimore 
about 3 years ago was in difficulty from ash fouling. The fuel 
was West Virginia high-volatile coal and sintering tests on the 
ash indicated there was no fouling problem. This boiler, unable 
to understand the reasoning, fouled rather badly. But the foul- 
ing was an ash-fusion problem. Additional wall blowers, and 
the judicious use thereof, reduced the furnace-exit temperature 
sufficiently to alleviate the trouble on this base-load boiler. 

So that our knowledge might be increased, a program of addi- 
tive treatment also was studied. In the pulverized-fuel dry- 
bottom boiler, the amount of ash reaching the convection sur- 
faces is much greater than in the cyclone-fired boilers burning 
coal with which the authors are primarily concerned. Treat- 
ment of the total ash thus is not attractive both from material 
cost and material-handling viewpoints. Shot treatment im- 
mediately after operation of the wall blowers with the additive 
introduced through the burners, usually three times daily, in the 
hope that the character of the adhesive layer of the deposit 
could be altered was adopted. The additive was a commercial 
product consisting mainly of magnesium oxide. The quantities 
used were equivalent to '/; lb per ton of coal fired—an easy 
handling problem. 

After a 2-week trial definite indications of more effective 
cleaning were observed and, on further operation, there was 
evidence that the hard bonded eutectic on the tubes in the 1500-F 
temperature zone was being removed. Although this operation, 
in this particular case, is not justified on a cost basis, the success 
of the operation has warranted continuing trials of this particular 
additive and others in varying quantities and methods of applica- 
tion. 

Thus it is believed that though we have promise of laboratory 
methods that will indicate tendencies of fouling, through field 
trials we will have to ask the boiler what to do about it. 


G. W. Bice.’ The approach to the boiler-fouling problem 
which the authors have described appears to have considerable 
merit. It is certainly practical, or “applied,” as contrasted to 
the fundamental analytical chemical approach suggested and 
actually being tried both here and abroad. If it can be extended 
to include a reasonably accurate and dependable method of 
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developing an ash-fouling index directly from raw-coal samples, 
as the authors indicate is the next step in their study, then it 
will have even greater potentialities. 

Several large pulverized-coal-fired boilers installed in various 
generating plants on the American Gas and Electric System, 
which were initially equipped with a full complement of slag and 
soot blowers, are now operating satisfactorily with all blowers 
removed in the convection-pass zones subject to maximum gas 
temperatures below about 1800 F. In each case the decision 
to remove these blowers was based upon a series of tests, in 
which the period between blower operation was gradually in- 
creased until it became apparent that use of the blowers was 
actually unnecessary. In at least one other case, however, it 
was concluded that all convection-pass blowers were necessary 
to prevent eventual pluggage of the primary superheater and the 
economizer. It is hoped that the authors will be able to include 
ash samples from this plant in their next series of tests. 

Other more recent boilers on the system have been placed 
in operation initially without convection-pass blowers in the 
1800-F and lower gas-temperature zones, but in all cases, with 
provision for future addition of the full complement of blowers. 
If really dependable predictions could be made, during the design 
stages, of freedom from pluggage, then moderate savings in 
electric-plant investment could be realized through omission of 
certain blowers, along with their access platforms and supporting 
steel. Unfortunately, however, the maximum theoretical saving 
would still not be attainable; i.e., a reduction by about one half 
in boiler-room width, through virtual elimination of ‘‘soot- 
blower aisles.’’ It would still be necessary to provide aisles to 
accommodate long, full-retracting, slag blowers in the 1800-F 
and higher gas-temperature zones, which are subject to deposi- 
tion of molten or semifused slag, as differentiated from dry 
bonded or sintered ash. 

One additional practical difficulty may be anticipated in 
applying the sintering tests to coal ash from a given plant; 
namely, that involving multiple sources of coal supply. As the 
capacities of generating plants are increased, and the large seams 
of relatively good coals are exhausted, it becomes necessary to 
develop more than one source of coal supply. For example, 
plants located almost equidistant from two or more coal-produc- 
ing areas must be designed to burn any of the coals which may 
be economically obtainable. If the plant capability is in the 
800—1000-mw range, then up to 3'/; million tons per year of coal 
may be required, depending upon capacity factor, coal heating 
value and plant thermal efficiency. There are very few coal 
fields in the country today which can guarantee this amount of 
uniform quality, economical, “steam’’ coal for the next 30 years. 
Thus there would be a definite risk in designing any large plant 
for “nonfouling” coal, without considerably more data than is 
available at present. 

The tests described represent an excellent beginning toward the 
solution to an old and annoyingly complex problem. It is 
hoped that this work can be accelerated and expanded to the 
point where prediction of fouling characteristics of any coal or 
class of coals can be made dependably from representative coal 
samples, in the case of working mines, or from a reasonable 
number of coal-seam test-boring samples in the case of unde- 
veloped coal reserves. 


W. R. Homan.* The authors are to be congratulated for this 
fine contribution to the technology of coal utilization. They 
have provided us with an important and workable tool for the 
study of the ash-fouling tendencies of a coal. 

As pointed out by the authors, conventional chemical and 
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fusion-point tests, as well as the less commonly used x-ray and 
petrographic methods may fail to indicate any significant differ- 
ence between a coal which will cause severe fouling, and a coal 
which may cause no difficulty. The ash-sintering test shows 
definitely where trouble may be expected. 

The one chemical test which has been distinctively linked to 
ash fouling, and which the authors also show to be directly 
related to ash-fouling tendencies as shown by the ash-sintering 
test, as well as by actual experience, is the alkali content of the 
coal. This is not an easy determination to make chemically. 
If the soluble chloride content of the coal is high, however, the 
coal may well be subject to suspicion, for we have found that a 
major part of the sodium content in severely fouling coals is 
present as sodium chloride. 

The writer was greatly interested in the authors’ statement that 
on sintering a fouling coal at 1700 or 1800 F, “‘a clear crystalline 
material drained or sweat out of the fly ash.” They postulate 
that it may be the principal agent which bonds fly ash together 
in ash deposits. The writer can corroborate this statement, 
because as early as 1950, in the petrographic examination of an 
ash “‘flag’’ from a badly fouled superheater, he found evidence of a 
clear matrix material which seemed quite definitely to be the 
bonding agent. 

The importance of regular and frequent soot blowing when 
troublesome coals are being burned is a point well taken by the 
authors. 

The effect of additives, as shown by the data of Fig. 11, is 
about what would be expected from the known chemical and 
physical properties of these materials. The behavior of calcium 


and magnesium sulphates, however, is anomalous. 
If the authors can find a method of ashing coal in the labora- 
tory to obtain characteristics similar to those obtained in boiler- 


furnace combustion we will have gained another important step 
in laboratory evaluation of solid fuels. 


CLosuRE 


In reply to Mr. Anderson’s question, the total alkali content 
of the coal (sodium and potassium expressed as Na,QO) thus far 
has been a reliable index to the occurrence of the alkali-bonded- 
type ash deposit in the superheater region. Experience with a 
hundred or more coals ranging from 0.1 to 1.2 per cent total 
alkali has shown that this type of deposit becomes difficult to 
deal with when the total alkali content of the coal exceeds 0.5 
per cent. 

Some of the West Virginia coals cause furnace-wall slagging, 
which, if not removed daily, may result in troublesome ash de- 
posits in the furnace-outlet screen and the first few rows of super- 
heater tubes. These deposits are not at all like the alkali-bonded 
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deposits of Central Illinois coal, but are semiplastic, dense masses 
that accumulate when the gas temperature is above the fusion 
temperature of the ash. Contrary to Mr. Anderson’s statements, 
the authors have found that West Virginia coals are low in total 
alkali, usually less than 0.2 per cent, and they seldom present a 
major boiler-cleaning problem if an adequate number of blowers 
are installed on the furance walls and in the convection tube 
banks. 

The alkali values reported as Na,O were determined by spectro- 
graphic methods as described in Analytical Chemistry, vol. 26, 
August, 1954, pp. 1369-1371, by C. H. Anderson and C. D. Beatty. 

The authors have not based their classification of the fouling 
tendencies of coal on chlorine content, for the reasons brought 
out by Mr. Anderson. For example, coals from Central Il- 
linois mines are invariably high in total alkali, 0.6-1.0 per cent, 
but their chlorine content may vary between 0.3 and 1.0 per cent, 
and not necessarily in accordance with their alkali values. 
Moreover, some coals are fairly high in chlorine and yet low in 
alkali. In a series of experiments, various alkali compounds, 
such as NaCl, Na,CO;, and organic sodium compounds, were 
added to a low-alkali low-chlorine coal in amounts equivalent to 
the alkali in Central Illinois coal. The fly ashes from the com- 
bustion of the dosed fuels all had approximately the same high 
strengths, even though there was more than a 10 to 1 difference in 
chlorine content in the coals. 

Cleaning coal at the mine to alter its ash characteristics has 
definite technical possibilities; as a matter of fact, experimental 
work is in progress to determine the best method for removing 
part of the alkalies from the Central Illinois coals. It remains to 
be seen whether any method can be found that will be economi- 
cally feasible. 

The authors are very much interested in Mr. Baley’s experience 
on the application of MgO additive to a dry-bottom boiler. It 
would appear that the injection of additive after wall blowing 
coats the tubes and creates a plane of weakness between the tube 
and the ash deposit which facilitates ash removal when the 
blowers are operated. If it is not necessary to weaken the en- 
tire ash deposit by continuous use of additive, then the amount 
used may be greatly reduced. This, of course, means that mate- 
rials considered too expensive in the beginning should now be 
reconsidered. 

Messrs. Bice and Homan emphasize the need for applying the 
sintering test directly to the coal ash so that its potentialities can 
be fully realized. An experimental program of this kind is under 
way and preliminary findings are encouraging. 

The authors wish to express their appreciation to the dis- 
cussers for their help in pointing out various phases of the sub- 
ject that required further explanation. 
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Combustion Calculations for Multiple Fuels 


By TIBOR BUNA,' WORCESTER, MASS. 


This paper presents a procedure for the calculation of 
the composite analysis and heat content of a plurality of 
fuels fired in combination, with special emphasis on the 
difficulties often encountered by the test and operating 
engineers in obtaining reliable fuel-flow data. The propa- 
gation of uncertainties in the basic quantities defining al- 
ternate efficiencies are discussed, and a procedure for the 
graphical representation of the CO,-O, excess-air relation- 
ship for dual fuels is developed. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


Xy = general notation for the items of ultimate 
analysis and heat content of multiple fuel, 
lb/Ib or Btu/Ib 

general notation for items of the ultimate 
analysis and heat content of component 
fuels, lb/lb or Btu/Ib 

weight fraction, lb component fuel/Ib multi- 
ple fuel 

hourly weight of fuel fired, lb/hr 


items of ultimate analysis of fuel: carbon, 
sulphur, hydrogen, oxygen, nitrogen, ash, 
moisture in liquid form, and moisture in 
vapor form, respectively, lb/lb 

R hourly weight of refuse, lb/hr 

G hourly weight of dry flue gases, lb/hr 

A hourly weight of air supplied, lb/hr 

K parameter defined by Equation [10], dimen- 


c, 8, h, o 
n,a,myz,m, 


sionless 
%COs, %CO, 
%Or, %Ne 


items of the volumetric analysis of dry flue 
gases as determined by orsat (SO, shown 
as CO,), per cent by volume 
Z parameter defined by Equation [13], dimen- 
sionless 
heat flow, Btu/hr; without subscript, heat 
absorbed by steam and water 
high heat value (chemical heat) Btu/lb 
sensible heat, Btu/ib (dry) 
enthalpy of vapor at exit-gas temperature. 
Subscript LF, above enthalpy in liquid at 
fuel temperature; subscript vF, above 
enthalpy of vapor at fuel temperature; 
subscript LA, above enthalpy of liquid at 
air temperature; subscript vA, above en- 
thalpy of vapor at air temperature, Btu/Ib 
m, = moisture content of air, lb/lb dry air 
J = input, Btu/Ib as-fired fuel 
L = heat loss, Btu/lb as-fired fuel 
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apparent heat loss of component fuel, calcu- 
lated from flue-gas analysis and flue-gas 
temperature of multiple fuel, and analysis 
and heat content of component fuel under 
consideration, Btu/Ib 

efficiency of steam generator, dimensionless 

apparent efficiency of component fuel, de- 
fined by Equation [16], dimensionless 


= uncertainty intervals—based on odds—in 
the efficiency, output, input, apparent heat 
loss, and hourly fuel weight (for a detailed 
discussion of uncertainty intervals see 
reference 9) 
gas volume at standard cu ft referred to 1 lb 
of fuel fired, cu ft/lb 
parameter defined by Equations [23] and 
[25], dimensionless 
Subscripts 
multiple fuel 
component fuels, in successive order, in summation 
number of component fuels in multiple fuel 
component fuel under consideration 
refuse 
dry flue gases 
air 
burned—as referred to carbon burned in fuel 
unburned—as referred to unburned carbon in refuse 
combustibles in dry flue gases 
combustibles in refuse 
radiation and convection to surroundings 
output-input method (efficiency determination) 
input-loss method (efficiency determination) 
output-loss method (efficiency determination) 
dual fuel 
carbon dioxide 
nitrogen 
excess air 
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INTRODUCTION 

This paper discusses analytical and graphical relations pertain- 
ing to the calculation of performance tests of steam-generating 
units burning a plurality of fuels simultaneously. 

While simultaneous firing has received increasing attention 
during the past two decades (1, 2)* very little has been published 
on procedures for testing and reporting steam-generator per- 
formance specifically applicable to such fuels. The ASME Power 
Test Codes mention combination firing only in passing (3) and 
the author is unaware of any other publication either in the field 
or combustion calculations or boiler testing that considers the 
problem in detail. 

Briefly stated, from the point of view of test calculations, the 
essential difference between single and multiple fuels is the de- 
pendence of the analysis and heat content of the latter on an 
operating variable. While the characteristics of single fuels are, 
in general, completely determined by the source—and eventually 
by special handling prior to firing, such as drying or ‘“‘tempering’’— 
the analysis and heat content of a multiple fuel may vary widely 


2? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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with the proportions of the firing rates—or weight fractions—of 
the component fuels. 

This dependence on an operating variable affects the analytical 
handling of test data in two ways: (a) It requires additional cal- 
culations for the determination of the fuel analysis and heating 
value, which in this case cannot be obtained directly by laboratory 
procedures. (b) It introduces additional uncertainties into the 
efficiency calculations by the necessary use of test data for the 
determination of the fuel analysis and heat content. 

The first section of the paper discusses analytical relations per- 
taining to the determination of the analysis and heat content of 
the multiple fuel. The second section is intended to give a general 
idea of the obtainable accuracy with the various alternate 
methods of efficiency calculation. The third section is devoted to 
the development and discussion of graphical representations relat- 
ing component fuel analyses and flue-gas analysis to excess air and 
weight fraction in the case of dual fuels. 

Throughout the discussion emphasis will be placed on practical 
limitations of commercial boiler testing. The familiarity of the 
reader with performance test-calculation procedures for single 
fuels will be assumed. 

ANALYSIS AND Heat Conrent oF THE 
Ultimate Analysis and Heat Content 

Since to any number of fuels fired simultaneously there corre- 
sponds only one measurable analysis and temperature of the flue 
gases leaving the unit, performance items, such as the weight of 
air supplied per unit weight of fuel fired, excess air, heat losses, 
and efficiency, cannot be determined with reference to each com- 
ponent fuel individually but must be calculated and reported on 
the basis of a composite-fuel analysis and heat content as a 
reference datum. In the general case of n component fuels, this 
composite analysis (and heat content) may be determined by 
weighted averaging according to 


where X 4, denotes any one item of the ultimate analysis or heat 
content of the multiple fuel, x; represents the same item of the 
ultimate analysis or heat content of the ith component fuel, f; is 
the ratio of the hourly weight of the ith component fuel to the 
total weight of fuel fired, and the summation is extended over all 
component fuels, 

It is noted that Equation [1] is valid only if all component fuels 
are expressed in terms of the same elemental constituents. Most 
commercial fuels consist of not more than the following eight ele- 
mental constituents: Carbon, sulphur, oxygen, hydrogen, nitro- 
gen, ash, moisture in liquid form, and moisture in vapor form. 
Conversion data for the determination of the ultimate analysis of 
gaseous fuels from the volumetric may be obtained from the 
‘Table of Constants for Gases and Vapors’’ of reference (4). 

It is further noted that in Equation [1] each component fuel is 
represented by two parameters; namely, a fuel characteristic z; 
obtainable by the usual laboratory procedures of fuel analysis and 
heat-content determination, and an operating variable f; which 
may be determined from test data—either directly from fuel 
flows, or indirect!y from material—and/or enthalpy-balance con- 
siderations. 

The Determination of Weight Fractions 


Direct Method. As just noted, the weight fractions may be 
calculated directly from fuel-flow measurements according to 


W, W, 
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where W denotes fuel flows in lb/hr, subscript k refers to the com- 
ponent fuel under consideration, M to the multiple fuel, andi = 
1,2,...k,...n—the summation being extended to all com- 
ponent fuels, 

Obviously 


The use of Equation [2] for weight-fraction determination is 
limited to cases where all component-fuel flows can be deter- 
mined with sufficient accuracy to insure the reliability of the re- 
sults. Very often this requirement cannot be met, however, 
either because of complete lack of fuel-flow measurements, or be- 
cause of the high uncertainties frequently associated with such 
measurements, especially in the case of solid-type fuels. To 
remedy this situation, in the following, two equations will be de- 
veloped for the indirect determination of the weight fractions from 
material-balance and enthalpy-balance considerations. It will be 
assumed: 


(a) All carbon burned reappears in flue gases either as CO» or 
as CO. 

(6) All sulphur burns into SO.. 

(c) All hydrogen burns into H,0. 

(d) The combustibles in refuse are substantially carbon. 

(e) The average carbon content of refuse particles from all 
component fuels containing ash is substantially the same. 


Assumptions (a) to (d) are generally accepted as correct for 
boiler-test calculations. Assumption (e) is necessary since there 
is no practical way of determining the refuse analyses of individual 
component fuels, It is believed that, with the exception of cases 
where the ash content of more than one component fuel is ap- 
preciably high, the error introduced in the calculations by this 
assumption is insignificant. 

The Material-Balance Equation. Material-balance relations of 
the gas side of the steam generator which form the basis of cur- 
rently accepted procedures for the determination of excess air— 
or what is synonymous, fuel-to-air ratio—also can be used for the 
calculation of fuel-to-fuel ratios, or weight- fractions. For this 
purpose the elemental material-balance equations of the gas side 
will be considered. 

Theoretically, there are as many elemental material-balance 
equations as there are elemental constituents in the analysis of the 
multiple fuel. Their useful number is limited, however, to the 
number of constituent elements that can be determined inde- 
pendently by analysis of both the entering and leaving fluids, 
without prohibitive cost. For 1 lb of multiple fuel the following 
five material-balance equations will apply 


Ash 


Carbon 


Sulphur 


Nitrogen 


n 
i=l 
and 
n 
i-1 
ll 
» 
An n 
t=1 
@ Gag + Reg... 
e 
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Oxygen 
Ou + Ao, = Gog + 7.93T7h 


The last term in Equation [8] represents the oxygen used for the 
combustion of hydrogen in the multiple fuel. 

Owing to practical limitations the hourly weights of dry flue 
gases G, refuse R, and air supplied A usually cannot be deter- 
mined from direct flow measurements, hence must be solved for. 
A fourth unknown in the elemental material-balance equations is 
obviously the sulphur content of the flue gases, since the sulphur 
dioxide is shown as carbon dioxide in the orsat apparatus. These 
limitations reduce Equations [4] to [8] to a single material- 
balance equation that may be used for the determination of 
weight fractions. This equation is obtained by eliminating G, 
R, A, and sg from Equations [4] to [8], substituting n, = 0.768 
and eo, = 0.232—the assumed nitrogen and oxygen content 
of air— using values from reference (4) to convert the ultimate 
analysis of flue gases into volumetric analysis as given by the 
orsat apparatus (SO, shown as CO). The detailed analysis gives 


K (ey + 0.3698) + 03, — 7.937hy — 0.302ny 
—-0.014sy = 0... .[9] 


where 


100 — 4.78%CO2 — 2.88% C00 — 4.76%0: 
1.42%COz + 1.41%CO 


and cy represents that portion of the total carbon in the multiple 
fuel which is burned to CQ, or CO, and may be calculated from 
the carbon and ash content of the fuel and average refuse analysis 
according to 


K ... [10] 


Substituting values of the multiple-fuel analysis as calculated 
from Equation [1] into Equation [9] gives 


or, multiplied by Wy, 


where Z stands for the expression on the left-hand side of Equa- 
tion [9] as evaluated for each component fuel separately. For 
the kth component fuel 


Z, = K(cu + 0.3698,) + 0, — 7.937h, — 0.302n, 
— 0.0148,. . . [13] 


with K calculated from Equation [10] and 


Equation [12] will be referred to as the ‘“‘material-balance equa- 
tion.’’ 

The Enthalpy-Balance Equation. The enthalpy-balance equa- 
tion of a steam generator states that the sum of the chemical, 
latent, and sensible heats in the fuel and air entering the unit is 
equal to the sum of the heat absorbed by the steam and water, 
heat lost by radiation and convection to the surroundings, and the 
chemical, latent, and sensible heat in flue gases and refuse leaving 
the unit. Selecting the prevailing ambient-air temperature as a 


1239 


reference datum for the enthalpies of the gas side (in conformity 
with accepted standards regarding steam generators with com- 
»ustion chamber) for 1 lb of multiple fuel it may be written in the 
form 


= Hy + (1 — mim — — — meu 
M 


— 8.937hyAgua —Am,Aqva — Gag — Rag — Hoo 


Wu 


— Hew [15] 


Some approximation is introduced in Equation [15] by not con- 
sidering the differences in the conditions of combustion in the 
calorimeter and steam-generator furnace (5), and by computing 
the hydrogen loss—item 8.937h A qua—above the air temperature 
instead of the temperature of the fuel-air mixture. From a 
practical standpoint these differences may be regarded as in- 
significant. 

The left-hand side of Equation [15] is usually termed as the 
output of the steam generator per unit weight of fuel fired, while 
the items on the right-hand side are, somewhat arbitrarily, 
divided into two groups termed as input and losses, respectively, so 
that Equation [15] becomes 


Output = input — losses 


The input may be defined as part or all of the total heat content 
of the fuel,* always including the heating value, and sometimes 
the sensible and/or latent heat in fuel, depending on the agreed 
definition of efficiency. The losses inelude all remaining items on 
the right-hand side of Equation [15]. From the point of view 
of this discussion it is immaterial how the input is specified pro- 
vided that all items in Equation [15] are accounted for in the heat 
balance.‘ 

An inspection of Equation [15] indicates that, within practical 
limits of accuracy, the right-hand side of this equation is linear in 
the items of ultimate analysis and heating value of the multiple 
fuel. For the first five items in the summation this is self- 
evident. The linearity of the items containing A (weight of air 
supplied per pound of fuel), and @ (weight of dry flue gases per 
pound of fuel) follows from Equations [5], [7], and [8]. The 
linearity of R (weight of refuse per pound of multiple fuel) in the 
ash content of the multiple fuel is evident from Equation [4]. 
The heat in unburned combustibles in flue gases, with assump- 
tions (a) to (d), reduces to the heat in carbon monoxide and is 
proportional to the product of the carbon burned into CO—an 
item determinable from the flue-gas analysis—and the weight of 
carbon burned. The chemical heat in refuse is the product of the 
unburned carbon in fuel and its heating value, and for given refuse 
analysis is proportional to the ash content of the fuel. Finally, 
the heat lost to the surroundings may be approximated by the 
ABMA Standard Radiation Loss Chart (6) which gives the radia- 
tion loss directly in per cent of input and as a function of furnace- 
wall construction and rating only. For all practical purpeses it 
may be assumed proportional to the heating value of the fuel. 


’The ASME Test Codes define the input as the high heating 
value of the as-fired fuel. (7) 

4 While the sensible heat in refuse may be neglected in most cases, 
the error resulting from neglecting the sensible heat in dry fuel—item 
(1 — mim — mym)qm in Equation [15]}—in the heat-balance calcula- 
tions may be significant in case of high-temperature fuels, and may 
range from 0.25 per cent efficiency for the average fuel oil to 1.0 to 
2.0 per cent efficiency for the average blast-furnace gas, for each 100 
deg F difference between air and fuel temperatures. This item must 
be either added to the heat value or subtracted from the heat losses, 
depending on the agreed definition of input. 


| 

t=1 
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From the linearity of Equation [15] in the items of fuel analysis 
and heating value, and Equation [1], it follows that Equation 
[15a] may be expressed in the form 

n 


— Be) 


t=1 


[156] 


Q 

Ww =Iy—Ly = 
where LZ, denotes the “apparent heat losses’ of the component 
fuels. The apparent heat losses should be determined individually 
for each component fuel from the analysis and heat content of the 
component fuel under consideration, and the analysis and tem- 
perature of the flue gases of the multiple fuel, as though the 
component fuel under consideration would have been fired alone 
and not in combination with other fuels. Obviously, the ap- 
parent heat losses—and the corresponding apparent efficiencies— 
of the component fuels are only computational tools and not a 
measure of performance. 

Substituting efficiencies for losses, Equation [155] becomes 


n 
Wu = Mul y = 


t=1 

where 4, denotes the ‘‘apparent efficiencies’’ of the component 
fuels. For the kth component fuel the apparent efficiency is de- 
fined by 


Multiplying Equation [15d] by Wy 


> = Q 


+=1 


Equation [15d] will be referred to as the “enthalpy-balance 
equation.’’ Its use for weight-fraction determination is limited 
to cases where at least one component fuel weight is known. 

Discussion. From the foregoing it is apparent that, within 
practical limits of current test procedures, there is a total of four 
equations that can be used in connection with the determination 
of weight fractions: Equations [2], [3], [12], and [15d], while 
there are only two equations that can be used for the indirect de- 
termination of component-fuel flows, Equations [12a] and [15e]. 
Hence, if the weight flows of more than two component fuels are 
unknown, the calculations are indeterminate. 

In the general case of n fuels fired simultaneously, with n — 2 fuel 
weight-flows determined by direct measurements and two un- 
metered fuels, it is usually convenient first to apply the direct 
averaging procedure (Equation [1]) to the n — 2 metered fuels re- 
ducing them to a single fuel with known analysis, heat content, 
and weight flow. This composite fuel, together with the remain- 
ing two unmetered fuels, may be handled, then, as a three-fuel 
problem with two unknown fuel weights, amenable to calculation 
by the indirect method (Equations [3], [12], and [15d]). 

Although in some cases the simultaneous firing of four or more 
fuels has been contemplated, the majority of multiple-fuel-fired 
units only burn two fuels in combination. The numerical example 
to follow will illustrate the use of Equations [1], [2], [3], [12], 
and [15d], in alternate combinations, for the determination of the 
weight fractions and the calculation of the ultimate analysis, heat 
content, and efficiency of the steam generator, in the case of dual 
fuels. 
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Example 


Component Fuels. Bark (denoted by index 1) and natural gas 
(denoted by index 2). 


Ultimate analyses Bark Natural gas Flue-gas analysis (orsat), 
Per cent 


%Ns..... 81.8 (by diff.) 


Heating value 


(Btu/lb as fired): 4750 23055 


Fuel temperature: Assumed same as ambient air temperature 
71F 


Refuse analyses and distribution: 


Sample collected from Per cent of total Laboratory analyses, 

per cent 
Carbon 
11.66 


Ash 
88.34 


Boiler hopper 
Air-heater hopper 
Dust-collector hopper 
To stack 


Average carbon in refuse: 


ce = 0.85 X 0.1166 + 0.15 X 0.20 = 0.1291 lb/lb refuse 


Average ash in refuse: 
apg = 0.85 X 0.8834 + 0.15 X 0.80 = 0.8709 lb/lb refuse 


Heat absorbed by steam and water: Q = 290,519,400 Btu/hr 
Temperature of gases leaving unit: 327 F 
Fuel weights: Bark, W; = 44,318 lb/hr; natural gas, W, = 7214 

lb/hr 

(a) Calculation of weight-fractions of component fuels; direct 
method 

Wi 44,318 
W, 44318 + 7214 


fe = 1—fi = 0.14 


(b) Alternate method using the material-balance equation: 
Carbon burned per pound of bark 


Co = 0.267 — 0. 
aR 


[14] 


Carbon burned per pound of natural gas 
Ce = C2 = 0.7327 lb/lb natural gas (no ash content) 
Further 


100 — 4.78%CO: — 2.88%CO — 4.76%0: 
1.42%CO; + 1.41%CO 


K 


100 — 4.78 X 10.2 — 4.76 X 8.0 e 
1.42 X 10.2 


| 
Carbon.......... 0.267 0.7327 %COs.... 10.2 
Hydrogen........ 0.033 0.2402 
i, Oxygen.......... 0.228 0.0055 %Os..... 8.0 

Nitrogen......... 0.0216 
Moisture......... 0.470 
1.000 1.0000 : 
: 
. ash pit 
ee Substituting f,/W, from Equation [2] into [15c} 
n 

f 

: 

0.1291 
70: 
= 0.2667 Ib/lb of bark..... 
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Z; = K (ew 0.369s8,) + 7.937h; — 0.302n,; — 0.0148; 
= 0.9089 X 0.2667 + 0.2280 — 7.937 x 0.033 = 0.2085 


2Z: = K (ey2 + 0.36982) + 7.937he 0.302n2 0.01482 
= 0.9089 X 0.7327 + 0.0055 — 0.302 X 0.0216 
— 7.937 X 0.2402 = —1.3002.... [13] 


Heating value 
Hy = 0.86 X 4750 + 0.14 X 23,055 = 7312.7 


The material-balance equation 
Zhi + Zefo = 0 = 0.2085 X f; — 1.3002 X fe... . [12] 


Unburned carbon in refuse 
Cum = 0.86 X 0.00034 + 0.14 x 0.00 > 0.0003 


Substituting 
Using this analysis and the same procedure as for the foregoing 


apparent losses the following ‘‘true’’ heat losses have been ob- 
tained 


and solving for f, 
22 


—1.3002 0.86 (checks with Loss due to: 


the moisture-in-air loss included), the following apparent losses 
have been calculated from the flue-gas analysis and temperature 
corresponding to the burning of the dual fuel, and the analyses of 
the component fuels; in Btu/lb of fuel: 


Apparent loss due to Bark Natural gas 
Moisture in fuel.............. 548.24 0.00 
Comb. of hydrogen........... 346.43 2521.65 
Moisture in air............... 10.06 30.49 
Carbon monoxide............. 0.00 0.00 
Carbon in refuse.............. 4.38 0.00 
Radiation (ABMA Chart)..... 23.75 115.00 
Total apparent loss = 1333.82 = 3768.14 
The apparent efficiencies 
4750 — 1333.8 
ih = = 0.7192 
and 
23,055 — 3768.1 
n = => 0.8366 
ls 23,055 


Using the weight of natural gas as a basis, the enthalpy-balance 
equation may be written in the form 


or 


290,519,400 
7214 


fe = fi K 4750 X 0.7192 + fe X 23,055 


X 0.8366... . 


Substituting f, = 1 — f, and solving for f, 
hi = 0.86 


(d) Analysis of dual fuel: 
Using Equation [1] 


f= —13002 — 0.2085 ~ direct method) Btu/Ib 
Moisture in fuel... 471.48 

(c) Alternate method, using the enthalpy-balance equation: Comb. of hydrogen.............. 650. 88 
Efficiencies: In th the t t fuels 12.90 

Apparent ciencies: in the case of t xe two component fue Terre 498 .89 
under consideration the input equals the high heating value of the Carbon in refuse................. 4.38 
fuels (fuel temperature equals ambient-air temperature) regard- Radiation (ABMA).............. 36.56 
less of definition. Using the ASME Short Form procedure (with a = 1675.09 


which gives a true efficiency of the steam generator of 


Checked by Equation [15c] 
fility + Sel 
0.86 X 4750 X 0.7192 + 0.14 XK 23,055 x 0.8366 
7312.7 
= 0.7710 


CRITERIA 


The reporting of uncertainties or limits or probable error in the 
results of boiler tests has not been customary. Usually the in- 
struments to be used and their calibration are agreed upon only, 
and the results as calculated from the data obtained with these in- 
struments are accepted as the measure of performance. 

In the following it will be attempted to give a general picture 
of the propagation of the uncertainties in the test measurements 
into the results of the efficiency calculations primarily as a rational 
method of selecting among alternate methods of calculation (8) 
and of comparing the reliability of single and multiple-fuel tests. 

In the general case of n-component fuels the efficiency of a 
steam generator may be calculated by using either of the follow- 
ing three methods: 


Output-input method 
output (17) 
input Waly Wid, 


Input-loss method 


input — losses 


input 
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Carbon: ew = 0.86 X 0.2670 + 0.14 X 0.7327 = 0.3323 
Hydrogen: hu = 0.86 X 0.0330 + 0.14 X 0.2402 = 0.0620 
Oxygen: om = 0.86 X 0.2280 + 0.14 X 0.0055 = 0.1969 
Nitrogen: nu = 0.86 X 0.00 + 0.14 X 0.0216 = 0.0030 
Ash: ay = 0.86 X 0.0020 + 0.14 X 0.00 = 0.0016 
| 
= . 
15) 
7 
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Output-loss method 


output Q 


output + losses Q 


The three alternate efficiencies nor, 911, Nor, and the four basic 
quantities Q, J, L, and W, which in alternate combinations de- 
fine these efficiencies, represent measured values as determined 
from test data and generally differ from their true values as a re- 
sult of measurement errors. Following references (9) and (10), 
the uncertainties in these quantities may be described by attaching 
to the measured values the uncertainty intervals +Anoi, +Ann, 
+Anot, for the efficiencies, and +AQ, +AJ, +AL, and +AW, 
for the basic quantities, expressing the test engineer’s belief 
(based on certain odds) that the true values will fall within these 
intervals. 

The intervals AQ, AJ, AL, and AW, may be deduced either 
from the uncertainty intervals of the directly measured quantities, 
such as pressures, temperatures, flows, and so on, or may be esti- 
mated on the basis of experience. In either case they incorporate 
the uncertainties in all measurements necessary for the determina- 
tion of efficiencies. The intervals Ano1, Ani, and Ano, may be 
regarded as a measure of the reliability of the various efficiency de- 
terminations, both as to measurement accuracy and calculation 
methods. They may be obtained from the following relations 
derived by applying the “‘second-power equation”’ of reference (9) 


to Equations [17], [18}, and [19] 
LG) 


Discussion. A comparison of the relative magnitude of the 
multiplying factors nor, (1 — mr), and nor(1 — nor) ahead of 
the root signs in Equations [20], [21], and [22], respectively, indi- 
cate that, for given test data, Ani and Ano may be expected to 
be generally much smaller than Anor, hence the input-loss and out- 
put-loss method is more reliable than the output-input method of 
efficiency determination. An inspection of the expressions under 
the root signs in the same equations indicates that, in the case of 
multiple fuels, the inaccuracies in fuel-flow measurements affect 
all three alternate efficiencies, the input-loss method being 
affected very little, however, since the factor 


m 

— 

in Equation [18] is usually much smaller than 1. For single fuels 
7; = nu since there is only one ‘component fuel,’’ and the input- 
loss efficiency in this case is independent of fuel-flow measure- 


ments, as also evident from Equation [18] in which W; becomes a 
common divisor in this case and may be canceled, 


An. = (1 — mu) ( 
(3 
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It may be noted further that the relative uncertainty interval 
AQ/Q of the output measurement, usually a significant source of 
error, affects both the output-input and output-loss methods, but 
is not contained in Equation [18], claiming additional credits to 
the input-loss method of efficiency determination. The use of the 
output-loss method as an indirect procedure instead of the input- 
loss method is, therefore, seldom justified and has not been 
customary. 

It should be pointed out that Equations [17], [18], and [19] 
provide alternate methods for calculating efficiency only if none 
of the four basic quantities—fuel weights, input, output, and 
losses—have been determined by the enthalpy-balance equation. 
The use of this equation is synonymous with the assumption that 
the three alternatives should give the same result, and reduces 
Equations [17] to [19] to a single expression containing all four 
of the basic variables. A study similar to that described in this 
section indicates, however, that the obtainable accuracy when 
using this expression for efficiency determination is comparable to 
that of the input-loss method. If the material-balance equation 
is used for weight-fraction determination the three alternate 
methods still apply, provided that at least one component-fuel 
weight is known. In the case of dual fueis the efficiency may be 
determined without fuel-flow measurements. In this case the 
calculations are limited to the input-loss method, however. 

Example. As an illustration, let the relative uncertainty inter- 
vals, based on odds 20 to 1, of the four basic quantities in the case 
of the numerical example given at the end of the previous section 
be estimated on the basis of the test conditions as follows: 

AQ 
Q = + 0.012 (corresponding to a relative uncertainty interval 
in the steam flow meter of approximately + 1.2 

per cent if the effect of temperature and pres- 
sure-measurement errors, ete., on enthalpies are 

neglected) 


Al 
a = +0.003 (+0.3 per cent relative uncer- 
2 

tainty interval in heating-value determinations) 


W. 
- = +0.01 (assuming relative interval for 


solid fuel weights = 5 times that for gaseous fuel) 


AE 

ad = +0.029 (corresponding to limits of ap- 
2 

proximately +20 deg F in flue-gas temperature; 


+1 per cent CO: and +1 per cent O2) 


Using Equations [20], [21], and [22] the following intervals 
have been calculated for the three alternate efficiencies 


Anor = +0.024; Ann = +0.005; Anot = +0.0075 


indicating that, on the basis of the estimated uncertainty intervals 
in the output, input, losses, and fuel weights the odds are 20 to 1 
that the true efficiency lies within +2.4 per cent of the value 
calculated by the output-input method; +0.5 per cent of that 
obtained by the input-loss method; and +0.75 per cent of the 
efficiency computed by the output-loss method. 


GRAPHICAL COMBUSTION ANALYSIS 


From the discussion in the first section of the paper it is ap- 
parent that two is the maximum number of component-fuel 
weights that can be determined independently of any flow meas- 
urements. This automatically implies that a graphical combus- 
tion analysis with weight fractions as parameters, and based on 


: 
Q+ > WL; | 
....[20] 
i Al _ £0,003; 
AW A 
| 
= nor (1 — nor) 
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TABLE 1 


Chart wo. Fig. 1 


Component Fuels Bark Hat. Gas 
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ANALYSES AND CHARACTERISTICS OF FUELS USED FOR FIGS. 1 TO 7 


Fig. 2 Fig. 3 


Nat. Gas. Fluid Coke 


. 
3 


a8 


Ww 


* Subscript 1 denotes the compoment fuel having the emmller theoretical co, volume 


the items of flue-gas analysis as arguments alone, is inherently 
limited to a maximum of two fuels fired simultaneously. 

The charts to be described are an extension of the Ostwald 
diagram to show the %CO, versus %O, versus %excess air versus 
weight-fractions-relationship for dual fuels. To avoid unneces- 
sary complications in the construction and use of the charts, the 
%CO has been excluded as a variable by assuming complete com- 
bustion. Inasmuch as the presence of carbon monoxide in the 
flue gases of modern steam generators is unacceptable, this as- 
sumption will not affect the practicality of the diagrams. 

To assure simplicity in construction, all parameters depending 
on fuel analyses have been expressed as straight-line functions; 
all other curves on the diagram—or used for its construction— 
represent relationships of dimensionless parameters and gre repro- 
ducible as part of a standard form that can be used for any fuel. 

Fundamental Relations. The charts are based on the following 
relations valid for complete combustion: 


1 The %CO, versus %0; relationship for any given fuel analy- 
sis is a straight-line function. 

2 The straight lines representing relation 1 all go through the 
same point, denoted by Q on Figs. 3 to 7, corresponding to 
0%CO, and 20.9%0.—the oxygen content of air—irrespective of 
fuel analysis. 

3 For any given fuel analysis the reciprocal of %CO: is a 
straight-line function of the per cent excess air. 

4 The straight lines representing relation 3 for all fuels not 
containing nitrogen (or, practically, if the nitrogen in fuel is 
negligible as compared to the nitrogen in flue gases) go through 
the same point, denoted by P on Figs. 3 to 7, corresponding to 
1/%CO:z = 0.01 and %excesss air = 79.0. The straight lines 
representing relation 3 for component fuels from which at least 
one has appreciable nitrogen content as compared to nitrogen in 
flue gases will intersect at a point whose co-ordinates differ from 
P, and depend on the nitrogen content of the fuels. 
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Analysi 
pa 0.267 0.6976 0.283 0.7588 0.848 
. Sulphur 0.0 0.0100 0.0 0.0 0.0TT 
Rydrogen 0-033 0.045% 0.033 0.2311 0.017 
Oxygen 0.0755 0.221 0.0 0.042 
Hitrogen 0.0 0.0125 0.0 0.0101 0.008 
Ash 0.002 0.1060 0.00% 0.0 0.008 . 
Moisture 0.470 0.0530 0.459 0.0 0.0 
c + 0.369 0.267 0.7013 0.283 0.7588 0.876 
Mex . 100, 20.16 18.66 20.08 12.18 20.24 
at O-E.A. 0.0896 0.0498 0.0821 0.049% 
1/4005 at LOOKE.A; 0.0997 0.1003 «0.1734 0.0yse 
+ 0.369 8) * 
c2 + 0.369 a5 
Chart No. Fig. 4 Fig. 5 Fig. 6 
Fig. 7 
Component Fuels Nat. Gas B.F.Gas Coal B.F.Geas Fuel Oil Bark 
Analysia 
Carbon 0.7063 0.1182 
Sulphur 0.0182 0.0 
0.0459 
Oxygen 0.0660 
Nitrogen 0.012% 
Ash 0.1082 
Moisture 0.0430 
+ 0.398 0.7130 
18.59 
1 0 0.0538 
om = 
fp + 0.369 B> 
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% C2 
203 
4 6 8 © 2 @ 6 8B 2 


NOTE : NUMBERS ON CURVES 
INDICATE ‘% 8.F. GAS BY WEIGHT 
IN AS FIRED DUAL FUEL 


Fie. 5 Comspustion Caart ror Bituminous 
Coat anp Biast-Furnace Gas 


T 


0.08 


0.04 0.06 


Fie. 6 ComsBusTion ror anp 


Bark 


5 The straight lines representing relation 3 for given com- 
ponent fuels and their combinations intersect the straight lines 
representing constant excess air in proportions depending only on 
the ratio of the theoretical volumes of CO, (including SO.) and 
the weight fractions of the component fuels, according to the 
following equation 


1 1 
(45), 1 


( i i ) fi (Vooa)s 
%COr), 


1 
(Vooz)s 

where (1/%CO,) denotes the reciprocals of %CO, at some given 
constant excess air, and subscripts 1, 2, and DF refer to the two 
component fuels and the dual fuel, respectively. The ratio of 
the theoretical CO, volumes may be calculated from 

C1 0.3698, 

Ce + 0.36982 


= Y.., [23] 


(Vcos)2 


NOTE: NUMBERS ON CURVES 
INDICATE % BARK BY WEIGHT 
IN AS FIRED DUAL FUEL 


EXCESS AIR 


Substituting f, = 1 — f, and with Equation [24], Equation 
becomes 
1 
fi + 0.3698, 
1 — fi + 0.3698: 
where Y is defined by the right-hand side of Equation [25] and is 


a function of two dimensionless parameters /; and the CO; volume 
ratio 


. [25] 


+ 0.3698, 
+ 0.3698, 

Relations 1 and 2 are well known from the Ostwald diagram. 
Relation 3 follows from the definition of %CO,. For given fuel 
analysis 

100V coz 


CO, = 
Voor + Vue + Vea 
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Inasmuch as for any given fuel analysis Vcoe 
and Vyz are constants (complete combustion as- 
sumed) the reciprocal of Equation [26] is linear 
in Vea, hence in %excess air. 

Relation 4 is based on the fact that with no 
nitrogen in fuel the %excess air may be ex- 
pressed as a function of the theoretical nitrogen 
in the flue gases by the relation 
100V ea 
%excess air = 1266Vx, 
where 1.266Vxe represent the volume of the 
theoretical air required for combustion. Solving 
Equation [27] for Vea and substituting into 
Equation [26] gives %CO. = 100 for %excess 
air —79, irrespective of fuel analysis, 

Relation 5 may be proved by substituting 
1/%CO, values as determined from Equation 
[26] for the two component fuels and the dual 
fuel of given weight fractions, and carrying out 
the possible simplifications. 

Description. To make use of the foregoing 
geometrical relations the suggested representa- 
tion consists of two series of straight-line graphs, 
an Ostwald diagram (%CO excluded) showing 
the %CO, versus %O, relationship for various 
selected weight fractions of the component fuels, 
and a second group of straight lines showing the 
1/%COyz versus %excess air relationship for the 
same weight fractions, Figs. 1 to 6. The two 
sets of straight-line functions are correlated by 
a reference curve, constructed by plotting the 
%COrx values against their own reciprocals, using 
the %COy, seale of the Ostwald diagram and the 
1/%COz seale of the second family of straight 
lines. Examples of such diagrams are shown in 
Figs. 1 to 6 for combinations of natural gas, 
bark, bituminous coal, fluidized coke, blast-fur- 
nace gas, and fuel oil. Analyses and charac- 
teristics pertinent to the construction of these 
charts are given in Table 1. 

In Figs. 1 and 2 only the working portions of 
the diagrams are shown, while in Figs. 3 to 6 
points Q and P also are indicated to show more 
clearly the characteristics of the various fuel 
combinations. It will be noted that with the exception of blast- 
furnace gas all fuels considered have negligible nitrogen content 
as compared to the nitrogen in the theoretical products of com- 
bustion, and their 1/%CO, versus %excess air lines contain 
point P. 

The dashed lines in Figs. 1 to 6 indicate the use of the charts for 
the determination of excess air and weight fractions from the 
flue-gas analysis. The intersection of the vertical representing 
the %Oy in the orsat analysis with the horizontal denoting the 
%CO, determines the weight fractions of the two component fuels 
in the dual fuel. Extend the horizontal corresponding to the 
%COz reading to the right until it intersects the reference curve 
denoted %CQO, versus 1/%CO2, then vertically down to the 
1/%COz versus %excess air line corresponding to the weight 
fraction just determined from the CO: and O, readings. A hori- 
zontal from this point to the right will indicate the per cent excess 
air used. 

Construction. The details of the construction of the charts is 
illustrated in Fig. 7, in which a family of curves representing Equa- 
tion [25] also is included. This family of curves may be con- 
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structed by plotting the ratio 
0.3698, 


against the values of Y, with constant weight fractions f, as 
parameters. Subscript 1 denotes the component fuel having the 
smaller theoretical CO, volume so that 


(ce: + 0.3698,) < (cz + 0.36989) 


Values of the Y-function with f; and CO, volume ratios as parame- 
ters are given in Table 2, from which the diagram in the upper 
portion of Fig. 7 may be plotted readily. 

In virtue of relation 5, the horizontal GHIJK corresponding to 
the CO,;-volume ratio of the two component fuels under con- 
sideration will be intersected by the f; = constant lines in the 
same proportions as any constant excess-air line, such as ALM- 
NB—corresponding to 100 per cent excess air—is intersected by 
the corresponding f; = constant lines of the 1/%CO,. versus 
%excess air relationship. 

The reference curve %CO, versus 1/%CO, and the family of 
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TABLE 2 VALUES OF THE FUNCTION 


1 
Y= a + 0.3000 
1 — fi cs + 0.36983 


+ 0.369 
&2 0.369 


0.90 0.80 0.70 0.60 0.50 0.40 0.35 0.30 0.25 0.20 0.15 0.10 0.05 0.085 


0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 


0.081 0.116 0.149 0.17% 0.208 0.260 0.345 0.513 0.678 
0.156 0. 0.217 0.241 0.270 0.357 0 0.690 
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curves representing the Y-function are independentof fuel analyses where c, s, h, 0, and n denote the items of fuel analysis for the 
and may be reproduced—together with suitably selected scales— component fuel considered, and subscripts O%EA and 100%EA 
as part of a standard form, that can be used for any dualfuel. If refer to 0 and 100 per cent excess air, respectively. These equa- 
such a standard form is available, and neither component fuel has _ tions have been derived from Equation [26] and densities of gases 
appreciable nitrogen, the diagram is completely determined by from reference (4). 
only three calculated points; the points denoting the repicrocals Example. Using the analyses of blast-furnace gas and natural 
of %CO; at —say—100 per cent excess air for the two component gas from Table 1, Equation [29] gives 1/%CO, values of 0.1779 
fuels (points A and B in Fig. 7) and one additional point deter- for natural gas and 0.0552 for blast-furnace gas at 100 per cent 
mining the horizontal corresponding to the ratios of the theoretical excess air. Plotting these values in Fig. 7, point A and B are 
CO, volumes in the Y-diagram, (point Gin Fig. 7). If one ofthe obtained. 
component fuels has appreciable nitrogen content, one additional Equation [28] gives 1/%CO, at 0 per cent excess air = 0.0378 
calculated point is needed to draw in the 1/%CO, versus % excess for blast-furnace gas, determining point C on the diagram. 
air line for that fuel—the reciprocal of %CO, at 0 per cent excess Connecting A with P, and B with C, the (1/%CO:) versus % 
air is suggested (point C in the diagram, Fig. 7). If both fuels excess air relationship for the two component fuels is established. 
have appreciable nitrogen content, a total of five calculated points [ine AB intersects the horizontal corresponding to 0 per cent 
will determine the diagram. From these calculated points, excess air at D. Projecting C and D up to the reference curve 
plotted on the curve sheet, the chart may be constructed graphi- and then to the left, the theoretical %CO- values for the two 
cally. component fuels are determined, points EZ and F on the %CO, 
Equation [24] may be used for the calculation of the CO; scale. Connecting these two points with Q, the Ostwald diagram 
volume ratios. The reciprocals of %CO; at 0 and 100 per cent for the two component fuels is established. Using Equation [24], 
excess air are given by the equations the ratio of theoretical CO, values is calculated to be 0.231, which 
4.782c + 1.786s + 11.265h determines the horizontal GHIJK on the Y-diagram on the upper 
( 1 ) + 1.4200 + 0.431n 128) portion of Fig. 7. When using Equation [26], the blast-furnace 
Oro. e tree was denoted by subscript 1, and the natural gas by subscript 
000s} 0% EA that the ratio of the CO,-volumes be smaller chan 
and 1.0. Hence point K on the Y-diagram corresponds to 100 per cent 
2.266(4.782c + 1.7868 blast-furnace gas, (f; = 1.0) and point G to 100 per cent natural 
( 1 ) — _+.11-265h + 1.4200) + 0.431n gas (f; = 0.0). Connecting G with A and K with B, points N, M, 
%CO2/ 100% EA + 0.3698 and L, corresponding to 1/%CO, at 100 per cent excess air for 
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duel fuels containing 90, 80, and 70 per cent blast-furnace gas, 
respectively, may be found graphically from the points of inter- 
section J, J, and H of the horizontal GK with the f; = const lines 
corresponding to these weight fractions. Since AP and BC inter- 
sect at P’, connecting L, M, and N with P’, the 1/%CO, versus 
%excess air relationship for these weight fractions is established. 
From the intersection of LP’, MP’, and NP’ with the horizontal 
corresponding to 0 per cent excess air (points O, R, and S) the 
theoretical %CO; values V, U, and T are determined. Connect- 
ing these points with Q, the diagram is completed for the three 
weight fractions considered. 


CoNCLUSIONS 


From the point of view of combustion calculations, multiple 
fuels are completely defined by their analysis and heat content, 
which may be determined by the weighted averaging of the 
analyses and heat contents of the component fuels. Generally, 
two unknown component-fuel weights may be accounted for in 
the calculations by material-balance and/or enthalpy-balance 
relations. If more than two component-fuel weights are un- 
known, the calculations are indeterminate. 

An analysis of the propagation of uncertainties in the test 
measurements into the results of the efficiency determination indi- 
cates that, unless highly accurate flow-measuring devices are used, 
the input-loss method yields by far more reliable results than the 
input-output method of computation. This is generally true for 
both single and multiple fuels, and in spite of the fact that the 
analysis ard heat content of the latter are directly related to fuel 
flows. 

The graphical representation relating flue-gas analysis to excess 
air, with the weight fractions of the component fuels as parame- 
ters, is limited to dual fuels only. The construction and inter- 
pretation of these graphs may be simplified greatly by using the 
straight-line relationship between the %excess air and the re- 
ciprocal of %CO.z, and by using dimensionless parameters— 
possibly reproducible as part of a standard form—for all other 
curves necessary for the construction of the graphs. 
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Discussion 


Miron Lire.§ This paper is an outstanding start toward the 
development of multiple fuel-fired-boiler guarantees. 

The necessity for a well-established, accepted method for 
guaranteeing and testing boilers while firing at least two fuels 
has been most apparent in recent years. As the average size of 
industrial boilers has increased, units sized for only a fixed 
quantity of refuse fuel have tended to be included within larger 
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power boilers. This results in savings of capital investment and 
operating costs while increasing the flexibility of steaming equip- 
ment. 

Present practice permits the boiler guarantee to be based on 
either fuel fired separately. For example, if this is applied to a 
unit whose capacity is 300,000 lb per hr with conventional fuel, 
and 150,000 lb per hr with a waste fuel, and a maximum of 
300,000 lb per hr with both fuels, it is only permissible to choose 
the guarantee at one load with one fuel. 

In this case the 300,000-lb-per-hr load with a conventional fuel 
would be the most likely selection and the owner would not have 
assurances of the value in his waste-fuel equipment. Similarly, 
in operation, the owner would not have a good standard for his 
waste-fuel steam production. 

The author presents methods for combined efficiency calcula- 
tions based on several well-known test procedures. Then by 
analyzing probable errors of the necessary calculations and data 
he concludes that only when all fuels are fluid and readily adapted 
to accurate flow measurement can the equations be applied with 
certainty. 

Fortunately, this limitation does not apply to the firing of only 
two fuels and the fruit of the study is realized in a practical solu- 
tion for dual-fuel firing. The method permits an “energy-loss’’ 
evaluation of efficiency and therefore does not require fuel-weight 
measurements. 

In a practical sense, the dual firing covers the vast majority of 
cases encountered. These are the cases that combine a waste 
fuel and a conventional fuel in a single furnace. Normally, only 
one waste fuel is available in quantity, and for it to be combined 
with the principal conventional fuel as a guarantee condition 
would provide the owner with sufficient assurance he is receiving 
that for which he has contracted. 

The author’s suggestion that reproducible forms could greatly 
simplify the necessary graph construction should aid in obtaining 
acceptance of this method, where required, for field testing. 
However, it would be advisable for him to follow up this work 
with field tests to determine the consistency of results and whether 
the method permits accurate predictions under field conditions. 

If all this supports the material presented, a determined effort 
should be made to make dual-firing efficiency guarantees ac- 
cepted practice by boiler manufacturers where required. 


AvutTHor’s CLOSURE 


The author wishes to thank Mr. Lite sincerely for his valuable 
comments on multiple-fuel-fired boiler guarantees. 

Although current practice permits efficiency guarantees to be 
based on single fuels only, there have been many instances when 
the author’s company has been requested to run acceptance 
tests with multiple fuels and weight-fractions dictated by pre- 
vailing fuel availability. The results of such tests had to be 
evaluated by interpolation between guarantees and/or predic- 
tions based on the component fuels when burned alone. 

Mr. Lite’s comments on the accuracy of the test calculations 
in the general case of multiple fuels need some elaboration. While 
highly accurate flow measurements seem to be imperative when 
the efficiency is calculated by the input-output method, rela- 
tively large inaccuracies in the fuel flow—and/or weight frac- 
tion—determinations may be tolerated if the input-loss method is 
applied. The uncertainty analysis presented in the second sec- 
tion of the paper indicates that the high reliability of this method 
is primarily due to the way the uncertainties in the measure- 
ments affecting the input-loss efficiency propagate into the results 
of the calculations and not to a higher degree of accuracy of the 
measurements themselves as it has been sometimes advocated. 
The numerical example at the end of the section is a typical illus- 
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tration: using the same uncertainty intervals in fuel flow measure- 
ments and heating values in both cases, a relative uncertainty in- 
terval in the heat-loss determinations of approximately two and a 
half times the interval in the output measurements results in an 
uncertainty interval in the input-loss efficiency of only about one 
fifth of the interval in the output-input efficiency. 

From the foregoing it follows that, if the input-loss method is 
applied, and within reasonable limits of accuracy of fuel flow 
determinations, it makes little difference whether the direct or 
indirect methods are used for the calculation of weight-fractions. 
On the other hand, the use of the indirect methods is necessary if 
some or all of the fuel flow measurements are either lacking or un- 
reliable (inaccuracies up to, and above, 10 per cent especially in 
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the case of solid type of fuels is not uncommon), or if the inac- 
curacies in these measurements cannot be estimated to any degree 
of certainty. 

The diagrams relating flue-gas analysis to excess air described 
in the paper have been used by the author’s company during re- 
cent years, and have been proved especially useful as a quick 
method of estimating weight fractions and excess air during ac- 
tual operation. 

Mr. Lite’s suggestion that multiple-fuel-fired boiler guarantees 
should be made accepted practice seems justified both by the in- 
creasing demand for such guarantees and by the feasibility of de- 
termining boiler efficiencies when burning multiple fuels, with an 
accuracy comparable to that of single-fuel tests. 
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Correlation of Fir-Tree-Type Turbine-Blade- 
Fastening Strength With Mechanical 


Properties of Materials 


By A. G. HOLMS'! anp A. J. REPKO,? CLEVELAND, OHIO 


Some materials under consideration for aircraft gas- 
turbine disks are notch-sensitive at certain operating 
times, temperatures, and stress levels. Prediction of en- 
gine life requires knowledge of the type of mechanical- 
property test that will correlate with engine life and re- 
quires knowledge of the quantitative relationship. Ele- 
vated-temperature time-dependent spin tests were run 
on model disks with fir-tree blade fastenings. Material 
and test conditions were selected to cover a wide range of 
notch sensitivity. Results showed that life for tensile 
mode failures could be predicted from notched rupture 
tests. 


INTRODUCTION 


r I SHE strength of the turbine-blade fastening is an important 
factor limiting the life of aircraft gas turbines. The fir- 
tree-type fastening is especially desirable for attaching 

metal blades to metal wheels; however, this type of fastening con- 

tains stress raisers that can produce notch-brittle failures. Some 
materials under consideration for turbine disks are subject to 
notch embrittlement at certain operating times, temperatures, 
and stresses. The influence of embrittlement must be considered 
in predicting blade-fastening life. 'To predict the life of a blade 
fastening, the type of mechanical-property test that will correlate 


TABLE 1 
Cc Cr 
AMS 5602 (mill analysis)...... 0.16 4.94 


Timken 17-22-A(8) (nominal)... 0.30 


with fastening life must be known. The relation between fas- 
tening life and the mechanical-property data also must be known. 
For economy in acquisition of the data, the mechanical-property 
test should be as simple as the problem will allow. 

Correlations of the strength of fir-tree-type blade fastenings 
with simple mechanicai-property tests were described by Sieg- 
fried.* Strengths of fir-tree-type blade fastenings were deter- 
mined by static model tests. The tests were run using steels of 
varying notch sensitivity, and results were compared with smooth- 
bar and notched-bar rupture tests. The smooth-bar rupture test 
was shown to be inadequate as a measure of material strength for 


1 Aeronautical Research Scientist, NACA, Lewis Flight Propulsion 
Laboratory. Mem. ASME. 

? Aeronautical Research Scientist, NACA, Lewis Flight Propulsion 
Laboratory. 

3 “Investigations Into Blade-Root Fixings of High-Temperature 
Steels,”” by W. Siegfried, Trans. ASME, vol. 78, 1956, pp. 327-338. 

Contributed by the Gas Turbine Power Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ill., November 
13-18, 1955, of Tue American Socrety or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 


August 29, 1955. Paper No. 55—A-122. 
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fir-tree dovetails. The notched-bar test was proposed as a me- 
chanical property test of considerable importance. Because the 
range of stresses and failure times used for the model tests was 
not covered by the range of stresses and failure times used for the 
notched-bar tests, a quantitative relationship could not be shown 
between the model data and the notched-bar data. 

In the present investigation the strength of a disk dovetail was 
investigated by running elevated-temperature time-dependent 
spin tests of wheels with a fir-tree-type blade fastening, somewhat 
as was done by Saldin and DeHuff.‘ The spin tests simulated 
the engine conditions of thermal stress due to temperature gradi- 
ent and the engine condition of multiple-blade loading. Engine 
conditions of vibration and corrosion were not included. The 
materials and test conditions were chosen to produce a wide range 
of notch sensitivity. The spin-test results are correlated quan- 
titatively with smooth-bar and notched-bar tensile-rupture data. 


TuRBINE-WHEEL MopELs 


Turbine-wheel models were made from two materials; namely, 
AMS 5602 and Timken 17-22-A(S). Chemical compositions are 
given in Table 1. Billets of AMS 5602 were 5 in. diam X 9*/, in. 
long while those of Timken 17-22-A(S) were 5'/: in. diam X 8'/2 
in. long. The billets were forged to the dimensions of Fig. 1. 
The forging die had a retaining wall at the 12*/,-in. diam that 


Mo Mn 8i Fe P 8 
0.59 0.41 0.40 Balance 0.022 0.022 


1.25 0.25 0.55 0.55 0.65 Balance 0.04 max 0.04 max 


SN 3 
SS ! 
= nj —_— 

Fie. 1 Foremne Diwensions or Mopeis 


was 1*/, in. high; that is, the die was quite similar to a closed die. 
Details of the processing history of the wheels are given in 
Table 2. The highest temperature of the forgings in the furnace 
was 2200 F and the lowest temperature during forging was 1700 F. 
Details of the disks are shown in Fig. 2, and details of the 
slugs used to simulate turbine blades are given in Fig. 3. The slugs 


***Hot-Spin Tests of Bladed Jet-Engine Rotors,”’ by H. B. Saldin 
and P. G. DeHuff, Trans. ASME, vol. 71, 1949, pp. 605-612. 
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TABLE 2 PROCESSING HISTORY 

Material........... Timken 17-22-A(S) Timken 17-22-A(S) Timken 17-22-A(S) 
Forging range...... 2200-1700 F; air 2200-1700 F; air 2200-1700 F; air 
Stress-relief anneal ; furnace 1550 F, 8 hr; furnace 1550 F, 8 hr; furnace 1550 F, 8 hr; furnace 
Rough-machine (12%/s in. diam X 11/3 in. thick) 
Wanmaline. .. cone air 1725 F, 1 hr; air 1725 F, 1 hr; air 2075 F, */: hr; air 

i 1200 F, 6 hr; air 1200 F, 6 hr; air 1200 F, 6 hr; air 
Final machine (including broaching) 
Testing temperature at rim 1100 F 1025 F 1025 F 


Speed was measured by sensing the frequency of signals from 
a magnetic pickup mounted near projections on a hub of the air 
turbine. The speed signals were applied to a frequency meter 
that gave a d-c output voltage proportional to the frequency. 
This voltage was applied to a potentiometer that operated a pneu- 
matic controller. The controller operated a pressure regulator 
in the turbine air-supply line so as to maintain constant speed 
during continuous operation of the endurance tests. Speed was 
checked using an electronic events per unit time meter. 

Wheel rims were heated by induction heating. (The use of 
resistance heating for spin pits is described elsewhere.‘) Wheel 
centers were cooled by radiation cooling coils. The location of 
the heating and cooling coils is shown in Fig. 4. 

Temperature was controlled by sensing the disk temperature 
with a radiation pyrometer that was focused on the wheel rim. 
The pyrometer and sighting tube are shown in Fig. 5. Voltage 
from the pyrometer was applied to a potentiometer that operated 
a controller in the generator-field circuit of the induction unit so 
as to maintain a constant temperature. The pyrometer was 
calibrated, and temperature distributions in the disks were 
measured by means of thermocouples mounted on the disks. The 
temperature distribution corresponding to a rim temperature of 
1100 F is shown in Fig. 6. 

Thermocouple signals were fed from the rotating disk to sta- 
tionary instrumentation through slip rings of a type described by 
Tarr. The early tests were run using copper rings and copper 
brushes. Under the speed, time, and wear conditions, the cop- 
per rings and brushes were estimated to produce typical errors of 
10 deg F and occasional errors of 25 deg F. During the later stages 
of testing the copper rings and brushes were replaced by coin 
silver rings and silver-graphite brushes. The brushes were 60 
per cent silver—40 per cent graphite by weight. This combina- 
tion was estimated to introduce typical errors of 2 deg F and oc- 
casional errors of 5 deg F. Installation of 6 thermocouples 
equally spaced around the wheel and all located at the same ra- 
dius produced a typical total variation of l0degF. This variation 
may have been due to slight variations in the method of attach- 
ing thermocouples or may have been due to an actual variation 
of temperature. No measurement of total error due to all 
sources is possible; however, the slip rings are regarded as the 
most important source of error. 

A failure indicator was connected to a set of relays so that loss 
of a blade would activate a safety system to shut down all the 
apparatus. As shown in Fig. 5 the rotating wheel was surrounded 
by a helical coil. Any failure of a wheel would open or ground 

Fra. Deraits or Siva Usep To SumuLats Tunsine Buape the coil, which would activate the safety system. Speed and 

temperature-limit controls and other safety devices were wired 
were made from Inconel X. The strength of the slug dovetails into the safety system. Any wheel or equipment failure there- 
exceeded that of the disk dovetails, and all of the fastening fail- fore stopped all equipment including an electric timer. 
ures occurred in the disk dovetails. 


Spin Pits 
he es Smooth and notched-bar tensile-rupture specimens, as shown 
The general arrangement of the spin rig is shown in Figs.4and  ;,, Fig. 7, were machined from disks that had been forged and 
5. Wheels were spun in a chamber evacuated to an absolute 
pressure of from 5 to 15 mm of mercury. Drive torque was ob- ’“Methods for Connection to Revolving Thermocouples,” by 
tained from an 8-in-diam air turbine. P. R. Tarr, NACA RM E50J23a, 1951. 
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heat-treated in the same manner as the spin-test disks. The 
specimens were cut from material at the outer edge of the forging 
and the axial direction of the specimens corresponded to a radial 
direction in the forging. 

Results of the mechanical property tests are plotted in Figs. 
8 to 11. The ratio of the notch tensile-rupture strength to the 
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smooth-bar tensile-rupture strength is called the notch-strength 
ratio. Materials having notch-strength ratios greater than, or 
equal to, unity are arbitrarily called notch-ductile, and materials 
having notch-strength ratios less than unity are called notch- 
brittle. 

The AMS 5602 as tested at 1100 F is seen to be notch-ductile 
for the times investigated, Fig. 8. However, a change in notch 
sensitivity did occur; namely, the notch-strength ratio varied 
from 1.5 to 1.0. 

The Timken 17-22-A(S) normalized at 1725 F and tested at 
1100 F, Fig. 9, is seen to vary from notch-ductile to notch-brittle. 
Reducing the testing temperature to 1025 F resulted in a notch- 
brittle condition of the material throughout the range of testing 
time, Fig. 10, and normalizing at an especially high temperature 
produced a further reduction in notch-strength ratio, Fig. 11. 


Resvuvts or Disk Tests 


The wheels were run at selected speeds and temperatures until 
a dovetail failure occurred. Shear-type failures occurred for 
some disks made from AMS 5602 as illustrated in Fig. 12, The 
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time to failure for such cases was less than 20 hr and the material 
was therefore quite notch-ductile as shown in Fig. 8. 

All of the dovetail data of the present investigation correspond 
to tensile-type failures of the type illustrated in Fig. 13. The 
failures occurred on a plane of minimum cross section between 
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the continuous part of the wheel and the innermost dovetail teeth. 
The total centrifugal load on the dovetail at the section where the 
tensile-type failure occurred was divided by the minimum area 
at that section to obtain a quantity called the dovetail tensile 
strength. The dovetail tensile strength is given in Table 3 and is 
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the average stress on the dovetail as calculated from the original 
load and the original dimensions. 
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The correlation between dovetail life and smooth-bar tensile- 
rupture data is shown in Fig. 14. The dovetail time to failure 
given in Table 3 is plotted as ordinate. The time to failure for a 
smooth-bar tensile-rupture specimen of identical alloy, heat- 
treatment, and testing temperature when loaded to the same 
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average streas as the dovetail was read from the appropriate 
smooth-bar curves of Figs. 8 to 11, and plotted as abscissas. The 
correlation between dovetail life and notched-bar tensile-rupture 
data is similarly shown in Fig. 15. Abscissa values of Fig. 15 
are times to failure for the notched tensile test as given by Figs. 
8 to 11, corresponding to the stress level and test conditions of the 
dovetail as listed in Table 3. 

A desirable basis for predicting dovetail life from tensile-bar 
life would be to assume that failures in the dovetails and tensile 
bars would occur at equal times under conditions of equal tem- 
peratures and equal average stresses. The correlation would 
then consist of the 45-deg lines of Figs. 14 and 15. The actual 
correlation of dovetail data with smooth-bar data is rather poor 
as shown in Fig. 14. The points lying farthest from the ideal 
line are associated with brittle conditions as shown by the low 
values of notch-strength ratios. A much superior correlation 
occurred between the dovetail strength and the notched-bar 
strength as shown in Fig. 15. As shown in Figs. 2 and 7, the 
notch radius for the notched-bar specimen was equal to the mini- 
mum fillet radius in the dovetail. The tendency of the points in 
Fig. 15 to lie below the ideal line may have been due to the fact 
that the rupture test fails a single specimen whereas the wheel 
test fails the weakest of a large number of dovetails. 

Examination of the point farthest from the ideal line in Fig. 14 
suggests that a prediction of dovetail life based on smooth-bar 
data could result in an actual life that would be 18 per cent of the 
predicted life. The point farthest from the ideal line in Fig. 15 
suggests that an actual dovetail life could be as low as 52 per cent 
of the life predicted from notched-bar data. 


Design IMPLICATIONS 


The spin-pit results involved fir-tree-type dovetails that failed 
in tensile rupture. Embrittlement varied over a wide range; 
namely, notch-strength ratios varied from 0.69 to 1.14. (At 
notch-strength ratios higher than 1.14 the dovetail failed in shear ; 
such data are not included in the present correlation.) The em- 
brittling factors were time, temperature, and the geometry of the 
dovetail. Engine operation can produce embrittling factors not 
present in the spin-pit tests. Such factors include blade vibra- 
tion, corrosive atmosphere, and size effect. For the variables 
investigated, the notched-bar strength was shown to be a suitable 
measure of the dovetail life. 

Many investigators have shown that notched-bar life is de- 
pendent on notch radius. Dovetail life is likewise dependent on 
fillet radius.* Therefore these radii must be regarded as critical. 
The correlation of this report was achieved using the same radius 
for the notched specimen as in the highly stressed dovetail fillet. 
During design, notched-bar data of correct notch radius may not 
be available to estimate the effect of the factors investigated on 
dovetail life. In such cases, the use of sharp-notch data will give 
a pessimistic estimate of the influence of these factors on dovetail 
life. Use of smooth-bar data will give an optimistic estimate. 
No additional data are needed if the estimates are close. If the 
estimates are widely separated, then improved accuracy can be 
expected by running notched-bar tests with the correct notch 
radius. 
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Discussion 


M. J. Mansorne.® The results reported in this paper showing 
the good correlation in rupture strength between notched round 
bars and fir-tree-type turbine-blade fastenings are very promising. 
This evidence indicates that the data from the many tests on 
notched round bars can be related to the notches in rectangular 


* Research Engineer, Westinghouse Research Laboratories, Pitts- 
burgh, Pa. Mem. ASME. 
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sections such as fir-tree fastenings. Additional tests of this type 
are desirable. 


AutHors’ CLOSURE 


The authors thank Mr. Manjoine for his encouraging remarks, 
The authors believe that additional spin-pit tests might be de- 
sirable in the case of shear-mode failures and in the case of large 
transverse compressive stresses produced by wheel temperature 
gradients. 
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Application of internal liquid cooling to the rotor and 
blades of a gas turbine allows the inlet-gas temperature to 
be increased and alloys low in strategic materials to be 
used, A small gas turbine was designed for a gas tem- 
perature of 1750 F with lean-alloy rotor materials. The 
design featured closed-system cooling with interchange- 
able blades. Cold-air tests, hot tests, and endurance 
tests totaling 100 hr, have been run on a single-stage test 
turbine. Aerodynamic and thermodynamic data corre- 
lated well with expected values and the mechanical per- 
formance was satisfactory. 


INTRODUCTION 


ITH the onset of hostilities in Korea, the increased 

rate of military procurement caused a noticeable short- 

age of the special materials needed for high-temperature 
gas-turbine power plants. Recognizing the implications of these 
shortages, the United States Navy undertook a detailed survey 
of the effects of such shortages on naval gas-turbine equipment 
for installations in other than aircraft. The advantages of the 
gas-turbine power plant for shipboard use was being demon- 
strated in many specific applications. With widespread usage 
possible, the Bureau of Ships of the United States Navy recog- 
nized that the utilization of gas turbines during a period of rapid 
military build-up might be difficult in the face of competition 
for the limited supply of strategic materials. 

One proposal to deal with this problem involved the appli- 
cation of liquid cooling to the gas turbine. By cooling the hot 
parts, alloys requiring little or none of the strategic materials 
could be utilized. Internal liquid cooling of the rotor element 
had been tested in Germany and in England (1),‘ and extensive 
work in this country has been done by the NACA (2, 3). Ex- 
ternal spray cooling of gas-turbine rotor blades has been re- 
ported in references (1) and (4). 

Early in 1951 the authors’ company undertook to investigate 
the feasibility of closed-system liquid cooling for gas-turbine 
power plants. In the preceding year the company had delivered 
the first Jupiter-type gas turbine, the T-400J, for installation in 
the USS Timmerman (5), and it was felt that the unit offered 
a convenient framework for a study of liquid cooling. A de- 
velopment program was initiated to produce a long-life power 
plant with the following objectives: 


1 The design to be based on materials having less than 5 
per cent strategic alloying material and the complete elimination, 
if possible, of cobalt, columbium, and beryllium. 

1 Project Engineer, Solar Aircraft Company. Mem. ASME. 

* Experimental Engineer, Solar Aircraft Company. 

* Design Engineer, Solar Aircraft Company. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Gas Turbine Power Division and presented at 
the Diamond Jubilee Annual Meeting. Chicago, Ill., November 13-18, 
1955, of Taz American Society or MecHanicat ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
11, 1955. Pauper No. 55—A-202. 
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2 The turbine rotor to be liquid-cooled with a closed cooling 
system. 

3 The stationary parts to be cooled by air or by liquid. 

4 The over-all plant efficiency of the liquid-cooled turbine 
power plant to equal or exceed the performance of the T-400J 
unit. 

5 The designs to be based on the use of the existing T-400J 
compressor. 


The liquid-cooled turbine was given a designation of Model 
T-500J. 


THEORETICAL Design CONSIDERATIONS 


Cycle Analysis. From the compressor characteristics of the 
T-400J unit, a design point was selected, having the following 
values: 


Shaft speed, rpm... . 


For these values, cycle studies were then made for a range of 
turbine-inlet gas temperatures. These studies were made with 
and without turbine cooling and the results are plotted in Fig. 1. 
In the calculations for this figure, the assumed turbine effi- 
ciency was higher than for the T-400J power plant, primarily be- 
cause it was planned to use three turbine stages in place of the 
two stages in the T-400J unit. The performance of the T-400J 
power plant could be equaled by operating the proposed liquid- 
cooled turbine at an inlet temperature of 1460 F. At this power 
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level, liquid cooling required an increase in gas temperature 
of 75 deg F over an uncooled machine of comparable aerody- 
namic efficiency. This temperature increase, reflecting the cool- 
ing losses, would involve an 11 per cent increase in the specific 
fuel consumption. 

Studies of the blade temperatures which would result with 
liquid cooling, and comparisons of the expected stresses with the 
permissible values for the alloys to be used, indicate that much 
higher gas temperatures than 1460 F could be tolerated. Ac- 
cordingly, a design point was set with a turbine inlet tempera- 
ture of 1750 F. 

In surveying various rotor heat-transfer techniques, forced 
convection, free convection, and several combinations were 
studied (6). It was decided that forced convection would be 
adopted for the following reasons: 


1 The mechanism of heat transfer by forced convection was 
better understood, especially for the small-diameter passages 
that would be required. 

2 The blind holes used in the free-convection systems were 
believed to be vulnerable to plugging, and cleaning procedures 
were not immediately apparent. 


Data on external film coefficients were obtained from a corre- 
lation of reaction blades reported in reference (7). Conventional 
equations for pipe flow were used for internal coefficients. For 
over-all heat-transfer calculations, metal conductivity was con- 
sidered with an average metal thickness. 

Detailed heat-transfer studies were then carried out for various 
coolant fluids; water, ethylene glycol, silicone fluid, and Dow- 
therm were considered. Water was selected because of its very 
high thermal! conductivity, general availability, and cheapness. 
The results of such a study, based on one typical rotor-blade con- 
figuration, are shown in Fig. 2. 

In carrying out the heat-transfer analysis, extensive use was 
made of the data developed by the Lewis Laboratory of the 
National Advisory Committee for Aeronautics. As much of their 
work is still classified, reference to it cannot be fully made in this 
paper. 

Materials. The objective of using alloys having less than 5 
per cent of strategic materials, ruled out all the usual high-tem- 
perature gas-turbine alloys. With the application of cooling, 
superior high-temperature strength actually was not required. 
Of greater concern was protection against corrosion and erosion. 
The materials selected were almost all of the ferritic-alloy group, 
and protection was obtained by means of coatings and inhibitors. 

Typical alloys selected for different temperature and stress 
levels, together with the types of protective coatings used, are 
shown in Table 1. It may be seen that all the highly stressed 
parts were designed to operate below 800 F. For these applica- 
tions, alloys currently in use in conventional aircraft gas-turbine 
structures at similar temperatures have been specified. For the 
rotor blades, a high-temperature bolting steel containing chrom- 
ium, molybdenum, and vanadium was selected. 

Parts subjected to direct impingement of combustion gases 
were protected by diffused chromium coatings. The process, 
known as chromizing, results in a coating of about 0.001 in. thick- 


TABLE 1 


Material Cc 
Mild steel or {0.10 
lean alloy 0.15 


AISI 4130 
AISI 4340 


Typica/ part 
Bearing 
Outer casing 
affles 
Shafts 
Rotor disks 
Shrouds 
Rotor blades 
Seroll liner 
Combustor 


Temperature 
Up to 800° F 
800°-1100° F.... 


Over 1100° F..... Lean alloy 
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ness, having about 70 per cent chromium at its surface. Samples 
of this coating, when subjected to high-temperature oxidation 
tests in a furnace as well as hot gas-erosion tests, had shown very 
good results. The electroless nickel-plating process was used 
on machined surfaces, and silicone-base aluminum paint was 
applied to sheet-metal parts. 

With water as the coolant, difficulty was expected from corro- 
sion of the low-alloy iron-base metal parts in contact with the 
fluid. To minimize deposits from the coolant, distilled water 
was to be used; and to inhibit corrosion, sodium chromate in 
concentrations approaching 5000 ppm, was specified. 

Blade-Design Details. The test program envisioned the pre- 
liminary operation of the first stage to check the theoretical ap- 
proach used in the design, and it was desirable that the blades 
in that stage be of reasonable length so that three-dimensional 
effects involving heat transfer to the rim would not be excessive. 
From preliminary studies it was determined that a blade length 
at least 1 in. long should be used. 

The axial velocities in the turbine were quite low because of the 
relatively low air-flow rate of the T-400J compressor. The 
major effect of the low axial velocity on the first stage was that 
the pressure ratio for that stage had to be quite low so that the 
rotor-blade turning angles would not be excessive. This com- 
promise resulted in a design total pressure ratio of about 1.4 
for the first stage. 


TYPICAL MATERIALS FOR LIQUID-COOLED TURBINE 


Nominal 
i i Cr Mo Other Coating 
Electroless nickel or silicone- 


aluminum paint 


Electroless nickel 
Electroless nickel 
Chromizing 
Chromizing 

Chromizin 


Solaramic 


0.12 0.10 Zr 


0.25 V 
0.10 Zr 


1500 
1006 
750 
| 
250 
Py 
‘ 
a he 
Stress 
f 0.40 
oe oe és os eee 
Medium 0.30 0.50 .. 0.95 0.20 
High 0.40 0.70... 1.80 0.80 0.25 
' Low AISI 502 0.15 0.45 1.00 .. 5.00 0.50 
\ Medium Cr—Mo—V 0.30 0.55 0.65 .. 1.25 0.50 
Tae 0.15 0.45 1.00 .. 65.00 0.50 
0.15 0.65 0.75 £0.55 0.12 
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As a high-performance unit was sought, it was desirable to 
minimize compromises in the aerodynamic design of the blade 
profile, and whereas research turbines had utilized untwisted 
blades with very thick trailing edges, such expedients could 
not be used on this project. Conventional gas-turbine practice, 
based on free vortex-type flow was followed, requiring twisted 
blades. 

The high tip speed of the gas-turbine rotor causes fluid pressures 
approaching 8000 psi to be built up within the blades. Accord- 
ingly, sheet-metal-fabricated blades were not considered to be as 
practical as solid blades. For liquid cooling of a rotor blade, the 
total cross-sectional area of coolant passage required to remove 
the heat is not great and the problem becomes one of determining 
the smallest-size hole that can be used and the distribution of the 
holes in the profile of the blade in order to minimize temperature 
gradients and cool the extremities adequately. At the trailing 
edge difficulty is encountered, as the aerodynamic profiles nor- 
mally used in gas turbines are characterized by very thin sec- 
tions and very low included angles. 

Rotor-blade trailing-edge thicknesses of 0.060 in. were selected 
as a maximum. It was found that a satisfactory design could be 
achieved if the suction surface of the blade between the throat. 
and the trailing edge was curved. There has been considerable 
discussion in gas-turbine literature on the effect of such curva- 
ture on the performance of the blade, and it has been generally 
concluded that as long as the Mach numbers over the surface 
of the blade are not excessive, such curvature can be tolerated. 
This consideration assisted in the location of the extreme aft 
coolant passage. From fabrication considerations it was found 
that a '/j-in-diam hole could be located 0.3 in. from the 
trailing edge. 

Detailed studies of the heat transfer at the trailing edge of a 
rotor blade indicated that in that region the temperatures were 
apt to be marginal even though the average blade temperatures 
appeared to be lower than were actually required for long life. 
Thus the desirable properties of water as a coolant as well as the 
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high conductivity of the lean alloy were required. From such 
heat-transfer analyses, it was found that a total of six radial 
coolant holes located in the first-stage blade would do an adequate 
job. 

Methods of fabrication had to be considered simultaneously 
with heat-transfer studies. For the length-to-diameter ratios 
approaching 20:1, with a '/,-in-diam hole, the coring of such 
holes for casting was not practical, and it was necessary to drill 
the blades. A design was evolved based on the use of a precision- 
cast blade having a cavity in the tip. The configuration adopted 
for the first stage is shown in Fig. 3. 


Fie. 3 Cutaway or Rotor 


Coolant holes were drilled from the tip cavity to the base, and 
interconnecting holes were drilled in the forward and aft faces 
of the base to serve as manifolds. An inlet hole and a return 
hole were drilled into the bottom of the blade to the connecting 
manifolds. This configuration required that the cavity at the 
top of the blade and the two manifold holes in the base be capped. 
High-temperature brazing techniques were selected for this job. 
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Mecuanicat Design FEATURES 

General Engine Arrangement. The Jupiter series engines 
are axial-flow machines. The general arrangement of such an 
engine is shown in Fig. 4. Compressor-discharge air is collected 
in a scroll and turned 180 deg into a single combustor. From the 
combustor the hot gases enter the turbine through another 
scroll and discharge from the turbine into an exhaust collector. 

Single-Stage Test Turbine. As has been mentioned, the design 
contemplated the use of a three-stage turbine, and the program 
called for preliminary testing to be conducted on a single-stage 
machine. This machine was to be a test vehicle, designed to 
check out the estimated rates of heat transfer, the general ade- 
quacy of the cooling configuration, and the major mechanical 
features dealing with the blade support and coolant sealing. 
As the major feature to be tested involved the liquid-cooled rotor 
element, the other parts of the single-stage unit were less im- 
portant. However, it was determined that the single-stage ma- 
chine could be used to test other features that might be em- 
ployed in the final configuration. 

A layout drawing of the single-stage turbine is shown in Fig. 
5. The inlet stator vanes were fabricated of lean-alloy sheet 
metal and were air-cooled. The rotor was straddle-mounted be- 
tween a duplex ball bearing on the forward side and a roller 
bearing on the aft side. Such straddle mounting was selected in 
order to support the overhung shaft which contained the nec- 
essary coolant inlet and outlet passages as well as connections 
for transferring the rotor thermocouple readings so that blade 
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temperatures could be measured during operation. A photograph 
of the single-stage assembly without the cooling-air manifold is 
shown in Fig. 6. 

Turbine-Inlet Scroll. With the contemplated inlet-gas tem- 
perature of 1750 F, the design of the turbine-inlet scroll caused 
considerable concern. Because of the relatively large surface 
area involved, it was determined that the unit could not be cooled 
conveniently without incurring a severe power loss. Accordingly, 
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uncooled configurations were studied. With the operating tem- 
perature at 1750 F, it was felt that a low-alloy material could be 
found with sufficient corrosion resistance and with adequate high- 
temperature strength to support only its own structural weight 
under the conditions that exist in the scroll. The major load 
imposed on the scroll is from the internal-pressure forces and it 
was found that a design could be evolved which would remove 
almost all of the pressure load from the high-temperature part 
of the scroll. The configuration adopted was a dual-walled unit 
having insulation between the walls, as shown in Fig. 7. The 
design was such that the outer wall would carry the pressure 
load and would be insulated so that it would not get too hot. 
The inner wall would be pressure-balanced and thus carry only 
its own structural weight. In this configuration the inner wall 
functions primarily as a sheath to protect the insulation. 


Fic. 7 Tursine-Iniet 


Heat transfer to the outer wall is limited by the internal insula- 
tion, and heat is removed from the outer wall by natural con- 
vection. A maximum operating temperature of about 800 F 
was expected for the outer wall, and that unit was fabricated 
from mild steel. The inner member would run at gas tem- 
perature, 1750 F, and AISI 502 with a chromized coating was 
specified. 

Air-Cooled Stators. A cross section of an inlet stator vane is 
shown in Fig. 8. These inlet vanes were fabricated of 0.025- 
in-thick sheet stock with 0.010-in-thick marcel inserts brazed 
on their inside surfaces. Twenty of these vanes were welded into 
the shroud ring forming the inlet stator. The turbine casing was 
supported independently of the inlet-stator vanes by means of 
struts, which passed through the vanes and were weided into 
inner and outer rings. The inner ring was clamped to the for- 
ward bearing housing and the outer one to the turbine casing. 

The rear bearing housing was supported by air-cooled vanes, 
but the vanes at this station were welded into the inner and outer 
shrouds which became part of the structure. It was originally 
intended that the struts in the inlet stators, as well as the exit 
vanes, would maintain bearing alignment; but after preliminary 
tests showed inadequate rigidity, an external pedestal system was 
added. 

Arrows indicating the cooling-air flow path are shown in Fig. 
5. The cooling air enters from a supply manifold around the 
turbine casing and passes down the trailing edge of the stator 
vanes through the transfer space between the inner shroud ring 
and the bearing housing, up the leading edge of the stator vane, 
and then discharges into the manifold outside the turbine casing. 
Cooling air also enters from the manifold and flows over the 
turbine shroud into the exit vanes and is discharged at the inside 
of the exit scroll. 
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Rotor Coolant System. Previous liquid-cooled gas turbines 
which had been used for research, had invariably utilized an 
open circuit, and the coolant was circulated through a blade 
and then returned to cavity within the blade base. From the 
cavity the coolant was dumped into the gas stream. In addition, 
such research units were made either by machining the blades 
integral with the disk or by welding the blades to the disk. 
For a practical gas turbine it was felt that interchangeability of 
blades was highly desirable, and that such interchangeability 
should be possible without the necessity for welding or brazing. 
This consideration, plus the requirement of a closed coolant 
system, introduced a problem of sealing each blade to the wheel, 
both where the coolant entered and where it returned to the 
closed system. 

This problem of providing for interchangeability of blades and 
yet for sealing of the coolant was one of the major ones en- 
countered. The design tested in the single-stage turbine uti- 
lized a disk split in the radial plane with conventional axial 
fir-tree slots to retain the blades. This configuration is shown 
in Fig. 11. Cooling fluid was supplied to each blade from a 
housing located in the center of the split wheel and the cooling 
fluid was returned to the same housing. Connection between 
the blade and the housing was by means of two '/s-in-diam 
tubes which were brazed into the blade. The tubes thus became 
integral parts of the blade and sealing was accomplished by means 
of O-rings where the tubes entered the housing. The six bolts 
that held the split rotor together passed through the housing, 
clamping it between the rotor disks. 

The two halves of the split rotor had shafts welded to them. 
The forward shaft was solid and carried the duplex ball bearing. 
The aft shaft was supported in the roller bearing and carried the 
coolant-transfer devices as well as the rub rings for the coolant 
seals. The aft shaft had a '/;-in-diam hole in its center which 
carried the thermocouple-lead wires. In addition to this central 
hole, eight '/,-in-diam holes were drilled axially into the shaft, 
four for coolant supply and four for coolant return. 

The coolant-flow system in the rotor is shown in Fig. 9. The 
fluid was stored in an external tank and a pump delivered it to 
the turbine casing. Face-type seals mounted in the casing 
prevented leakage of the coolant as it entered the rotating shaft. 
A pickup device was used to reduce the required supply pressure 
and the coolant entered the shaft and flowed into the four axial 
supply holes. These supply holes discharged into the center of 
the coolant housing within the wheel and the fluid was collected 
in an annular passage. From this passage it flowed radially 
outward through six holes located between the rotor bolts and 
into an outer annular passage from which it was distributed to 
the blades via the supply tubes. The return system was similar, 
the annular passages and radial holes for this system being 
located alongside the corresponding supply passages. The re- 
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turning coolant flowed through the shaft and was discharged 
into an area in the aft casing which was sealed with face-type 
seals and was collected from this part of the housing and piped 
through a heat exchanger back to the tank. 

A view of the rotor and aft shaft is shown in Fig. 10. The 
thermocouples mounted on the rotor blades were connected to a 
terminal block mounted on the downstream face of the rotor and 
lead wires were used to join this terminal block to a multiple- 
contact connector at the extreme end of the shaft. This con- 
nector served to drive the thermocouple-transfer device and to 
transmit the thermocouple emf. 


ComPoNENT DEVELOPMENT TESTS 


Combustor. Preliminary development tests were run to de- 
termine an optimum combustor configuration. A temperature 
rise of 1290 deg F was required and the use of diesel fuel was 
specified. Two types of liners were considered—a conventional 
louvered liner and a segmented film-cooled unit. Initial tests 
showed very high metal temperatures on the louvered liner, so 
further work was concentrated on the segmented unit. Tests 
were run to determine the effect of various film-cooling slot heights 
on the outlet-temperature profile and on the liner-metal tem- 
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Fig. 11 Curaway or Tursine Rotor 


perature. A configuration was adopted which gave a satis- 
factory exit-temperature profile, and a maximum metal tem- 
perature of 1000 F for a discharge-gas temperature at 1750 F. 

Seals and Coolant Pickup. With a closed cooling system, it 
was required that the coolant liquid be introduced into the 
shaft, circulated through the blades, and returned from the shaft 
to a tank. The transfer of the coolant between a stationary 
housing and the shaft, without excessive leakage, required the 
use of fluid seals. Carbon seals of the labyrinth and face type, 
were studied. As three separate seal units were required, the 
greater axial space occupied by labyrinth seals made that type 
less attractive, and attention was concentrated on the face 
type. The application indicated rubbing speeds of 13,000 fpm. 
To determine the performance of such seals in the coolant fluid, a 
simple test rig was set up, using an air-turbine drive. The face- 
type seal requires extreme flatness and squareness of the rubbing 
surface. As the installation envisioned a stackup of about eight 
rings on a shaft, maintenance of the squareness was of concern. 

The friction horsepower for the seals was estimated from tem- 
perature-rise measurements, and a value of about 4 hp per seal 
at 20,000 rpm was found. 
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The test rig used for seal studies also was adapted to testing 
coolant-pickup configurations. It was obvious that an ideal 
arrangement for entry of the coolant into the shaft would be 
through a center axial hole, so that there would be no centrifu- 
gal head to overcome. Unfortunately, the thermocouple in- 
stallation required the use of the center axial hole in the shaft 
for wires, so the coolant had to be introduced radially. The 
problem was essentially one of designing a radial inflow pump. 
Such units are not particularly efficient, and it was recognized 
that the use of external pressurization probably would be needed. 
As the power required to pump the fluid against the centrifugal 
head was not excessive, compromises in the coolant entry were 
accepted. A simple curved inducer was used with a stationary 
radial stator. It was found that an external pressure of 34 psi 
could get 4 gpm on the shaft at a speed of 15,000 rpm. This was 
found to be 28 per cent of the theoretical centrifugal head. 


DEVELOPMENT TEsTs 

Tests run on the single-stage unit fell into three categories; 
these included (a) cold-air testing; (b) hot-gas testing; and (c) 
endurance testing. 

Cold-Air Tests. The cold-air tests were run primarily to de- 
termine the aerodynamic performance of the unit. At the design 
speed and pressure ratio, the turbine weight flow was 31/2 per 
cent higher than design; and the efficiency, as determined from 
total pressure measurements and dynamometer power, was 84 
per cent. 

During this preliminary testing, it was found that the pressure 
required to circulate the coolant through the rotor was greater 
than anticipated. As the fluid entered and left the shaft at es- 
sentially the same radial station in the disk, the centrifugal 
head in the rotor was canceled out, assuming that there were 
no changes in the density of the coolant fluid. Analysis of the 
flow through the manifold in the center of the wheel showed that 
the annular passages which served to distribute the fluid would 
introduce pressure drops, due to the formation of vortex-like dis- 
tributions in the radial plane. Installation of radial vanes in 
in the inner set of annular passages in the manifold corrected 
this problem as can be seen from Fig. 12. 

Hot-Gas Tests. Hot tests were run to determine the rate of 
heat transfer, as well as to measure blade temperatures. In 
the complete power plant, the first stage of the turbine operates 
at an inlet-gas pressure of about 68 psia. The single-stage tests 
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were limited to inlet pressures of about 26 psia with the air supply 
that was available. The design pressure ratio, however, could 
be obtained easily. 

Temperature measurements were made on various portions 
of the blade by means of chromel-alumel thermocouples silver- 
brazed to the blades. The installation of some of these couples 
is shown in Fig. 10. The thermocouple emf was transferred from 
the rotor to the stationary indicating instrument by means of a 
commutating switch and slip-ring pickup of a type developed 
by the NACA Lewis Laboratory and reported on in reference 
(8). As the design speed of the turbine was 20,000 rpm, which 
is considerably above the speed for which these pickups were 
designed, it was considered necessary to limit operation of the tur- 
bine with the pickup to 15,000 rpm, and the majority of the 
temperature data were taken at that speed. The thermocouple- 
pickup unit was connected to the aft end of the turbine shaft 
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by means of a multiple-contact connector, so that the unit 
could be installed or disconnected quite readily. Some typical 
rotor-blade temperature data, plotted as a dimensionless ratio, 
are presented in Fig. 13. Data are shown for the rotor-blade 
trailing-edge tip, which values were the maximum, and another 
set of values for the rotor-blade trailing-edge pitch-line station. 

Correlation of heat-transfer rates with theoretical values was 
complicated by the fact that the temperature-measuring stations 
for the coolant were located in the external supply and return 
lines, and thus the temperature rise reflected the pickup of stray 
heat from the rotor and the shaft. A typical correlation of heat- 
transfer data is shown in Fig. 14, where the measured rates of 
heat transfer are compared with rates that would be calculated 
by means of the theoretical methods used in design. The ratio 
plotted is less than unity, as the denominator reflects the stray 
heat picked up by the coolant fluid. 

Endurance Tests. One of the major problems was believed to be 
that of corrosion inside the blades as well as the accumulation 
of dirt in the tip cavities. To evaluate this problem the single- 
stage turbine was run for 100 hr at an inlet temperature of 1700 F 
and a speed of about 15,000 rpm. It was felt these conditions 
would provide a reasonable evaluation of the corrosion and 
erosion effects even though rotor-blade and disk stress levels 
were about one-half design values. A coolant flow rate of 4 
gallons per minute was maintained during that test. The 100 
hours were accumulated in approximately 25 days, most of the 
running being done in 6-hour shifts. 

Mechanical Performance of Single-Stage Unit. During the 
testing of the single-stage unit, the turbine developed what was 
considered to be a minimum number of the “bugs” that usually 
plague a development project. A total of over 200 hr of operation 
was accumulated on the machine. During that period only 
three forced outages occurred. One of these was due to a 
failure of the instrumentation where the thermocouple pickup 
was joined to the rotor. The other two outages related to the 
turbine design itself. 

The first of these occurred when the rotor stationary shroud 
warped and rubbed on the rotor. This shroud was a continuous 
band and it was merely remachined to provide the original 
clearances. 

The other outage occurred while the unit was running at a 
speed of 20,000 rpm, and a gas temperature of 1000 F. An 
emergency shutdown was required when the operators noticed 


that the coolant flow rate increased suddenly. It was found on 
teardown that one of the tip caps had come loose from a blade. 
Subsequent study of the blade showed that the penetration of 
the braze into the joint was generally inadequate; the brazing 
powder had been loaded on the outside of the cavity and the 
penetration during brazing could have been checked only by 
cutting up the blade. 

When the rotor-tip diameter was ground, the fillets at the 
blade-tip brazed joint were lost, and even though each blade 
had been tested previously at a pressure greater than was ex- 
pected in service, occasional leaks developed. Newer brazing 
techniques have been used which indicate substantially sounder 
joints, and, in addition, the tip cap has been reset, so that when 
the rotor diameter is ground, a substantial portion of the braze 
fillet remains. 

Air cooling of the stators was generally unsatisfactory be- 
cause of the leakage of cooling air into the gas stream and the 
high-pressure drop encountered in the system. Originally it 
had been anticipated that low-pressure air could be used for the 
cooling, but because of the leakage and pressure drop, high- 
pressure air was required. The original analysis which indi- 
cated the feasibility of air cooling was based on the use of low- 
pressure air and it had been found that the over-all performance 
of the unit was somewhat better when the stators were air- 
cooled than if they were liquid-cooled. The liquid cooling of the 
stators has the effect of introducing relatively larger negative 
reheat effects than does air cooling. However, air cooling has 
the problem of requiring that air be bled from the compressor. 
With indications that higher-pressure air may be required, liquid 
cooling of the stators now appears to be more attractive. 

Because the temperature drop in the first-stage turbine is con- 
siderably less than that expected from the final three-stage 
turbine, the exit-gas temperatures were quite a bit higher than 
would exist for the final power plant. Accordingly, the exit 
scroll for the single-stage tests was fabricated from a high-alloy 
material. In addition, the original installation of the inlet scroll 
used a high-alloy liner for the scroll itself, but a low-alloy liner 
for the elbow that connected the scroll to the combustor. During 
the 100-hr endurance test at 1700 F, it was found necessary to 
replace the inlet-elbow liner after that unit buckled and allowed 
the hot gas to impinge on the outer wall of the scroll. This 
occurred after about 58 hr of hot operation. In general, it was 
found that the buckling resulted from the concentration of 
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stresses at a hat-type section used to support the liner, and the 
fact that the elbow liner did not mate closely with the scroll liner 
itself aggravated the situation. In addition, the extreme-aft 
coolant seal leaked badly during the 100-hr test and had to be 
replaced at 21 hr and again at 68hr. In general, 

it is felt that this resulted because of possible 

runout at the extreme end of the overhung shaft. 

The other two coolant seals were in very good 

condition. During all of the operation of the 

single-stage turbine, no vibration difficulty was 

detected. Maximum steady vibration-displace- 

ment values measured were about 1.3 mils. 

During the 100-hr test, the combustor liner 
was checked and found to have accumulated 
carbon deposits. These were cleaned off but it 
was found that they accumulated again in a 
very short time. Apparently they did not affect 
the operation of the combustor. The majority 
of the carbon collecting at the dome was due to 
reverse flow out of the dome. A new combustor 
has been developed which utilizes a shrouded 
dome to insure positive penetration of air 
through the dome holes. 

At the end of the 100-hr run, the coolant flow 
rate was measured and compared with the initial 
flow rate. The results of this test are shown in 
Fig. 15. It was found that there was very little 
reduction in the internal flow rate. As a further 
test, the trailing-edge temperatures of a repre- 
sentative blade were checked before and after 
the test. This was done at reduced tempera- 
tures and speed and the results are shown in 
Fig. 16. 

After the completion of the 100-hr test the 
unit was dissembled and completely inspected. 
The combustor unit which had been cleaned at 
61 hr was found to be coated with carbon, as 
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shown in Fig. 17. After cleaning, however, it was noted that 
most of the ceramic coating on the outside was in very good con- 
dition, as shown in Fig. 18. In view of the fact that this liner is 
fabricated of lean alloy, it was felt that the film cooling was 
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effective in preventing overheating. Some localized overheating 
had occurred and this was found to be due to the distortion of 
the film-cooling slots in between the spacing dimples that were 
provided in the unit. When distortion took place at one film- 
cooling slot, the effect was to cut off the flow of cooling air to 
that area and thus that segment itself got hotter, in turn dis- 
torting and cutting down the flow to the next sections. 

The interior of the machine was generally dirty because of 
the combined leakage of oil and coolant. During the tests, 
coolant leakage rates of less than 3 gph were normally main- 
tained. Coolant that leaked into the machine evaporated and 
left a green deposit from the chromate inhibitor that had been 
added to the water. The rotor blades themselves were covered 
with a combined oil-and chromate deposit and upon cleaning 
it was found that they were in very good condition with no signs 
of corrosion or erosion, damage being limited to some small nicks 
caused by the passage of foreign particles through the machine. 

As was noted, the stator blades were inadequately cooled and 
they were found to be in poor condition. There was evidence of 
corrosion at the leading and trailing edges, and this apparently 
was intensified by impingement of foreign particles which caused 
damage to some leading edges and not to others, as well as dam- 
age to the trailing edge of the blade. The particles which went 
through the machine are believed to be part of the turbine- 
inlet instrumentation that burned off during operation at the 
1700 F temperature. 

Each of the rotor blades was pressure and flow-tested indi- 
vidually after the 100-hr test. It was found that of the 45 blades 
used, 7 blades had developed leaks. Almost all the leakage was 
at the brazed joints and was very small. It was found that 
there was slight reduction in the individual flow capacity of the 
blades. This averaged out at about 4 per cent, and because 


the pressure drop in the blade is only a small portion of the 


system pressure drop it did not appear in the over-all measure- 
ments which were noted in Fig. 15. Representative blades were 
sectioned, and it was found that there was minor evidence of 
internal corrosion and a few cases of foreign particles that had 
either entered the machine during operation, or had been left 
in the blades in the process of fabrication. In general, however, 
it was felt that the condition of the rotor-coolant system was 
extremely good. 

The coolant pickup at the extreme aft end of the shaft was 
found to show evidence of cavitation. This unit had been used 
for a total of 200 hr of operation and it is felt that with minor 
modifications, this problem can be eliminated. 


CONCLUSION 


Summary of Findings. From the operation of the single-stage 
turbine 1t has been concluded that the application of closed- 
system liquid cooling to the rotor of a gas-turbine engine is en- 
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tirely feasible and can result in practical configurations that will 
yield acceptable performance. The compromises required by 
cooling are not drastic if a careful design procedure is used. 
The mechanical operation of such a unit can be developed to the 
point where adequate life and service can be obtained. 

Data available from NACA and other sources on theoretical 
rates of heat transfer are usable, and correlation obtained during 
the test was considered to be good. 

With the application of liquid cooling, alloys containing 
little or none of the strategic materials can be used and adequate 
life obtained, provided coatings or inhibitors are used which are 
adequate to prevent corrosion, both from hot gases and from the 
coolant itself. 

Based on the performance of the single-stage unit, the re- 
quired performance as specified can be obtained in the three- 
stage turbine. 

Future Program. Construction of a complete three-stage 
turbine component is currently under way by the authors’ 
company, and preliminary tests already have been run on a 
portion of that machine involving only the first of the three 
stages. These tests were conducted to evaluate a new method of 
blade attachment and sealing which will eliminate the split-disk 
design. It is expected that the results of these and other tests on 
the complete unit can be reported in the near future. 
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Solution of Transient Heat-Transfer 
Problems by the Resistance-Network 
Analog Method 


By G. LIEBMANN,' ALDERMASTON, BERKSHIRE, ENGLAND 


The resistance-network analog method for the solu- 
tion of transient heat-conduction problems, described in 
an earlier paper, is extended to problems involving heat 
transfer across a surface, or generation or absorption of 
heat in the interior of the system. The flexibility of the 
method and its “stability” are retained in this extension. 
The method also can be applied to latent-heat problems. 
Several examples are discussed which illustrate the tech- 
nique. 


MATHEMATICAL AND ANALOG FoRMULATIONS OF HeEat- 
TRANSFER AND Heat-GENERATION PROBLEMS 


N apreceding paper by the author [Liebmann, 1955 (1a)],? a 

i new resistance-network analog method for the solution of 

the heat-conduction equation under transient conditions 

was described. The extension of the method to the solution of 

heat-transfer or heat-generation problems will now be discussed. 
Heat flow in general is described by 


div (K grad U) + F = 


where the “heat-transfer function” F determines the gain or loss 
of heat per unit volume and unit time, other than by heat conduc- 
tion. F may be a constant or a prescribed function of z, y (or r, z), 
of U, or of t. 

As in reference (1a), it will first be assumed that the problem is 
one-dimensional, and that K is a constant. Equation [1] then 
becomes 


F 


where D = K/cp. 

At any interior point P,,, at z = mdz from the origin z = 0, the 
finite-difference approximation to Equation [2], which corre- 
sponds to Equation [5], of (1a), is 


— + Usstin) + 


where a = (dz)*/(Dét) as in (1a), and F,, ,, isthe average value of 
F, in the volume element Av,, surrounding the point P,,, for the 
nth time interval of length dt. 

In a similar way as in Reference (1a), the difference Equation 
[3] can be represented by the currents flowing into the network 
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point P,, in Fig. 1, the additional current 7, having the value 
i, = F,,,,(dx)?/aKR, 


a being the scaling constant required by the substitution of the 
voltage V,,.,, for the temperature U,,,.: = But 
= (Vy — Vin.n)/R’o.m, Where Vy is the voltage of an external 
voltage source, applied to the free terminal P’”,, of the Resistance 
R'o.m. For lV > V...., one has in good approximation i, ~ 
Vyz/R'o.m, and, using Equation [4], one finds for the value of 
R’'o.m, required to represent the prescribed heat-transfer function 
mn 
aKVyR, 


R = eee 


For the representation of heat gain, the external voltage Vy has 
to be positive, and for heat loss negative. 

Relations [4] and [5] apply at surface points P» as well as at 
interior points P,, (m # 0), but at a surface point the correspond- 
ing volume element is Avp = Av,,/2. Hence Ro.o = 2Ro.m(m # 0) 
and, if heat transfer across the boundary surface. through the 
point P, during the nth time interval is expressed as heat flow per 
unit area and unit time Q,, this connection between Q, ana F»,,, 
exists: Fo, = 2Q,/6z. Using this together with Avy = Av,,/2, 
the value of the resistance R’y,o to express the heat-transfer rate 
Q,, at the boundary becomes 


. [6] 


This formula for the determination of the value of Roo for a 
prescribed value of Q, is general, and can be applied to nonlinear 
heat transfer; e.g., to the solution of heat-radiation problems or 
in the solution of certain heat-convection problems. The value 
of R’y.o has then to be readjusted during the progress of the solu- 
tion to take account of the change of Q, with surface temperature 
U = Uo, or with time t = nét (similarly, the value of R’o,,, as 
given by Equation [5] has to be readjusted during the solution if 
F,,., is a function of U,,,,,, or of t). 

Newtonian (i.e., linear) heat transfer, as expressed by the equa- 
tion 
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where the ambient medium has the temperature U,, the surface 
being at the temperature U, and H is the “heat-transfer co- 
efficient,” lends itself to a particularly simple analog represen- 
tation, Fig. 2. The voltage applied to the free terminal of the 


Po” (Va) Po (Van4) P 


Fic. 2. Reststance-Network Star REPRESENTING CONDITIONS AT 
Surrace Port Pp 1n Heat-TRANSFER PROBLEMS 


Interior External medwm 
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Surface 


Fic. 3 Heat Fivux Across Surrace PERPENDICULAR TO PLANE OF 
Paper Passinc THrovuGH Ports 


resistance R’y9 is then V4 = U,/a (without the restriction 
|V4| >> Vo,.) and the value of this resistance R's, is 


GENERALIZATION TO MULTIDIMENSIONAL HEAT-TRANSFER 
PROBLEMS 


The technique described can be readily extended to problems 
expressed in the co-ordinates (z, y) or (r, z), or where K is a 
function of the co-ordinates, or of the temperature, in the same 
way as had been discussed in (la). In two-dimensional prob- 
lems, worked with unequal mesh intervals dz; . . . . dys, the factor 
1/(6x)? in Equation [5] for the evaluation of R’s,_ is then re- 
placed by 


4/((da, + + dy)) 
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In surface heat-transfer problems, where the surface is located as 
shown in Fig. 3, one has to replace 6z in Equations [6] and [8] for 
R'o.o by + dys)/2. In a similar manner, three-dimensional 
problems of rotational symmetry can be solved (Referencesla, 1b). 


ScaLtne Heat-TRANSFER PROBLEMS 
In scaling operations, as discussed in (1a), the additional con- 
dition 
= 1 
must be satisfied, the scaled value of F being 


The heat flux Q then scales by ps’ = pips, and the heat-transfer 
coefficient H by ps” = pipe/Pr. 


LATENT-HEAT PROBLEMS 


In certain heat-flow problems, the temperature passes through 
a “‘transformation”’ temperature U* at which a change of phase 
occurs. This change of phase often involves the generation or 
absorption of a certain amount of heat, the latent heat L of the 
transformation. Such problems can be solved readily by the de- 
scribed analog technique. As soon as the analog voltage at 
the point P,, has reached the value V* = U*/a, it is kept at this 
value, and balancing of the D’,, and D’,, potentiometers, as de- 
scribed in (la), is achieved by feeding in currents i,,* from an ex- 
ternal source, until a total current of /,,* = Zi,,* of this value 
has been fed in 


As the fed-in currents are not measured explicitly in the present 
analog technique, but are set through the values of the R’o,,, re- 
sistances, see Fig. 1, Condition [11] is replaced in practice by 


(ez) 


The balancing of the D’,, and D”,, potentiometers is therefore 
achieved by adjusting the R’s,, resistances, connected when V,,,,, 
= V* has been reached, for several time intervals until Condition 
[12] has been satisfied. Then the R’o,,, resistances are discon- 
nected from P,, and the solution proceeds thereafter in the 
usual manner. 

It is obvious from this account of the technique that the change 
of phase at a given point in the material appears spread out over 
a certain time, or, conversely, that at a given instant of 
time the calculated change of phase does not occur at a well 
defined “front,” but is apparently spread out over a “zone.” 
This is due to the truncation errors of the finite-difference ap- 
proximation underlying the present analog method, and a 
similar effect has been noted by Price and Slack (2) when studying 
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various numerical solutions of latent heat problems. It can be 
assumed, in good approximation, that the true phase change front 
lies in the center of the apparent phase change zone. 


EXxaAMPLes ILLUSTRATING METHOD 


(a) Heat Flow in an Infinite Medium of Thermal Conductivity 
Kz Heated by a Sphere of Radius ro and Conductivity K,. This 
problem was solved rigorously by Goldenberg (3) for K, = Ke, and 
by Goldenberg and Tranter (4) for K, # K2, and was chosen to 
test the accuracy of the analog method. The analog models 
for spherical symmetry with representation of an “infinite” 
medium, as shown in Fig. 4 for K, = Ke, were worked out from the 
data given for this by Liebmann (Ic). The ratio of the thermal 
capacities (cpAv,,) of the largest to the smallest volume element is 
as high as 10°. 

The resulting temperature rise at the center of the sphere, in 
the dimensionless unit (UK2)/(ro?F’), as function of time (in the 
dimensionless unit [Dt/ro?]) is given in Fig. 5 for the three cases 
K, = 0.5K2, K, = Ke, and = D being the same through- 
out. The curves represent the solutions given by Goldenberg 
and Tranter (4) (their Fig. 2), the small circles indicate the 
points obtained with the resistance-network analog. The 
whole time range of (Dt/ro?) = 0.01 to (Dt/ro?) = 100 was covered 
in 30 to 40 time intervals, the value of 5¢ being changed by a 
factor of 10 after each decade, except in the case of K, = 0.5Ka2, 
where a step-up in the ratio / 10 was used between (Dt/ro?) = 0.1 
and 0.2 in view of the steep rise of the temperature curve during 
this period. One notices a slight error after each change of time 
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interval, which gradually diminishes with succeeding steps; but 
even at the worst places, the error is less than 2 per cent of the 
asymptotic value and in most places less than 1 per cent, in spite 
of the coarseness of the space and time intervals. The asymptotic 
values (t —-» ©) were obtained by disconnecting the Ro,, resist- 
ances. 

(b) Temperature Rise in a Turbine Casing Flange for Linearly 
Varying Heat-Transfer Rate. The object cf the investigation was 
to find the value, and place and time of occurrence, of the highest 
temperature gradient for various warming-up cycles. 

The cross section of the investigated flange is shown in Fig. 6(a), 
the resistance-network model used in Fig. 6(6). The model (Ry 
= 200 ohms) employs 40 mesh points, one mesh representing h = 
5.25 em (= 2.07 in.). The material constants were K = 0.135 
cal/deg C cm sec, p = 7.86 g/cm* and c = 0.135 cal/deg Cg, con- 
sidered constant over the temperature range investigated, and 
an initial temperature of the casing of 205 C was assumed, with a 
steam temperature of U, = 455 C, a “running-up”’ period of 60 
min and a heat-transfer coefficient varying linearly with time, 
from H = 0.00596 to H = 0.01885 cal/deg C cm* sec. A time 
interval 6¢ = 2 min was chosen, so that the solution was com- 
pleted in 30 steps. The values of the R’o,, resistances, required 
along the edge A-D of the model, were worked out from Equation 
[8], the numerical value of the heat-transfer coefficient for the 
time interval from (n — 1)d¢ to nét being H, = 0.00574 + 


0.00043n. The values of R’o,,, needed for each time interval were 
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tabulated before starting the solution; it was then easy to reset 
the twelve Ro,,, resistances after the completion of each step with 
the help of the built-in Wheatstone bridge. 

The temperatures in the flange model halfway through the 
running-up period and at its end are shown in Figs. 7(a) and (6). 
It is seen (as also found in the temperature distributions for other 
times) that the highest temperature gradient always occurs in the 
plane of symmetry A-B. The heating-up curves for this plane 
(temperatures as function of distance from inner edge of flange 
for various times after starting) are given in Fig. 8. The highest 
temperature gradient, of value 10.0 deg C/cm, occurs at the inner 
edge (point A), after about 16 min. The maximum temperature 
gradient is very nearly maintained over a considerable length of 
time, from about 8 min to about 25 min; the position of maximum 
gradient moves slowly outward with time. 

(c) Cooling of a Spherical Copper Casting, With and Without 
the Effect of Laient Heat Taken Into Account. The following data, 
assumed constant, were used, averaged from those given in Hodg- 
man’s “Handbook of Chemistry and Physics” (5): U* = 1083 
deg C, K = 0.888 cal/deg C cm sec, c = 0.110 cal/deg Cg, p = 


8.5 g/cm’, L = 42 cal/g. The casting temperature was taken as 
U, = 1200 C, and the temperature of the interface between ingot 
and mold constant at 40 C. These assumptions are drastic sim- 
plifications from a practical point of view, particularly those con- 
cerning the interface temperature. It would have been possible 
to take the change of material constants with temperature into 
account, or the rise in mold temperature or radiative heat transfer 
between mold and ingot, but the simplifying assumptions which 
were made allow the influence of the latent heat to stand out 
more clearly. 

A radius of 10 cm was assumed for the ingot and the resistance 
analog model used was graded such that the mesh points 
corresponded tor = 0.2, 1, 2,....8, 9, 9.5, 10 em. 

The resulting temperature distribution in degrees C within the 
ingot is shown in Fig. 9 for several time periods elapsed since 
casting (t = 0). The “dashed” curves give the temperature if 
the effect of latent heat is neglected, the “full” curves if latent 
heat is taken into consideration. One notices a considerable dif- 
ference between these two conditions. This difference is still 
more marked if the graphs are redrawn to give the temperature as 
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True solidification fronr 


Apparent zone of constant temperafure 
(= Solidifation temperature ) 


Mould (40°C) 


2 3 


? r (em) 


Procress or SouiprricaTion Front on Cooiine or Copper Spuere, Cast at 1200 C, Motp 
Berne at 40 C 


(Full line, true solidification front; 


a function of time, for various positions within the ingot.* 
The dashed curves in Fig. 9 can be checked against a formal 
solution (Carslaw and Jaeger, reference 6), and agreement is 
again close; there is no formal solution to compare with the 
analog solution in the case in which latent heat has been taken 
into account. 
Fig. 10 shows the inward progress of the solidification front. 
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Engineering Relations for Heat Transfer 
and Friction in High-Velocity Laminar 
and Turbulent Boundary-Layer Flow 

Over Surfaces With Constant 


Pressure and Temperature 


By E. R. G. ECKERT,' MINNEAPOLIS, MINN. 


Relations are presented which permit a rapid calculation 
of friction and heat transfer from two-dimensional high- 
velocity flow to surfaces with locally constant pressure and 
temperature and with laminar and turbulent boundary 
layers. The calculation procedure is one which has been 
well established in the field of heat transfer, namely, to 
use equations for friction and heat-transfer parameters 
which have been developed for constant-property fluids 
and to adapt them to conditions where properties vary in 
such a way that those properties are introduced into the 
equations at a properly determined reference temperature. 
Relations are developed for this reference temperature 
which make the results of the outlined method agree best 
with published laminar boundary-layer solutions. The 
same relations turn out to give also good representation of 
measured results on turbulent boundary layers. The 
following advantages are connected with this particular 
method. It gives answers by simple calculations and it is 
quite generally applicable. The friction and heat-transfer 
equations are valid for any fluid gas or liquid. The rela- 
tion for the reference temperature (or enthalpy), gives 
very good agreement with boundary-layer solutions re- 
gardless of the specific variation of the property values on 
which the calculations had been based. Therefore it 
may be expected that they are not only valid for air at any 
pressure and temperature level (as long as slip flow and 
dissociation are avoided) but approximate real conditions 
well also for other gases. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
sound velocity 
specific heat at constant pressure 
local heat-transfer coefficient 
enthalpy 
thermal conductivity 
heat flow per unit time and area 
= temperature-recovery factor 
; = enthalpy-recovery factor 
= distance from leading edge of plate 
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constant 
local friction factor 
absolute temperature, deg R 
velocity 
ratio of specific heats at constant pressure and volume 
viscosity 
density 
shearing stress 
exponent in power law for viscosity 
Subscripis 
i = based on enthalpy (incompressible for C,) 
r = recovery 
s = in stream just outside the boundary layer 
t = total y 
w = at wall surface 
* = reference condition 
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INTRODUCTION 


Cooling problems assume a continuously growing importance in 
the development of aircraft as the flight velocity increases. Part 
of the power which is necessary to overcome the drag of the air- 
plane or missile is converted into heat by internal friction within 
the boundary layer which surrounds the aircraft. This heat 
flows partially from the air layer into the surface of ths aircraft in 
an amount which increases rapidly with increase of flight speed. 
This convective heat-transfer process is usually called aerody- 
namic heating. As a consequence of it, cooling problems arise in 
almost every component of the airplane. The pilot, the electric 
and electronic equipment, the fuel, and finally the structure of the 
aircraft itself have to be cooled. The basis of any engineering- 
design calculation with the aim to determine the cooling require- 
ments is always a determination of the convective heat transfer 
from the heated boundary layer into the skin of the aircraft. 
Accordingly, an extensive literature has been devoted to the sub- 
ject of determining the convective heat transfer in boundary- 
layer flow along surfaces of idealized shapes by calculation or by 
experiments. Several simple correlations have also been pro- 
posed which express the results of these investigations. 

A number of recently published papers have extended the 
range of flow parameters and the accuracy of our knowledge of 
friction and heat transfer in this range considerably. It is the 
purpose of this paper to develop correlations which, in this whole 
range, describe the available information with good accuracy and 
to offer in this way a method*which allows rapid determination of 


2 The study reported in this paper has been carried out in connec- 
tion with a survey on heat transfer at high velocities, written under 
Air Force Contract No. AF 33 (616)-2214 and available as WADC 
Technical Report 54-70 (ref. 1). The permission of the Air Force for 
publication is gratefully acknowledged. 
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friction and heat transfer in design calculations. The correla- 
tions used in this paper have essentially the same form as the ones 
in reference (21).* 


LIMITATIONS OF THE CORRELATIONS PRESENTED 


It is necessary for the engineer who uses any correlations to 
know the conditions to which they are restricted. For this 
reason the range in which the presented correlations apply will be 
discussed in this paragraph. The correlations are based on solu- 
tions of the boundary-layer equations as obtained by simplifica- 
tion of the Navier-Stokes equations and on experiments made 
under conditions for which we expect these equations to describe 
the actual physical situation satisfactorily. This fact excludes 
very low-density and very high-temperature conditions as will be 
discussed later on. The correlations are also restricted to two- 
dimensional flow over surfaces along which constant pressure 
exists in flow direction. This condition is well fulfilled for flow of 
an unlimited stream over flat plates and cylinders with arbitrary 
cross section arranged parallel to the flow direction and for super- 
sonic flow additionally over wedges as long as the boundary layers 
are thin. Conversion formulas are available by which the in- 
formation obtained for two-dimensional flow can be converted to 
the condition existing on cones under laminar and turbulent flow 
conditions (2, 3). Calculations made with the following correla- 
tions are also expected to be useful as approximations of sufficient 
accuracy for slender bodies flying under zero or small angle of 
attack (4, 5). 

The correlations given herein also assume that the temperature is 
locally constant along the surface. Actually, the temperature 
along the skin of aircraft and missiles may vary considerably and 
it is known that such a temperature variation has a marked in- 
fluence on heat transfer. \ There are methods available which per- 
mit a calculation of heat transfer for a variable surface tempera- 
ture for laminar and turbulent-flow conditions, at least in an 
approximate manner, for instance, references (6) and (7). How- 
ever, the information available for constant wall temperature is 
considerably greater and more accurate than for variable wall 
temperature. The surface with constant temperature should, 
therefore, be considered as a standard case to which corrections 
may be applied to take the temperature variation into account. 
It has also been found that for engineering purposes in many 
cases the constant-wall-temperature solution is sufficiently ac- 
curate. 

The investigations used in this paper have been made for 
steady-flow conditions. They can, however, be applied for un- 
steady flight as long as the acceleration is not extremely large (9). 

The Navier-Stokes equations are based on the assumption that 
the fluid is a continuum. In flight with increasing altitude the 
free-path length of air molecules becomes larger and larger as a 
consequence of the decreasing air density. This causes deviations 
from continuum flow, at first, in the immediate vicinity of the 
solid surfaces (slip-flow régime). With further decrease of the air 
density finally a state is reached in which the mean free-path 
length of the molecules is large compared to any dimension of the 
solid object (free-molecule flow). The limits between the dif- 
ferent flow régimes depend on Mach and Reynolds numbers and 
are indicated in a logarithmic plot in Fig. 1. Actually, there is a 
gradual transition from one régime to the other and the limits are 
necessarily somewhat arbitrary. The continuum régime in which 
the relations developed in this paper hold is located at the right- 
hand side of the diagram. Along the line separating the contin- 
uum régime from the slip-flow régime, friction and heat transfer 
deviate from the values calculated with the relations in this paper 
by an order of 1 per cent according to reference (10). A deviation 
of the order 10 per cent is according to the same reference ex- 


3 Numbers in parentheses refer to Bibliography at end of paper. 
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pected at a Reynolds number which is by a factor 100 smaller. 
Therefore continuum relations can be used in a field extending 
some distance to the left on the line limiting the continuum range 
when the accuracy requirements are somewhat reduced. Flow in 
the continuum may be laminar or turbulent, 


100 Flow ranges encountered by oircroft in flight. 
80 is 
60 \us > 


40 


Biock surface of oircroft 
has tempercture 


in steady flight 
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Both flow regions are indicated in Fig. 1 and separated by a 
dashed line. It is known today that the location of the dashed 
line along which transition from laminar to turbulent flow occurs 
depends on a large number of parameters, see for instance ref- 
erence (8). Therefore the dashed line in Fig. 1 should be con- 
sidered as a very approximate indication only. The two heavy 
lines have been inserted into the figure to indicate in which flow 
régime an aircraft will fly for which cooling problems are likely to 
occur. These lines indicate the relationship between Reynolds 
and Mach numbers, for which a plane surface in steady two- 
dimensional flow assumes a temperature of 1500 R when equi- 
librium between the convective heat transfer from the boundary 
layer into the surface and the radiative heat transfer from the 
surface into the universe is established. One line holds for a 
location of the surface 1 ft distant from the leading edge, the other 
one for a distance of 5 ft. In both cases it was assumed that the 
surface has an emissivity value equal to one for heat radiation. 
Mach and Reynolds numbers along these curves determine the 
flight altitude, and these values are also indicated in miles in the 
figure. Flight conditions located in the figure above, and to the 
right of, the two curves produce in steady flight and without in- 
ternal cooling higher surface temperatures than 1500 R; the op- 
posite is true for points below and to the left of the curves. The 
lower curve also represents conditions for a surface with an 
emissivity 0.2 at a distance of 5 ft from the leading edge. In 
short flight duration and by some means of cooling lower sur- 
face temperatures can be obtained. It is seen that continuum re- 
lations on aircraft and missiles should describe the real conditions 
satisfactorily up to an altitude around 30 to 40 miles. 

With decreasing Reynolds and increasing Mach number 
corresponding to an increasing altitude and flight velocity, the 
boundary layers become thicker and thicker. ‘The boundary 
layers then displace the main flow away from the surface, especially 
since by the aerodynamic heating effect the air density within the 
boundary layer becomes small. This displacement creates a shock 
even for a flow along a flat plate and the shock reacts back on the 
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development of the boundary layer. Calculation in references (10) 
and (11) indicates that in the Mach number range 5 to 15 this ef- 
fect occurs approximately simultaneously with the slip effect and 
influences friction and heat transfer by the same order of mag- 
nitude. For higher Mach numbers the boundary-layer shock- 
wave interaction has the stronger influence and extends some dis- 
tance to the right of the bordering line into the continuum régime. 
The limit of this interaction effect depends on the amount of cool- 
ing applied to the boundary layer. Under flight conditions usu- 
ally dissociation starts simultaneously and limits the applicability 
of the relations in this paper. This will be discussed in the next 
paragraph. 
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The relationships presented in this paper also may not be 
applicable under conditions where very high temperatures are 
encountered within the boundary layers, so high that dissociation 
and ionization may occur. Fig. 2 has been prepared to indicate 
what temperatures have to be expected within a boundary layer 
at high Mach number. The figure holds for a stream static tem- 
perature of 400 R. On an unheated or uncooled surface the re- 
covery temperature is also the highest static temperature en- 
countered within the boundary layer. This recovery temperature 
of a fiat plate is indicated in the figure for laminar and turbulent- 
flow conditions. The full line has been calculated assuming con- 
stant specific heat and a recovery factor of 0.85 for laminar flow. 
The dashed line is calculated for a recovery factor of 0.9 corre- 
sponding to turbulent flow and, again, assuming constant specific 
heat. A third curve has been added from the results of calcula- 
tions which in a laminar boundary layer consider the specific heat 
to vary. 

In aircraft appiications, the surface temperatures will usually 
be lower because the surface is cooled by radiation or by some 
other cooling process. Curves have been added in the figure 
which indicate the maximum temperature within the boundary 
layer for the case that the wall temperature is cooled down to the 
stream static temperature and for the case that the absolute wall 
temperature is four times the stream static temperature (at a tem- 
perature of 1600 R). For a gas with a Prandtl number equal 
to 1, it is easily seen that the difference between the maximum 
temperature within the boundary layer and the stream static tem- 
perature is equal to one fourth the difference between recovery 
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temperature and static temperature for laminar as well as for tur- 
bulent flow under the condition that the wall temperature is equal 
to the stream static temperature. This has been assumed to hold 
still approximately for air in calculating the maximum tempera- 
ture within the boundary layer in Fig. 2. Also inserted in the 
figure are the temperatures at which dissociation is assumed today 
to start at zero-miles and 50-miles altitude according to infor- 
mation found in the literature. The figure indicates that no disso- 
ciation within the boundary layer is expected up to Mach numbers 
of 6 or 10 for the case when the wall temperature is kept at the re- 
covery temperature and that dissociation will occur only at 
Mach numbers above 12 or 16 when the wall temperature is 
cooled to values below 1600 R. The latter case is the one which 
is more likely to occur on aircraft. 

Some calculations have been made on the effect of dissociation 
on heat transfer based on the assumption that at any location 
within the boundary layer the dissociation is that which would be 
established under equilibrium conditions at the corresponding 
temperature (12, 13). They indicate that the highest tempera- 
ture within the boundary layer may exceed the limits indicated in 
Fig. 2 considerably without affecting friction and heat transfer 
to the wall(1). Experimental verification however is needed for 
this finding. 

Heat TRANSFER IN Two-DIMENSIONAL FLow To A Surrace Wira 
ConsTaNT PRESSURE AND TEMPERATURE 


The following dimensionless flow parameters will be used 


Re = 


Ma = 
a, 
The property values p and yu in the Reynolds number will be intro- 
duced as occurring at different locations (wall, stream, etc.) 
whereas the Mach number Ma is always based on the sound 
velocity a, at stream temperature. 
The local shearing stress r,, which the flow exerts on the wall 
surface is expressed by a dimensionless friction factor C, defined 
in the following way 


The local convective heat flow q,, per unit time and area at the 
wall surface is described by a heat-transfer coefficient h which is 
defined by the equation 


T,, is the actual wall temperature and 7’, is the temperature which 
a specific location on the surface assumes when the convective 
heat transfer at this place is zero. This temperature will be called 
“recovery temperature” since it is conveniently described in a 
nondimensional form by the temperature-recovery factors. The 
recovery temperature is in high-speed flow larger than the static 
temperature in the stream at the outer border of the boundary 
layer because of the aerodynamic heating effect. The tempera- 
ture-recovery factor is defined as 


T, ete T, 
T, 


r= 


* The difference between total and static temperature for gases can 
also be expressed as 


Tis T, = T,(Ma)? 


2000 
1000 
T,—T, ‘ 
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The heat-transfer coefficient is, in turn, expressed nondimensionally 
by the Nusselt number 


LaMinaR Bounpary-Larer Flow 


The differential equations which describe the flow and energy 
conditions for a laminar boundary layer are well established in 
the continuum-flow régime. Numerous solutions of these dif- 
ferential equations have been worked out and are today available 
to give information in a wide range of conditions, extending, for 
instance, to very high Mach numbers and large temperature dif- 
ferences. These results check generally satisfactorily with experi- 
mental investigations, when the experiments were made at the 
boundary conditions which correspond to the boundary-layer 
solutions. Therefore, in the laminar range, the most reliable and 
extended information can be obtained from calculations. 

The earliest solutions of the boundarv-layer equations as- 
sumed the property values (viscosity, heat conductivity, density, 
specific heat) appearing in these equations to be constant. The 
results obtained in this way will be discussed briefly since they are 
used later on. 

Constant Property Solutions. The local skin-friction factor is 


and the local Nusselt number 
Nu = 0.332 Re 


when the heat-transfer coefficient h in the Nusselt number is based 
on the difference between recovery temperature and wall tem- 
perature (14). The temperature-recovery factor r, Equation 
[5], was found to be a function of the Prandtl number of the fluid 
only. It can be approximated very well by the equation 


in the range of Prandtl numbers between 0.5 and 5. 
The following relation between Stanton number and friction 
factor is obtained from Equations [8], [9], and [10]. 


The relation between skin friction and heat transfer expressed by 
Equation [12] is useful because it still holds under certain condi- 
tions when the property values vary with temperature. This will 
be discussed in the next paragraph. The relationships which 
have been determined for constant-property values can be ex- 
pected to hold satisfactorily for real fluids or gases as long as the 
temperature variation throughout the boundary layer is com- 
paratively small. It has been found that this is the case as long 
as the flow velocities are in the subsonic range and as long as the 
ratio of wall and free-stream static temperature is not too large 
(say, between 0.5 and 1.5). The advantage of the constant- 
property solutions is that they depend on a minimum number of 
parameters (Re, Pr, V, or Ma) and that they apply generally to 
any fluid. It will be seen that the more accurately the tempera- 
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ture dependence is accounted for, the larger the number of in- 
fluencing parameters and the more specialized a solution be- 
comes. 

Solutions for uy ~ k ~ T°. In the supersonic range and for 
large temperature differences the fact that actually the property 
values depend on temperature has to be accounted for in a solu- 
tion of the laminar boundary-layer equations. Fig. 3 shows that 
the viscosity and heat conductivity vary considerably faster with 
temperature than the specific heat and the Prandtl number. 
Consequently, the next step was to obtain boundary-layer solu- 
tions for variable viscosity and conductivity, but constant 
Prandt] number and specific heat. The equation 
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ence 


shows that, in this case, the heat conductivity varies propor- 
tionally to the viscosity. The following law was assumed to ex- 
press the temperature dependency of the viscosity 


Mo and T+ are the viscosity and temperature at some reference 
condition. The use of this law brings the advantage that it 
makes the result. dependent on a characteristic temperature ratio 
only, for instance, on the ratio of wall temperature to free-stream 
static temperature. This temperature ratio as well as the ex- 
ponent w have to be added to the parameters mentioned pre- 
viously for the constant-property-value solutions. Solutions of 
the boundary-layer equations have been obtained with various 
values of the parameterw. [For a summary of these calculations 
see reference (18).] It was found that the Expression [11] for the 
recovery factor still holds under the assumptions of this para- 
graph. In the same way the Relationship [12] between skin fric- 
tion and heat transfer is still valid. On the other hand, it was 
noted that the skin friction and the heat transfer vary now with 
Prandtl number, Mach number, with the characteristic tempera- 
ture ratio, and with the value of the parameter w. Only the 
variation of the friction coefficient has to be discussed because of 
the validity of Equation [12]. Specifically the variation of the 
skin-friction coefficient with the mentioned parameters depends 
on the way in which they are defined. 

When the property values are introduced at the free-stream 
static temperature then the skin-friction coefficient is found to 


he 
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decrease considerably with increasing Mach number, with in- 
creasing temperature ratio 7/7, and with decreasing value of 
the parameter w. Fig. 4 shows these dependencies for a surface at 
recovery temperature. (This statement replaces the parameter 
T.,/T,.) The dashed curves and the calculations by Van Driest 
(19), Young and Janssen (20), and Moore (12) will be discussed 
later on. 

It is interesting to note that a specific value w = 1 makes the 
dependence of friction factor on Ma and 7',/7, vanish. The Re- 
lations [9] to [13] hold, therefore, not only for constant proper- 
ties but also when viscosity and heat conductivity vary propor- 
tionally to the absolute temperature. If the property values in 
Equations [1] and [3] for the skin-friction factor are introduced at 
the wall temperature, then the trend of the variation of the skin- 
friction factor with Mach number for w smaller than 1 is opposite 
to the one mentioned previously. Rubesin and Johnson (21) 
have shown that it is possible to find a reference temperature 7'* 
between the two temperatures which will cause the variation of 
friction factors to vanish and that it can be expressed with good 
accuracy by the following equation 


This expression for a reference temperature also can be trans- 
formed into the following form ; 


T* — T, = 0.58T. — T,) + 0.1%T, — T,) 


= 1 + 0.032(Ma)? + 0.58 ( Te 


In this form the relation for the reference temperature appears 
especially instructive, as can be seen on some special cases, 
sketched in Fig. 5, for low flow velocities (T, ~ T',), for high 
velocities but a small rate of heat transfer (7, ~ 7',), and for the 
case that the wall is cooled to the stream temperature (7',, ~ 7',) as 
indicated in the lower part of the figure. The location of the 
reference temperature relative to the other temperatures is also 
indicated and its position in all three cases is readily understood 
(24). 

So.utions For Arr AcruaL TEMPERATURE VARIATION OF 
PRoPEeRTIES 


For extremely high velocities as they are expected in some 


Position of reference temperature 
relative to wall- and stream temp. 
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future aeronautical applications, the temperature variation 
throughout the boundary layer becomes so large even in the case 
where the wall is cooled down to practically the free-stream static 
temperature that it is doubtful how valid the results of calcula- 
tions are which are based on the assumptions mentioned in the 
preceding paragraph. Accordingly, a number of recently pub- 
lished papers consider the specific heat and the Prandt] number as 
well as the heat conductivity and the viscosity to vary with 
temperature. All of the calculations have been made for air. 
Sutherland’s relationship 


1+ C/Ts 
Mo To 1+C/T 


with the constant C = 392 R for air or tabulated values are used 
to express the viscosity and tabulated values for the specific heat 
and Prandtl number. The heat conductivity is again fixed by 
Equation [13]. The main difference in the various sets of calcu- 
lations is caused by the fact that different laws for the Prandtl- 
number dependency on temperature have been used. Klunker 
and McLean (22), as well as Young and Janssen (20), use Prandtl- 
number data as contained in the Gas Tables (16) and in a paper 
by Tribus and Boelter (17). Van Driest (19), on the other hand, 
bases his calculations on Prandtl-number values which have been 
recommended by the National Bureau of Standards (15) and re- 
cently confirmed by experiments (23). 

Fig. 3 indicates the Prandtl numbers as used in both sets of 
data. It may be recognized how large the differences in both sets 
of Prandtl-numberdataare. Allof the calculations had toextrapo- 
late Prandtl-number values to smaller and larger temperatures. 

The calculations mentioned reflect the real conditions as en- 
countered by an aircraft in the atmosphere better than those dis- 
cussed in the previous paragraph since they are based on more 
accurate property-value data. However, they have one disad- 
vantage, namely, that flow and heat transfer now appear to de- 
pend on one additional parameter, i.e., on the temperature level 
in the air stream. The governing parameters are now Reynolds 
number, Mach number, Prandt! number, a characteristic-tem- 
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TABLE 1 COMPARISON OF CALCULATIONS BY YOUNG AND JANSSEN (20) WITH CONSTANT-PROPERTY RELATION BASED 
ON EQUATION [20] 


1 2 4 5 


Rua no. deg R (Cs-VRe)e (CeVRe)s 
0.685 


Wali at Recovery Temperature 
6 


Per cent 
1.7 


3“ 
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Nore: Some runs were not fully evaluated since the property values were not known. 


TABLE 2 COMPARISON OF CALCULATIONS BY YOUNG AND JANSSEN (20) WITH CONSTANT-PROPERTY RELATION BASED ON 
EQUATION [20] 


Cocled Wall 


2 5 6 
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. 667 0 
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Nore: Some runs have not been fully evaluated since the property values were not known for them. 


perature ratio and a characteristic temperature, for instance, wall- 
to-stream temperature ratio and stream temperature. The 
number of parameters is considerable and, correspondingly, the 
calculations become rather extended. 

All the calculations have been made for air. They show that 
the friction factor varies proportionally to the square root of the 
Reynolds number in the same way as in Equation [9]. Instead of 
the constant 0.664 in this equation, however, a function of Mach 
number, temperature ratio, and temperature level appears. The 
most extensive calculations of this nature have been done by 
Young and Janssen (20) and by Van Driest (19). The authors 
calculated friction factors for a wide range of flow parameters. 
Young and Janssen also determined a reference temperature such 
that introduction of the property values at that temperature 
makes the value C,+/Re equal to the incompressible value 0.664. 
They recommended Equation [16] for Ma up to 5 and gave the 
following relationships which approximated the calculated ref- 
erence temperatures well in a Mach number range from 5 to 10 


For T,, 


* 
For T,, T,: = 0.70 + 0.23(Ma)? + 0.58 

s 
Since it is inconvenient to use different equations for different 
Mach-number ranges and for the wall at recovery temperature 
and at a different value, it was investigated in reference(1), whether 
the reference temperature can be expressed in the whole Mach- 
number range by one relationship. It will be shown that the 
following equation for the reference temperature gives very 
satisfactory agreement of the friction factor calculated from Equa- 
tion [9] with all exact boundary-layer solutions 


T* = T, + 0.50(T, — T,) + 0.22(T, — T,) 
Table 1 contains in the fourth column, and Table 2 in the fifth 


column, the friction parameters C, VV Re taken from reference 
(20). In these columns the property values were based on the 
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stream temperature. The fifth and sixth columns, respectively, 
contain the same friction parameter as calculated with the ref- 
erence temperature given in Equation [20] in the following way. 
Equation [9] was assumed to hold when the properties are based 
on the reference temperature 


(Cc, VRe 


The friction parameter based on stream conditions is then 


Vey Pubs 

This parameter is compared in Tables 1 and 2 with the result of 
the calculations by Young and Janssen, and the error in per cent is 
entered into the sixth or seventh column. It is seen that the 
maximum difference between the friction factors calculated by 
both procedures exceeds slightly only in three cases the value 2 
percent. Generally, the error is probably within the accuracy of 
the boundary-layer solutions. Fig. 4 contains, as dashed lines, also 
friction parameters (C, \/ Re), which have been calculated with 
Equation [22] and the reference temperature as given by Equa- 
tion [20], however, with that relation for the viscosity which had 
been used in the corresponding boundary-layer solution. It can 
be recognized that the agreement between the exact calculation 
and the simple-calculation procedure using the reference tem- 
perature is excellent regardless of the specific law for the viscosity 
variation. L. Crocco has calculated friction factors also for the 
situation that the wall is cooled or heated (7',,/7', from 0.25 to 2) 
(see Fig. 11 in reference 21). The agreement with the results of 
the approximate procedure is as good as in Fig. 4. A comparison 
also was made with the results of Van Driest’s calculation (19). 
This comparison will be discussed later on. 

The papers which consider the temperature variation of all 
property values report on recovery factors which cannot be ex- 
pressed by the simple Equation [11]. References (20) and (22) 
use the following definition for the temperature-recovery factor 


(C, VRe), = [22] 


Fig. 6 shows these recovery factors as solid lines and indicates a 
considerable variation with Mach number and stream tempera- 
ture. This large variation can be eliminated when an average 
value for the specific heat is introduced in the denominator in- 
stead of the value c,,, at stream temperature. It may be tried 
how well this average value is approximated by the specific heat 
which corresponds to the reference temperature given in Equation 
[20]. Therefore the recovery values in Fig. 6 were recalculated 
(24) using the following definition for the recovery factor 


These recovery factors are also plotted in Fig. 6, as dashed lines, 
and it can be seen that most of the variation of the recovery factor 
with Mach number and stream temperature has disappeared. 
The remaining variation is well expressed by Equation [11] when 
the Prandtl number is introduced at the reference temperature 
described by Equation [20]. This can also be recognized from 
Table 1 in which the recovery temperature, as calculated by 
Young and Janssen, is contained in column 7 and the recovery 
temperature determined with Equations [11] and [20] in column 
8. The difference in per cent is entered in column 9. It exceeds 
5 per cent only in a few cases, 
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total stream temperature of 100 F.) 


Crocco already pointed out (18) that the relationships obtained 
for a gas with constant specific heat remain materially unchanged 
for a gas with variable specific heat when the product c,dT' is re- 
placed by the differential of the enthalpy i. In newer papers 
(19) and (13) this fact is utilized. 

Van Driest bases his recovery factors on enthalpy instead of on 
temperature and uses the following definitions for the enthalpy- 
recovery factor 


It can be observed that this definition is quite similar to the one 
given in Equation [24]. The calculated enthalpy-recovery fac- 
tors are presented in reference (19) in diagrams for Mach numbers 
up to 12 and stream total temperatures from 0 to 2000 F. 

As an example, Fig. 7 contains as solid lines the enthalpy-re- 
covery factors as calculated in reference (19) for two different 
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conditions in the stream outside the boundary layer. A static 
stream temperature of 400 F was chosen in the upper diagram to 
approximate conditions as encountered by an aircraft in flight 
through the atmosphere, whereas a total temperature of 100 deg F 
in the lower diagram is supposed to represent conditions as found 
in wind tunnels, 

A comparison of the recovery factors in this figure with the 
enthalpy-recovery factors in Table | discloses a marked difference 
especially at higher Mach numbers. This is due to the different 
temperature variation of Prandtl number on which the calcula- 
tion by Young and Janssen on one side and by Van Driest on the 
other side is based. Also inserted in the figure as dashed lines 
are recovery factors which have been calculated with Equation 
[11] into which the Prandtl number was introduced at a ref- 
erence temperature as given by Equation [20]. It may be ob- 
served that the agreement between the exact calculation and the 
approximate procedure is very satisfactory. The maximum de- 
viation between both sets of calculations is less than 2'/, per cent. 
This holds for all values published by Van Driest. From the 
data published in reference (20), the enthalpy-recovery factors 
have been calculated and inserted in Table 1 as column 10. They 
can be compared with the values / Pr* in column 11, The dif- 
ference in per cent is entered in column 12. It may be ob- 
served that the difference only in one case is larger than 2 per 
cent. It is smaller than the error in column 9 for the recovery 
temperature. Use of the enthalpy-recovery factor is therefore 
preferable. It is also remarkable that the value V Pr* approxi- 
mates the actual recovery factor so well regardless of the Prandtl- 
number variation on which calculations have been based. 

Heat-transfer coefficients have been calculated by the investi- 
gators mentioned, for the same range of parameters as the friction 
factors. Since it has been shown that the friction factor can be 
expressed very accurately by a simple formula, it appears ad- 
vantageous to calculate the heat-transfer coefficient with the help 
of the friction factor. Therefore the ratio C,/2St, which according 
to Equation [12] has the value (Pr)’/ for a fluid with constant- 
property values, was determined from Young and Janssen’s data. 
With property values based on stream temperature the following 
equation holds 


(C, V Re), 
 A(Nu/VRe 


The parameters on the right side of the equation are tabulated in 
reference (20). Now it will be checked how well Equation [12] 
approximates the values calculated by Young and Janssen when 
all properties in this equation are introduced at the reference tem- 
perature described by Equation [20]. With Equations [3] and 
[7] the ratio friction factor to Stanton number can be written 


The only property value in this equation is the specific heat c,. 
Therefore the corresponding ratio based on properties at ref- 
erence temperature is 


~ AV, 28t Cys 

This parameter as calculated from Young and Janssen’s data is 
contained in column 8 of Table 2. The values Pr*/* are contained 
in column 9 and the percentage difference in column 10. It can 
be observed that the agreement for the heat-transfer parameter is 
not as good as for the friction factors and the temperature-re- 
covery factors. It is only for the two stream temperatures 400 
and 800 R within 10 per cent. Calculations by Klunker and 
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McLean (22, 25) are less extensive than the ones in reference (19, 
20), but are generally in good agreement with the latter.. There- 
fore a comparison with the incompressible relationship was not 
made for these calculations. 

Van Driest has also calculated heat-transfer coefficients with 
the Prandtl-number variation as proposed by the National Bureau 
of Standards. He used in the presentation of his results a Stanton 
number which is based on enthalpies i instead of temperatures 
analogously as in the definition of the recovery factor. Instead of 
the customary definition of the Stanton number, Equation [7], 
he defines it in the following way 


Laminar heat transfer parameter for plate at recovery temp. 
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The paper contains plots of the parameter C,/2St;. Fig. 8 shows 
this parameter plotted over the Mach number for two different 
conditions in the free stream and for the situation that the wall 
temperature differs only by a small amount from the recovery 
temperature. Compared with these boundary-layer solutions 
are again the results of an approximate procedure which sets the 
parameter C,/2St,; equal to Pr*’/* and introduces the Prandtl 
number at the reference temperature as given by Equation [20]. 
It may be observed that the agreement between both sets of 
calculations is again excellent. Van Driest also presents the re- 
sults of calculations for large differences of wall temperature and 
stream temperature (i,,/i, from 0 to 6), for Mach numbers up to 
16, and stream total temperatures between 0 and 2000 F. «These 
results were also used to check the approximate procedure. The 
deviation is, in the whole range investigated, less than 1 per cent. 
In view of this good agreement, the parameter C,/2St,; was also 
calculated from Young and Janssen’s data. It is contained in 
column 11 of Table 2. Column 12 gives again the per cent dif- 
ference between the actual values in column 11 and the approxi- 
mation by Equation [12] as contained in column 9. It can be ob- 
served that the agreement is bad for a stream temperature 7’, = 
100 R, however excellent (within 2 per cent with one exception) 
for T, = 400 and 800 R. The large discrepancies at low stream 
temperatures were not found in the comparison of the approxi- 
mate procedure with Van Driest’s calculations. In addition, a 
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stream temperature of 100 R may occur in wind-tunnel tests but is 
never encountered in the atmosphere. For design calculations, 
therefore, the use of the Stanton number based on enthalpy is 
preferable. 

When calculations of recovery factors or heat-transfer co- 
efficients are based on enthalpy, it is probably more convenient 
to determine the reference conditions at which the property 
values are introduced from a reference enthalpy instead of the 
reference temperature. For this reason a reference enthalpy was 


calculated, as before, from the results of reference (20). It was 
found that within the accuracy obtainable the equation 
i* = i, + + 0.22%, —i,)........ [30] 


which has the same numerical constants as Equation [20], de- 
termines the reference conditions which, when used for the prop- 
erties in the equation for friction factor, recovery enthalpy, and 
Stanton number, give best agreement with exact boundary-layer 
solutions. 

The procedure used by Van Driest for the solution of the bound- 
ary-layer equations leads to an expression for the heat flow at the 
wall surface containing a difference between the wall enthalpy 
and another value which Van Driest calls generalized recovery 
enthalpy. The latter value is a function of i,/i, and transforms 
only for i,/i, = 1 into the enthalpy which an unheated wall 
assumes, Van Driest presents diagrams for the generalized re- 
covery factor based on this generalized recovery enthalpy. The 
approximate procedure proposed here automatically takes care of 
this situation since the Prandtl number is introduced into Equa- 
tion [11] at the reference enthalpy which, according to Equation 
[30], is a function of the wall enthalpy as well as of the stream 
enthalpy. Agreement of the approximate procedure for the re- 
covery enthalpy in reference (19) was again found to be within 
2 per cent. 

The friction factors published in reference (19) were also com- 
pared with values calculated from Equation [9] with the proper- 
ties introduced at the reference enthalpy, Equation [30]. An ex- 
ample of this calculation is shown in Fig. 4. The maximum de- 
viation of the approximate procedure in this figure and generally 
on all values in reference (19) was 4 per cent. 

A comparison of measured temperature-recovery factors and 
heat-transfer coefficients with calculated values has been made in 
a recent paper by G. Eber (26). Eber shows that measured tem- 
perature-recovery factors in a laminar boundary layer on cones 
vary around the value of 0.85 with a maximum deviation of 1 per 
cent. Within this limit, the values agree also with the calcu- 
lated results which have been presented in this paper. The 
peculiar fact that temperature-recovery factors measured on a 
flat plate were consistently higher than the ones determined from 
cones and assumed values around 0.88 has been explained by 
Korobkin (27) as caused by heat conduction in the solid-plate 
material. Heat-transfer coefficients could only be measured 
with an accuracy of approximately 10 per cent and within this 
limit, again agreement between values measured on cones and 
calculated heat-transfer coefficients has been observed. 

Recommended Calculation Procedure. On the basis of the fore- 
going investigation, the following procedure is recommended for 
the calculation of friction and heat transfer in two-dimensional 
laminar flow along a surface with constant pressure and tempera- 
ture. The local wall-shearing stress is calculated from Equation 
[3] with the friction factor appearing in this equation given by 
Equation [9]. The property values are introduced into both 
equations at a reference temperature which may be calculated 
from Equation [20], or at the reference enthalpy, Equation [30]. 
Heat-transfer coefficients are defined by Equation [4] for es- 
sentially constant specific heat, or by 
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for specific heat varying in a wide range, in which the recovery 
temperature is determined by Equation [5] for essentially con- 
stant specific heat, and by Equation [25] for variable specific heat. 
The recovery factor appearing in both of these equations is cal- 
culated from Equation [11] into which the Prandtl number has 
again to be introduced at the reference temperature given by 
Equation [20], or at the reference enthalpy, Equation [30]. The 
heat-transfer coefficient appearing in Equations [4] and [31] is 
calculated from the Stanton-number Equation [7] for essentially 
constant specific heat or from 


for variable specific heat. The density p has to be introduced at 
the recovery temperature or enthalpy and the Stanton numbers 
are obtainable from the relationship Equation [12] into which the 
Prandtl numbers have again to be introduced at the reference 
temperature given by Equation [20], or the reference enthalpy, 
Equation [30]. The friction factor and the heat-transfer coeffi- 
cient averaged over the surface length are twice the local values. 

The main uncertainty in the calculation of recovery factors and 
heat-transfer coefficients is caused by our insufficient present-day 
knowledge of Prandtl numbers for air at higher temperatures. 
Prandtl-number values as given in the Gas Tables (16) and recom- 
mended by the National Bureau of Standards differ for instance 
at a temperature of 2000 R by 12 per cent and accordingly the 
recovery factors calculated with those Prandtl numbers differ by 
6 per cent and heat-transfer coefficients by 8 per cent. 


TuRBULENT BounpAry-LAYER FLow 


In the preceding section it has been demonstrated that the 
calculation of friction and heat transfer in laminar boundary-layer 
flow has been refined to an accuracy which is very difficult to 
parallel in experimental investigations. In turbulent boundary 
layers, the situation is completely different. The present-day 
understanding of the turbulent exchange mechanism of momen- 
tum and energy especially under conditions of widely varying 
temperature is restricted to such an extent that exact solutions of 
the boundary-layer equations cannot be obtained. In any calcu- 
lation procedure, assumptions have to be introduced on the ex- 
change mechanism. In obtaining friction and heat-transfer 
data, we have, therefore, to rely heavily on measurements. Com- 
paratively extensive experimental investigations are available for 
the friction factor of plates whose temperatures are equal to the 
recovery temperature. 

In Fig. 9, the information on the influence of Mach number on 
this friction factor is collected. The measurements, the results of 
which are presented in the figure, have been made on flat plates 
or cylinders. Plotted is the ratio of the friction factor to the fric- 
tion factor in incompressible (means constant-property value) 
flow. The friction factor is again based on the property values 
taken at stream temperature. It may be observed that it de- 
creases considerably with increasing Mach number. The ratio 
C,/C,, appears to be essentially independent of Reynolds number 
in the range of measurements. 

Reference (4) compared the predictions of different published 
theories on the change of friction factors with Mach number. It 
was found that the results of the various calculations differ to a 
very high degree, ranging from values lower than the ones in Fig. 
9 up to values which drop only to 0.86 for Ma = 5. Faced with 
this situation, it is appropriate to look for a simple calculation 
procedure which agrees with the experimental results in the in- 
vestigated range. Fischer and Norris (28) pointed out that the 
use of constant-property relations with the reference temperature 
established for laminar boundary layers gives good agreement for 
turbulent boundary layers as well. 


h, 


TRANSACTIONS OF THE ASME 


Ratio of actual to constant property turbulent friction factor for plate at 
recovery temperoture. 


Approximation 
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For this procedure, the relationship for skin friction in a con- 
stant-property-fluid flow must be established at first. Several 
equations are offered in the literature for this purpose. The 
Blasius equation 


gives good agreement with measured values up to Re = 10". A 
good representation of the measured friction factors in the whole 
range up to Re = 10° is obtained by the von Karman-Schoenherr 
equation [1]. Simpler to apply is a formula by Schultz-Grunow 
for the local friction factor 


0.370 
 (logio Re)**4 


and a relation by Prandtl-Schlichting for the average friction 
factor 


0.455 

Both of these relations represent measurements up to Re = 10° 
very well. 

Since the measurements plotted in Fig. 9 have been made at 
Reynolds numbers below, or only slightly above, 10’ Blasius’ 
Equation [33] will be used to establish the Mach-number de- 
pendence of the friction factor with the use of the recovery tem- 
perature. The friction factors in Fig. 9 are based on property 
values at stream temperature 


and compared with the friction factor C,; of an incompressible 
(constant-property) fluid at stream temperature 
Cc 0.0296 
(p,V 


Assuming that for a variable property (compressible) fluid the 
shearing stress is given by the constant-property-value relation- 
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ship when the property values are introduced at the reference 
temperature 7'* results in the equation 


4 0.0296 ( 


A comparison between Equations [36], [37], and [38] gives the 
following formula by which the ratio of the friction factor in com- 
pressible flow to the friction for a constant-property-value fluid 


can be calculated 
C, ( p* 
CK 


The results of such a calculation in which it was assumed that 
the viscosity varies proportionally to the power of 0.76 of the ab- 
solute temperature and that the reference temperature is described 
by Equation [20] is indicated by a dashed line in Fig. 9. It may 
be observed that this dashed line averages the measured values 
very well. It can therefore be recommended fora plausible extrapo- 
lation of the test results into the higher Mach-number range. 
Some tests on friction of a cylindrical object with cooled surfaces 
have been published by I. Abbott (1). They are also included in 
Fig. 9 and compared with the predictions of the approximate pro- 
cedure which is indicated by dashed lines. The agreement is 
especially good for the smaller Mach number for which according 
to Abbott the tests reproduced most satisfactorily. 

Fig. 10 compares the test results with some theoretical predic- 
tions and with the findings of the approximate procedure in a plot 
the abscissa of which is indicative of the amount of cooling of the 
surface. The few test points are best represented by the ap- 
proximate procedure (dashed line). The lack of experimental in- 
formation is also demonstrated. 

Reference (29) describes a very extensive investigation which 
has been made at the NACA to study friction factors and heat- 
transfer coefficients for air flowing turbulently through a round 
tube with large temperature differences and subsonic velocities. 
The essential result of these tests was that the normal constant- 
property-value relationship described the results of these tests 
satisfactorily when the property values were introduced at a 
reference temperature which was situated approximately halfway 
between the wall temperature and the air-bulk temperature. It 
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may be observed that Equation [20] contains the same relation 
for the reference temperature when the air velocity is small (7, = 
T,). There is, therefore, justification to recommend tentatively 
the use of constant-property-value relationships together with 
Equation [20] as reference temperature for turbulent flow as well 
as for a laminar one. 

By plausible deductions Ackermann and Squire (1) deter- 
mined the following relationship for the recovery factor in a 
turbulent boundary layer 


Test results on flat plates as well as on cones agree well with this 
prediction so that it is, today, in common usage to describe the 
temperature recovery in a turbulent boundary layer on a flat 
plate. It has to be remembered that all experimental information 


has been obtained at a total temperature of the free stream around 
100 F. 

The simplest way to calculate heat transfer in turbulent flow is 
again to derive it from the friction factor with an equation 


(analogous to Relationship [12] ) in which the function S has to be 
determined experimentally. For small temperature differences 
and low velocities Colburn (1) has found that this factor S can be 
expressed for turbulent flow as well as for laminar flow as 1/Pr‘/*. 
Sufficiently accurate test results on which this expression could be 
checked in high-velocity flow with large temperature differences 
are not known to the author. 

All the discussion in this section assumes that the plate surface 
is smooth. It is known that roughness increases friction and 
heat transfer in turbulent flow when the roughness exceeds cer- 
tain limits. Extensive systematic information on rough surfaces 
exists only for the friction coefficient in low-velocity flow. 


RECOMMENDED CALCULATION PROCEDURE 


Summarizing our discussion on turbulent boundary layers the 
following recommendation of a calculation procedure is made. 
Constant-property relationships should be used to calculate the 
friction factor, the recovery factor, and the heat-transfer co- 
efficient, namely, Equations [33] to [35] for the friction factor, 
Equation [40] for the recovery factor, and Equation [12] for the 
heat-transfer coefficient. Property values should be introduced 
into these equations at the reference temperature given by Equa- 
tion [20], and the recovery factor as well as the Stanton number 
describing the heat transfer should be based on enthalpies instead 
of temperatures when the temperature range is such that the 
specific heat varies considerably within the boundary layer. 
These recommendations have to be considered as tentative and 
have to be checked by more experiments at large Mach numbers 
and especially at large temperature differences and high tem- 
peratures. 
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The Viscosity of Steam, Heavy-Water Vapor, 
and Argon at Atmospheric Pressure 
Up to High Temperatures 


By C. F. BONILLA,? S. J. WANG,* anv H. WEINER‘ 


Because of the increasing emphasis on high-temperature 
processes and high-speed flight, the physical properties of 
gases at high temperatures and atmospheric pressures 
have acquired considerable importance. A recent study 
(1)5 of the viscosity of steam was carried out over the range 
of 450 to 1200 deg C in a heat-jacketed apparatus. At that 
point failure of refractory supports in the furnace pre- 
cluded higher and lower temperature runs. It was de- 
cided to repeat this work with the same type of capillary ef- 
flux viscometer but a stronger support for the capillary, 
and alse cover lower and higher temperatures. The vis- 
cosity of D,O vapor, not found in the literature, was also 
determined. In addition, the viscosity of argon was 
measured, in view of expressed doubts (2) as to the accuracy 
of Vasilesco’s results. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


6 = efflux time, sec 

= viscosity, micropoises 
= capillary correction (1) for thermal expansion, slippage, 
coiling, and end losses (range of 1 to 1.05) 

initial dynamic reservoir pressure, psf 

final dynamic reservoir pressure, psf 

outlet pressure (atmospheric), psf 

temperature, deg C 

t + 273.1 

average reservoir temperature 

average capillary temperature 

constants in equation for compressibility factor Z = 
(x + 


APPARATUS 


The equipment used in the study was similar to that used 
earlier (1), although every item was a different one and the reser- 
voir was heated by boiling liquid instead of by an electric wind- 
ing. The reservoir was constructed by silver-soldering a 9-in- 
diam '/,-in-thick copper disk to each end of an 8'/;-in. length of 6- 
in-ID diameter copper pipe, also of '/,-in. wall thickness. The 
internal volume was calculated as 239.9 cu in. A 9-in. length of 
9-in-ID red brass tubing was silver-soldered to the copper disks 


1 Contribution No. 43 from the Chemical Engineering Laboratories, 
Engineering Center, Columbia University, New York, N. Y. 

2 Chemical Engineering Dept., Columbia University, New York, 
N. Y. 

* Air Products, Inc., Emmaus, Pa. 

4U. 8. Army, Camp Detrick, Md. 

* Numbers in parentheses refer to the Bibliography at the end of the 


per. 

Contributed by the Heat Transfer Division and presented at a 
joint session of the Heat Transfer and Gas Turbine Power Divisions 
at the Diamond Jubilee Annual Meeting, Chicago, Il., November 
13-18, 1955, of Tae American Society or MecHanicat ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
26, 1954. Paper No. 55—A-6 


to form an annular heating chamber. A circulation circuit for the 
heating liquid was made of 1-in-ID brass tubing, which permitted 
the vapor to flow from the top of the annulus to a reflux con- 
denser where it condensed, then down to the bottom of an elec- 
trically heated boiling section, and finally back up into the bot- 
tom of the annulus. N-hexanol, boiling at about 155 C, was em- 
ployed as the heating liquid. The liquid level was kept below the 
jacket and no fluctuation of temperature was noticed during 
operation. The reservoir was mounted in a 2-ft box and sur- 
rounded with Vermiculite for thermal insulation. 

A glass manometer tube containing dibutyl phthalate in a 
heated oil bath was connected to one end of the reservoir by a 
Kovar seal and a '/;-in. Hoke bellows valve. 

A cathetometer reading to 0.002 in. gave the manometer level. 
Another '/;-in. line and valve served to feed measured amounts of 
liquid to the reservoir. 

The other end of the reservoir was connected to a vacuum pump 
and also to the test capillary. The capillary was made of 90 per 
cent platinum and 10 per cent iridium, the latter contributing 
strength and workability at high temperatures. Although the 
capillary turned gray after exposure to high temperature, the 
calibration was frequently checked during the test and did not 
vary. The capillary was 0.025 in. ID, 0.008 in. wall thickness, and 
28.5 in. long. It was coiled in 7 turns around an RA 186 Norton 
alundum cage made with four '/,-in. rods between two disks. 
The two approach tubes were '/, in. ID and were bent 90 deg side- 
wise and gradually tapered at their inner ends down to the capil- 
lary. One Pt-—10 per cent Rh thermocouple was tied at the 
middle and one at either end of the capillary. No gold or other 
low-temperature solder was employed anywhere. The capillary 
was placed in an alundum combustion tube inside a Lindbergh 
Globar furnace. Three alundum radiation shields were located 
close to each end of the capillary. At the exit a toggle valve 
turned the flow on and off, simultaneously operating a micro- 
switch connected to the 60-cycle line and a Cramer counter read- 
ing in seconds. 

PRocEDURE 


The experimental procedure differed from that used previously 
only in that constant reservoir temperature was reached much 
faster and liquid could be fed in instead of vapor feed being re- 
quired. The somewhat larger reservoir and smaller capillary in- 
side diameter also increased the length of the runs and made the 
kinetic correction zero even at room temperature. 

The procedure consisted of making calibration runs with 
Airco prepurified nitrogen (99.99 per cent) over the temperature 
range and computing the calibration constant K by Equation [1] 


PO Tr 
+ — T, 
(Pi + — P,) 
For argon Equation [1] was then used in reverse to compute x. 


For steam and D,O vapor Equation [2], allowing for variation of 
compressibility factor with reservoir pressure (1), was employed 
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CALIBRATION Resu_ts WitrH NITROGEN 


The viscosity of nitrogen for the calibration runs was taken 
from Equation [3] 


a least-squares correlation (1) of Vasilesco’s data. 

The calibration runs are shown in Table 1.6 The average K is 
2.497 X 104 micropoises/(sec X lb/sq ft) with a standard devia- 
tion of 0.25 per cent. No significant variation of K was found 
with capillary temperature, or with reservoir temperature, demon- 
strating the correctness of the procedure and reverifying Vasi- 
lesco’s high-temperature results on nitrogen as well, indirectly, as 
on other gases. 


Viscosity or STEAM 


Experimental results with steam (Table 2)* were obtained from 
225 to 1450 C. Five or six runs were carried out near each selected 
capillary temperature, the mean deviation from the average of 
each group generally being 0.2 to 0.3 per cent. These points have 
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Fie. 1 Deviation or ExpPeRIMENTAL RESULTS AND CORRELATING 
Equations For Viscosiry oF STEAM AT ATMOSPHERIC PRESSURE 
From Equation [4] 


(Dots represent the new data.) 


been plotted in Fig. 1 as their deviation from Equation [4], the 
simple linear relation previously proposed (1) up to 570 C 


= 88.4 + 0.361! 


The new results are seen to agree even better with Equation [4] 
than the previous ones. Above 570 C they also agree within 1 
per cent with Equation [5], previously developed for this higher 
range 
39.37T*/ 
3315 — T + 0.0011587? 


Fig. 2 has been plotted as an aid to fitting the data with a 


6 Tables 1, 2, 4, and 5 are available as Document 4545 from the 
ADI Auxiliary Publications Project, Photoduplication Service, Li- 
brary of Congress, Washington 25, D. C. Make advance payment 
of $2.50 for photoprints or $1.75 for 35-mm microfilm to Chief, Photo- 
duplication Service, Library of Congress. 
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Sutherland-type equation. Equation [6] is a linear least-squares 
fitting of the data at temperatures up to and including 1014 C (to _ 
the right of A-A) 


It yields a standard error of estimate of 1.6 micropoises over this 
range, and is seen to fit the points well. 


“4 
e020 


0004 


Fie. 2 Hies-Temperature Deviation or Viscosity or STEAM AT 
ATMOSPHERIC Pressure From SuTHERLAND Equation, EqQuaTION 
[6] 


Above A-A, however, the viscosity decreases more rapidly than 
the equation indicates. Line B is a possible extrapolation, which 
yields 7'/*/u constant at high temperatures. No equation of 
reasonable form was hit upon, however, which had the shape of 
line B. 

Equation [7] is a two-constant relation which curves faster in 
the direction of constancy of T'/*/z at high temperatures than 
does Equation [6] 


T*/s 
~ 16360 + 0.0667567? 


Equation [7] was fitted to the highest six temperatures by least- 
squares correlation of 7 / versus 7'~*, It has been plotted in 
Fig. 1 for comparison with the points; the fit is reasonably good. 

An alternative method would employ more constants. Equa- 
tion [8] was fitted by substitution of the highest, 4th highest, and 
6th highest points, and is also shown in Fig. 1 


— 


0.81083 10° 


If it is desired to express the viscosity of steam at atmospheric 
pressure by a simple approximate equation, it is again recom- 
mended from the results in Fig. 1 that Equation [4] be used, at 
least up to 1200 C, The maximum error should not exceed 3 per 
cent. For more accurate fitting of the data Equation [6] is recom- 
mended from 200 to 1050 C and Equation [7] from 1050 to at 
least 1500 C. Values picked from a smooth curve drawn through 
the data are given in Table 3, and may be slightly more accurate 
yet. 

Viscosity or D,0 Vapor 


Runs were carried out and computed with 99.8 per cent D,O 
in the same manner as with water. The results are given in Table 
4.6 No PVT data or mean free-path values were found in the 
literature, and those for steam at the same pressure and tempera- 
ture were employed for the compressibility and slippage correc- 
tions. 


1286 
z P, P, 
|| 
. [6 
46.623 + 0.0409897 
| 
4 
3 
ail | 
a 
2 


TABLE 3_ RECOMMENDED VALUES FOR VISCOSITY OF 
D:0 VAPOR, AND ARGON AT ATMOSPHERIC PRESSU 


Temp, deg C 


0 
50 ‘4 ) 
100 
150 142.5° an 294.7 
200 157.9 161.6 319.9 
250 176.5 180.9 343.9 
300 195.4 201.0 366.7 
400 234.4 241.5 409 .6 
500 273.2 282.2 449.4 
600 313.1 321.9 486.5 
700 351.5 360.7 521.4 
800 388.5 397.5 554.5 
900 424.9 432.4 586.0 

1000 460.0 466.0 616.0 

1100 490.3 496.2 644.8 

1200 517.4 523.1 672.5 

1300 542.1 546.5 699.1 

1400 564.1 569.6 724.9 

1500 584.5 590.2 749.8 

1600 606. 1° 611.44 174.0 

1700 626.0¢ 1.84 797.5 

1800 645.3¢ 651.44 820.4 


® For correction to lower p 
Equation [4]. 
7}. 
1 
12}. 


¢ Equation 
4 Equation 
¢ Equation 


Fie. Deviation or Viscositry or Heavy-Water (DevuTeRtuM 
Oxipe) Vapor at ATMosPHERIC Pressure From Equation [4] 
(Dots represent new data.) 
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Ae 
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Fie. 4 Hies-Temperature Deviation or Viscosiry or Hgavy- 
Water Vapor at AtrmospHEeRIC Pressure From SvuTHERLAND 
Equation, Equation [9] 


The points are shown in Fig. 3 as deviations from Equation [4]. 
The viscosity is seen to be about 3 per cent higher than that of 
steam below 1000 C and 1 per cent higher above 1000 C. Fig. 4 
shows that a Sutherland type of equation fits well up to about 
1000 C. Equation [9] is the least-squares result of correlating 
T'/*/p versus 1/T up to 1000 C 


45.437 + 0.0397967 
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For higher temperatures, least-squares correlation of T’/*/y 
versus 1/7? yields 


In Table 3 values from a smoothed curve have been listed. Owing 
to the small difference in the viscosity of steam and of D,O vapor, 
no correction for the residual 0.2 per cent of H:O was applied. 


Viscosity or ARGON 


Considerable information on the viscosity of argon at atmos- 
pheric pressures is available in the literature, including Vasilesco’s 
results (8) from 0 to 1595 C. Keyes has pointed out (1) an 8.5 per 
cent disagreement at 1600 C between Vasilesco’s values and 
values extrapolated from Johnston and Grilly’s low-temperature 


Equation 


Lop 


Tin 


Fie. 5 Deviation or Viscostry or ARGON AT ATMOSPHERIC 
Pressure From Equation [11] 
(Dots represent new data.) 


° 200 400 


results. Owing to this and general theoretical interest in the 
noble gases, argon was run in the present apparatus. The gas 
employed was the standard 99.9 per cent grade from the Air Re- 
duction Company. The results are given in Table 5° and plotted 
in Fig. 5 as the deviation from Equation [11], previously obtained 
(2) from Vasilesco’s data by least squares 

19.1377" 


137.2 +T 


Equation {11] fits Vasilesco’s data with a standard error of esti- 
mate of 1.7 micropoises. 

Much better reproducibility of the data was obtained for argon 
than for steam and D,O vapor, since condensation is not a prob- 
lem and the reservoir could be operated at room temperature. The 
data were fitted by a Keyes’ type of Sutherland equation. Linear 
regression of against (10~14/T)/T yielded 


19.4017" 


1 + 161.56 10-14/7 


The standard error of estimate is 1.2 micropoises. 

Fig. 5 shows that Equation [12] is always within 1 per cent of 
Vasilesco’s data. Since it also agrees better with the data on 
which it is based than does Equation [11] and more points are 
available, it has been used for Table 3 and is recommended over 
Equation [11]. 
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Discussion 


J. Kestrn.?’ We must not be deceived by the matter-of-fact- 
ness of the style of the paper into underestimating the magnitude 
of the achievement reported by the authors. The mere fact 
of having reached temperatures of the order of 1500 C in the 
measurement of viscosity is a very high achievement indeed. 

Having said that, I wish to take issue, not with the authors, 
but with the agency which accepted their paper for publication, 
as I suspect, and please correct me if I am wrong, that pressure 
was put on the authors to condense the paper to its present size. 
Undue compression defeats its own purpose of saving time, and 
I, personally, very much regret the absence of more detailed infor- 
mation about the experimental setup, as well as the relegation of 
the tables of data to the Library of Congress. This makes it 
very difficult to form an opinion on the results presented, or to 
become more intimately acquainted with them. 

Values of the viscosity of gases and vapors must now be ob- 
tained by the painful and costly process of measuring them di- 
rectly, and separately for each substance, over wide ranges of 
pressure and temperature, there being no reliable theory whereby 
the viscosity could be calculated, or even whereby measurements 
could be correlated in a satisfactory and sure manner. Great 
progress in that direction was made by Prof. J. Hirschfelder and 
his associates and by E, A. Mason and W. E. Rice, but the ab- 
sence of highly precise data on viscosity makes it very difficult to 
assess the superiority of one intermolecular potential against 
another. 

From this point of view, the discrepancies between the present 
data, and those reported by others for the lower temperature end, 
are very disturbing. In the case of steam at about 600 C, the 
discrepancy with Timroth’s Russian data is about 5 per cent, and 
the trend seems to be different. In the case of argon, the devia- 
tion from Westmoreland’s Bureau of Standards data is 2.5 per 
cent at about 400 C, there being no comparative data available 
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for deuterium oxide. I wonder whether the authors have any 
opinions on the reasons for such discrepancies. 

In our own program of research at Brown University, we are 
measuring viscosity at elevated pressures but at room tempera- 
tures, and so we are only able to compare argon at one single 
point. We find that Vasilesco’s value of 2211 X 107-7 poise at 
20 C and 1 atm is too low, and we can report much closer agree- 
ment with the authors’ value of 2221 X 10-7 poise at 20 C and 1 
atm, our value being 2225 X 10-7 poise [42 (approx) X 1077 
poise] at 20 C and 1 atm. 

I am rather disturbed by the relatively large spread of the ex- 
perimental data plotted in the paper, particularly in the case of 
argon at about 100 C (almost 1 per cent), and would like to in- 
quire about the reasons for it. 

Regarding Johnston and Grilly’s results (based on the inade- 
quate theory of the instrument due to Maxwell), we are able to 
confirm that with our improved theory of the instrument, we 
would expect lower values of viscosity than those reported. We 
are unable to recompute the values due to the absence of certain 
essential items of information in the original paper. 

I am very glad to note that the authors use pure nitrogen as 
their reference substance for calibration rather than air which is 
a mixture of gases. We now do the same at Brown University, 
and I would be glad if this practice became universal. 

In conclusion, I would like to extend once more my warmest 
congratulations to the authors on an achievement of high magni- 
tude and to wish them success in their further work on this diffi- 
cult and sorely needed measurement. 


Avursors’ CLOSURE 


We wish to thank Professor Kestin for his kind words. With 
respect te the paper, it was originally written very concisely to 
facilitate acceptance, and the need for separate publication of the 
data had been anticipated. It is certainly difficult to decide on 
the proper number and distribution of pages for describing tech- 
nical developments and researches. Passibly it would be de- 
sirable for the Society to require all authors to retain a complete 
file of information for, say, 10 years on each published paper. 

No explanation for the low-temperature discrepancies in the 
viscosity of steam is apparent. However, low-temperature meas- 
urements on a vapor can always be suspect if there is any possi- 
bility of cool spots where liquid might remain or condensation 
occur. Our high-temperature results have our confidence be- 
cause of the close agreement between two entirely different ap- 
paratus and workers (R. D. Brooks and 8. J. Wang). The new 
low-temperature results are supported by the added effort in that 
direction since our earlier work, by their merging smooth!y with 
the high-temperature results, and by their agreeing in part with a 
previous worker (Timroth). However, more low-temperature 
measurements in a totally jacketed apparatus seem indicated. 

Prof. F. G. Keyes has suggested* that the “anomolous’’ de- 
creases in viscosity at high temperatures shown in Figs. 2 and 4 
may be due to dissociation of the vapor according to the following 
reactions 


H,O = OH + '/:H; 
HO = '/:0: + Hs 


He suggests that OH would probably have a smaller viscosity than 
H,O. The magnitude of this effect will be computed herein at 
2000 K assuming the viscosity of OH equals that of Hy (approxi- 
mately half that of H,0.) 

From Dorsey’ the per cent dissociation according to the above 

*F. G. Keyes, Personal communication, November 3, 1955. 

* “Properties of Ordinary Water-Substance,’’ N. E. Dorsey, p. 27, 
Reinhold, 1940. 
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two reactions is computed as 0.682 and 0.609, respectively. The 

amounts of each dissociation product, its linearly interpolated 

effect on the viscosity of steam, and the empirical correction fac- 

tor thereon” may then be computed as follows 

Ynterpelated Correction, 
0.94 +1 2 


0.68 ‘ 
0.30 +0.1 


Substance Micropoises 


—3.7 


Thus the total effect of dissociation on the viscosity of steam 
at 2000 K should only be some —3.7 micropoises or —0.59 per cent 
as compared with approximately —10 per cent as per Fig. 2. Evi- 
dently dissociation (alone) is not causing this large decrease in 
viscosity. 

The spread in the argon data seems to be due to chance experi- 
mental errors, The points were calculated exactly only after 
the runs were completed; otherwise additional runs would 
probably have been curried out at several temperatures. Initial 
pressures and lengths of the runs were varied to show up any 
possible systematic error, such as in manometer response, timing, 
and adiabatic cooling in the reservoir. No trend of the results 
with these variations was ever observed. In this manner, how- 
ever, some of the runs had less inherent accuracy than others. 

Since these argon data are believed to be the most accurate high- 
temperature-range data available on any nonpolar, smooth 
spherical molecule, they have been carefully compared in this 
laboratory with the Hirschfelder theoretical analysis based on the 
Lennard-Jones (12-6) potential. This work was done by A. J. 
Cardinal, who employed the following method. A temperature 
and corresponding viscosity were selected from Table 3. Then an 
arbitrary value of (k7'/€) and its corresponding f(k7'/€) = 4.4017 
10" pro?/(Me) were read from a table of Hirschfelder inte- 
grals.'"1!2 The corresponding values of € and ry were then com- 
puted. The process was repeated with other arbitrary values of 
(kT/e€) and f(kT'/¢) yielding a curve of € versus ry for the selected 
experimental point. Other curves were similarly obtained for other 


” Reference (2), fig. 4. 

11 “Calculation of Gas Viscosity as a Function of Temperature,” 
by L. A. Bromley, UCRL-525 (1949). 

12 ‘Viscosity Behavior of Gases,” by L. A. Bromley and C. R. 
Wilke, Industrial and Engineering Chemistry, vol. 43, 1951, pp. 1641- 
1648. 
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temperatures from Table 3. The curves were roughly parallel, 
but nowhere intersected at one point, showing that no values of 
€ and rp could match the theory and the data closely. 

This is perhaps better shown in Fig. 6, which plots the deviation 
between Equation [12] and the Hirschfelder integrals for two 


A 


iL 
1400 


Fic. 6 Comparison or Equation [12] ror Arcon WirTH THE 
INTEGRALS 


pairs of values of € and ro. Evidently the experimental data can 
only be fitted exactly at two temperatures by any one pair of 
values of € and ro. If a good fit at widely distant temperatures 
is obtained, the theoretical viscosity is too low at all intermediate 
temperatures. As a corollary, this theory gives too high a vis- 
cosity at high temperatures; i.e. the exponent 0.645 in the bigh- 
temperature expression™ '* f(k7'/€é) = is too 
high and should be closer to 0.5, the asymptotic slope of the 
Sutherland equation and of Equation [12]. It is planned to com- 
pare the data with other proposed theories, particularly the 
Buckingham potential.'* 

13 “Transport Properties of Gases Obeying a Modified Buckingham 


(Exp-Six) Potential,”” by E. A. Mason, Office of Naval Research Re- 
port WIS-ONR-1, 1953. 
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High-Speed Guarded-Hot-Plate Apparatus 
for Thermal Conductivity of Thermal 
Insulation 


By E. V. SOMERS,’ E. PITTSBURGH, PA. 


A thermal-conductivity apparatus has been developed 
which can determine accurately the k-factors of thermal 
insulation in approximately 10to 15 min. This apparatus 
combines the use of a heater plate of very low thermal ca- 
pacity with separate automatic control of the power to 
the central and guard-ring heaters, obtainable with com- 
mercially available power-control apparatus. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


cross-sectional area, normal to heat flow path, sq ft 

arbitrary constant, Equation [11] 

proportionality constants, Equation [9] 

specific heat of thermal insulation, (Btu/lb deg F) 

specific heat of heater-plate material, (Btu/lb deg F) 

experimentally determined thermal conductivity of 
thermal insulation, (Btu in/hr sq ft deg F) 

mean value of several values of kexp 

thermal conductivity of thermal insulation, (Btu 
in/hr sq ft deg F) 

unidirectional-heat-flow path length, or thickness 
of sample, in. 

heater-plate thickness, in. 

variable of Equation [12] 

root of Equation [12] 

probable error, Table 4 

unidirectional-heat-flow rate, (Btu/hr) 

approximated steady-state unidirectional thermal 
flux rate in an insulation, (Btu/hr sq ft) 

thermal storage rate per unit plate area, in heater 
plate (Btu/hr sq ft) 

power input to heater plate, per unit plate area, 
(Btu/hr sq ft) 

ins for go = Go’, (Btu/hr sq ft) 

time variable, hr 

space variable, in. 

thermal diffusivity of thermal insulation, a = 


2 (sq ft in/ft hr) 
pe 


parameter of characteristic equation, Equation [12] 

parameter of characteristic Equation [12] 

steady-state temperature drop across an insulation 
sample of thickness L, Ago = ¢o', deg F 


1 Research Engineer, Research Laboratories, Westinghouse Elec- 
tric Corporation. 

Contributed by the Heat Transfer Division and presented at the 
Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
1955, of Tae American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, August 22, 
1955. Paper No. 55—A-129. 


¢ temperature difference between insulation and cold 
plate at any point z and at time ¢, deg F 
¢o temperature difference across an insulation sample, 
referred to Equation [4], deg F 
steady-state temperature drop across an insulation 
sample of thickness L, deg F 
density of thermal insulation, pcf 
density of heater-plate material, pcf 
standard deviation, Table 4 


INTRODUCTION 


A long-desired improvement in the field of physical testing has 
been an instrument which will measure the thermal conductivity 
of a thermal insulating material in a time interval of several 
minutes. The guarded hot-plate method,* with apparatus de- 
scribed in past literature, has required testing-time intervals 
varying from many hours to several days. Recent improvements 
by Herman, et al.,? and Oswald‘ have shortened the testing-time 
interval to as small as 6 hr, by employing transient power to the 
heaters under automatic control at values in excess of the even- 
tually attained steady-state value. 

A second improvement in the testing time is that to be ob- 
tained by using a heater plate of very low thermal capacity, since 
the long transient time interval is due to the large amount of heat 
required to heat the heater plate to its steady-state temperature 
compared to the power applied t6 the heaters. 

The present paper describes the construction of a low thermal- 
capacity heater plate and its. use with a variable transient power 
to both heaters, controlled by commercially available power con- 
trollers. The testing- time interval has been reduced to 10 to 15 
min for samples with k-factors of 0.2 Btu in/hr sq ft deg F. 


INSTRUMENTATION-—TESTING PROCEDURE 


The thermal conductivity of insulating and building materials 
is determined by the guarded-hot-plate method, as described in 
ASTM Designation: C 177-45.2, The method consists of placing 
a metal-plate heater between two plane slabs of the test material, 
with liquid-cooled metal plates placed on the outside surfaces of 
the slabs to absorb the heat transferred through the samples. To 
reduce the loss of heat by convection to ambient along the edges of 
the slabs, the heater is surrounded by a guard heater, sandwiched 
between extended sections of the slab samples. The guard heater 
supplies the heat lost to the cold plates through the slabs in the 
area surrounding the heated plates and to the ambient air through 
the slab edges, establishing an approximately unidirectional heat- 
flow pattern in that part of the sample in contact with the central 


2“ASTM Standards, 1945 Supplement. 
Materials—Constructional,”’ 1945, pp. 6-14. 

3“Automatic Control of Thermal Conductivity Apparatus,’ by 
E. M. Herman, R. B. Plate, and W. P. Sinclair, ASTM Bulletin, no. 
170, December, 1950, pp. 69-74. 

¢“(ber eine Anordnung zur Abktrzung der Versuchszeiten bei der 
Bestimmung von Wirmeleitzahlen in Poensgenschen Plattenap- 
parat,”’ by W. Oswald, Zeitschrift fir angewandte Physik, vol. 5, 1953, 
pp. 130-133. 
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(a) SQUARE PLATE CONSTRUCTION 


WATER - COOLED BASE PLATE | 
‘TEST SAMPLE | 


SAMPLE L 
HEATER 


| ‘TEST SAMPLE 


[WATER - COOLED BASE PLATE | 


(b) ROUND PLATE CONSTRUCTION 


SEC. BB 
Fie. 1 


heater. Two commonly used geometrical designs of a guarded- 
hot-plate apparatus are shown in Fig. 1. The dimensions of the 
central heater, guard-ring heater, and sample thickness, permit- 
ting approximately unidirectional flow in the test sections of the 
slabs, have been discussed by Somers and Cyphers.! Opera- 
tionally with the appratus, the condition of unidirectional flow 
is attained with proper sample and apparatus dimensions, when- 
ever the guard-ring heater and the central-heater plates are at the 
same temperature. That both heaters are approximately iso- 
thermal is seen from the ratio of the thermal conductivities of the 
plate and sample materials—usually between 200:1 and 1000: 1 
for building materials, and in the case of thermal insulating ma- 
terials 5000:1. Letting Ago represent the temperature drop be- 
tween the center-heater plate and the liquid-cooled plates, L, the 
thickness, and Ao, the center-heater area of each slab, for a given 
central-heater power Qo, the k-factor is determined from the 
Fourier law, describing steady-state unidirectional heat conduc- 
tion 


Procedure 6 f of the ASTM specification states that “after 
steady state has been reached, the test shall be continued . . . until 
successive observations made at intervals of not greater than one 
hour, over a period of five hours, give thermal conductivity values 
that are constant to within one per cent.” This procedure should 
not be interpreted as a restriction on instrument time, but rather 
as a precaution regarding actual changes in the k-factor with time 
as the sample is tested. For example, moisture absorbed by a 
thermal insulation will alter the value of the k-factor as it diffuses 
out of the sample during the testing-time interval. 


Discussion OF TRANSIENT TIME OF THE INSTRUMENT 


The long time required for guarded-hot-plate apparatus to 
reach a steady state is due to combinations of three factors, two 
of which are operational: 


5 “Analysis of Errors in Measuring Thermal Conductivity of In- 
sulating Materials,” by E. V. Somers and J. A. Cyphers, Review of 
Scientific Instruments, vol. 22, 1951, pp. 583-586. 
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1 The thermal capacity of both heater plates is 
large. 
as 2 The power input to the central-heater plate is 
held constant during the transient state. 
3 The power input to the guard-heater plate 
is adjusted manually, to obtain a zero temperature 
difference between it and the central-heater plate. 


Automatic adjustment of the power to the guard- 
heater plate has been described by Herman, et al.* 
They used the thermal-couple voltage arising from 
the temperature difference between the guard-heater 
and central-heater plates to actuate a commercially 
available power controller, connected to the guard- 
ring heater. The controller automatically adjusted 
the power to the guard-ring heater during the tran- 
sient state, to maintain a zero temperature difference 
between the guard-heater and central-heater plates. 
Herman reduced the man-hours required for a test 
from an average value of 208 to 13; his testing in- 
terval, however, was still relatively long—several 
times greater than 13 hr. 

Increasing the power to the central-heater plate 
and automatically controlling both it and the guard- 
heater power have been discussed by Oswald.‘ 
Oswald constructed a control apparatus using photo- 
electric cells controlling his power input to both heaters by an 
on-off method, which reduced his testing interval from 24 to 6 hr. 

The present paper discusses an apparatus and its control, em- 
bodying all three of the foregoing factors—a combination of very 
low thermal capacity of the heater plates and automatic control 
of the power to both heaters obtainable with commercially availa- 
ble controllers. 

To analyze the problems of thermal capacity and automatic 
control, let us set up a transient energy balance for the central- 
heater plate, assuming no heat losses from the edges of the 
samples. The latter assumption is approximately attained when 
the guard-ring heater controller keeps the guard-heater plate and 
the central-heater plate at the same temperature during the 
transient state. The heater power, used in the transient process, 
(a) heats the insulation, (b) heats the heater plate, and (c) sup- 
plies the conductive heat loss to the cold plates. It is easily 
shown that the power required to heat the insulation is insig- 
nificant, so that the power input to the heater is approximately 
equal to that stored in the plate plus that lost by quasi-steady- 
state conduction from the heater-plate to the cold plates. 

Let a slab of thermal insulating material (k-factor = 0.25 Btu 
in/hr sq ft deg F, p = 2.0 pef, c, = 0.24 Btu/lb deg F), of thickness 
L, in contact on one side with a cold plate at temperature, g = 0, 
be suddenly placed in contact on the other side with an isothermal 
hot plate at temperature, ¢ = ¢. The temperature at any posi- 
tion between the two plates, g(z, t), (0 < « < L) with z = 0 at 
the cold plate, at time ¢, is given by 


Po L n=1 
For ¢ > 0, only the first term of the summation (n = 1) is of im- 
portance; further, with the transient heat-flux rate within 1 per 
cent of the steady-state rate 
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With a known, the maximum time intervals for different slab 
thicknesses can be estimated, as given in Table 1. These time 


TABLE 1 TRANSIENT-RESPONSE TIMES OF THERMAL IN- 
SULATION SLABS 


intervals, small compared to the transient time interval for the 
apparatus, permit use of the assumption that the thermal loss to 
the cold plates always occurs under a quasi-steady-state condi- 
tion in the insulation 


Let the heater plate of thickness 1, of density p’, and specific heat 
c,’, have a rate of heat storage per unit surface area, given by 
storage = p’c,'l di 
If the power input per unit surface area of the plate is given by 
q(t), the following approximately correct thermal-power balance 
for both sides of the plate is given by 
~ dgo 
git) L + p’e,'l [6] 


(The factor 2 for gins accounts for an insulation sample on each 
side of the heater.) 
If g(t) is held constant for all values of ¢ 


at) = = 2 ( L ) 
and the solution to Equation [6], with go = 0 att = 0, is 


Go = ep| 


For | = '/, in., p’ = 169 pef, and c,’ = 0,222 Btu/lb deg F 
(aluminum), we find for ¢o/¢o’ = 0.99, that ¢ = 0.90 hr (54 min). 
A comparison of aluminum, copper, and alundum of different 
thicknesses is given in Table 2. The given time intervals can be 


TABLE 2 TRANSIENT RESPONSE TIME OF DIFFERENT 
HEATER PLATES, g(t) = w 


Material 1, in. t(For 99% steady state) 
Copper... / 50 hr (330 min) 
V/s 60 hr (576 min) 


shortened, if q(t) > go during the transient state. 

Commercially available instruments have power controllers 
that adjust a function of the power input, referred to the steady- 
state temperature difference, go’, proportional to 


(a) S'(¢o’ — ¢o)dt, referred to as integral control 
(b) (¢o’ — ¢o), referred to as proportional control 


(c) a referred to as derivative control 


With a linear function of the power input q(t) 


Gt) — go = Cs — + Cher’ — + 
..[9] 
= Ci + + Cs(¢0’ — go) 
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Disregarding almost negligible thermal-time lags in the heater 
wire-to-plate-to-thermocouple system, we can equate Equations 


[6] and [9] 
+ (24-0) 
+ — go’) = 0...... {10} 
The solution to Equation [10] is given by 
(galt) — go’) ~ A exp (mil)............. {11} 
where m; is one of the characteristic roots of Equation [12] 
m*? + Bm + 7 = 0 } 


di? 


(p’c,'l — C1) 


The values of C,, C2, and C; are adjustable instrument constauts 
that can be experimentally varied until proper values of m, are ob- 
tained. With the known range of values of these constants for 
any particular control instrument, the 99 per cent decay time can 
be calculated from Equations [11] and [12]. Estimates of the 
minimum time required to reach 99 per cent of the steady-state 
temperature using the '/,.-in. aluminum heater plate, Table 2, 
with a power input controlled linearly by commercial instruments 
were below 10 min. 


HeaTER-PLATE CONSTRUCTION AND CONTROLLED OPERATION 


The heater plate was designed and built in accordance with the 
ASTM Designation C 177-45. The plate, of square construction, 
has a central-heater plate, 4 in. X 4 in., and a guard-ring plate, 
8in. X 8 in., with a '/,«-in. air gap between the two plates. From 
data by Somers and Cyphers,' this plate will handle sample thick- 
nesses up to 2 in. without error resulting from edge convective 
loss. 

Both guard-heater and central-heater plates are of a sandwich 
structure, made with two '/s3:-in-thick aluminum plates bolted 
together at approximately 120 places over the 8-in.  8-in. area. 
The wire for both heaters, of 20-mil-diam nichrome, insulated 
with approximately a 15-mil-thick covering of asbestos, was 
wound back and forth between the aluminum cover plates for 
about an 80-in. length per heater. Each bolt (a 0.060 in.—80 
flathead screw) was surrounded between the plates by a metal 
spacer, 36 mils long. With the thermocouples and heater wires 
properly installed between them, the two cover plates were pulled 
down to the 36-mil spacer gap and held firmly in place by the 
bolts, the bolts being screwed into threaded holes in the top plate 
with the flathead section fitting into a countersunk hole in the 
bottom plate. The compression of the asbestos insulation (glass- 
tape insulation on the thermocouple wires), bringing the wires 
into good thermal contact with the aluminum plate, locked the 
wires firmly into position between the plates. The central- 
heater wires were connected to copper lead-in wires, at the air gap 
between the two heater plates, thereby permitting uncorrected 
use of the measured electrical power to the central heater. The 
heater plate is pictured in Fig. 2. 

Two thermocouples (copper-constantan) were installed at ap- 
proximately the center of the central-heater plate and four dif- 
ferential thermocouples were installed, one on each side of the air 
gap between the central-heater and guard-heater plates. The 
common wire in each of the differential thermocouples was strung 
almost diagonally (2 in. between junctions) across the air gap, to 


ee 
exp (— Fj at) < 0.005 
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Fic. 2. Heater Piate ror Guarpep-Hot-PLaTe APPARATUS 
reduce thermal-conductive effects along the wire between the two 
thermocouples. Each thermocouple, along most of its length, was 
shielded by a crumpled aluminum-foil radiation shield from possi- 
ble thermal radiation pickup from the heater wires; the thermo- 
couples, in good conductive thermal contact through the com- 
pressed electrical insulation, were effectively at the plate tem- 
perature. 

The cold plates, used on either side of the heater plate, were 
liquid-cooled by circulation of a water-ethylene-glycol solution 
through copper-tubing coils soldered to the outside of the plates. 
The liquid was circulated from a subambient constant tempera- 
ture bath of large volume, at sufficient flow rates to insure the 
establishment of an isothermal condition in the cold plates. A 
small-diameter thermocouple well, drilled in each cold plate from 
the edge to the center of the plate, a distance of 4 in., insured 
error-free measurement of the plate temperatures. 

The heater plate and cold plate were mounted on a supporting 
structure attached to a large-diameter base plate, through which 
were taken the electrical leads, thermocouple wires, and cooling 
coil lines. A 15-in-diam bell jar, set over the apparatus, could be 
evacuated through connections in the base plate. A pressure- 
measuring tap in the base plate was comnected to a vacuum pres- 
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sure controller, permitting establishment of constant-valued sub- 
atmospheric pressure down to 0.5 mm Hg inside the bell jar. 

The power leads to the central-heater plate were connected to 
a transformer operated by a commercial control unit with deriva- 
tive, proportional, and integral control action. The control unit 
was activated by a commercial temperature recorder-controller 
(60 to 260 F), connected to one of the central-heater-plate ther- 
mocouples. The power to the central heater was measured with 
a wattmeter, with 5 and 10-watt scales and was automatically 
adjusted by the controller so that the temperature of the central- 
heater plate was held at a preselected control point temperature, 
within a range of +0.5 deg F. 

The power leads to the guard-heater plate were connected to a 
transformer operated by a commercial contro! unit, activated by a 
commercial recorder-controller (—0.5 to +0.5 millivolt), which 
was connected to the circuit containing the four differential ther- 
mocouples in series. The power to the guard-heater plate was 
automatically adjusted by the controller to maintain a zero milli- 
volt reading from the thermocouple circuit at all times. The 
range of the temperature difference between the plates was 
+0.1 deg F. 

The controller operated a variable transformer with the output 
voltage of the transformer proportional to the input signal to the 
controller. Thus the form of Equation [9] was nonlinear, the 


right-hand side varying with J q rather than with g 


Further, the controllers, equipped with limit switches that 
stopped the controller-arm motion at the maximum voltage out- 
put of the transformer, truncated the power versus time curve. 
Disregarding the truncation and representing q of Equation [13] 
by some mean-valued constant, we expect the linear analysis of 
Equations [10], [11], and [12] to approximately represent the 
actual response of the apparatus. 
A schematic diagram of the control system is given in Fig. 3. 


Resutts—TRANsIENT RESPONSE, ACCURACY, 
AND AN EXAMPLE 


The thermal-conductivity-measuring equipment and its power 
control system performed well with respect to (a) transient re- 
sponse; and (6) reproducibility and accuracy. Each of these will 


PLATES 


CENTRAL 


POTENTIOMETER RECORDER 


T,-COLD PLATE 
TEMPERATURE 


A-CENTRAL HEATER AREA 


CENTRAL HEATER 
PLATE TEMPERATURE 


Fie. Scuematic DraGram or Controt Circuits 


: 
| 
Vq 
ne 
| im 
| Sy — CENTRAL 
HEATER 
POWER 
| 
| | 
RECORDER 
CONTROLLER 
| 
4 
~ 


SOMERS—HIGH-SPEED APPARATUS IN THERMAL CONDUCTIVITY OF THERMAL INSULATION 


be discussed separately. An interesting example illustrating the 
value of high-speed tests wili be discussed. 

(a) Transient Response. The calculated natural transient-re- 
sponse time (99 per cent) of the aluminum plate is given in Table 2, 
as 54 min. Under experimental conditions similar to those used 
in the calculation, i.e., a constant-valued power used to reach 
a steady state, the natural response time of the instrument was 62 
min. The difference between the two values, partly accounted for 
by the heat storage in the insulation slabs, the heater wires, 
thermocouple wires, machine screws, and asbestos amounts to 
less than 15 per cent of the calculated value. 

With the control instrument properly adjusted for small 
transient-response time, the transient-response time, with the 
truncated maximum power equaling approximately twice 
the steady-state power, was reduced to less than 15 min. With the 
ratio of truncated maximum power to steady-state power in- 
creased to about 4:1, the transient-response time was reduced to 
less than 10 min. 

(b) Instrument Accuracy and Test-Value Reproducibility. The 
accuracy of the instrument can only be judged with respect to its 
measurement of a known k-factor. Since a known k-factor is the 
result of an experimental measurement, the elimination of sources 
of error in the design of the apparatus is required, so that one can 
estimate the experimentally measured value of the k-factor to be 
within certain a priori error limits. If the k-factor is measured 
with several differently designed sets of apparatus, agreement of 
the measured values indicates somewhat accurate knowledge of 
the k-factor. As high as 10 per cent variation in the measured 
values of the k-factor of an insulation has been obtained from 
different sets of apparatus. Carefully designed sets of apparatus 
should agree within a few per cent. 

The accuracy of the apparatus was checked by measuring the 
k-factors of several glass-fiber thermal-insulation samples and 
comparing the values with k-factor values measured with other 
sets of guarded-hot-plate apparatus. The samples used in the 
other sets of apparatus were 18 in. X 18 in. X 1 in.; from each set 
of samples were cut four 8-in. X 8-in. X 1-in. samples for the 
high-speed apparatus. The test results, given in Table 3, show 


TABLE 3 ACCURACY CHECK OF APPARATUS ON FIBERGLAS 
INSULATION 


Predetermined values 


Test sample no. Apparatus 1 Apparatus 2 values 
(k-factor—Btu in/hr sq ft deg F) 


High-speed apparatus 


Ave 
0.215 


Avg 
0.220 


Ave 
0.257 


that all three average values of the samples check within 3 per 
cent of the predetermined values; this indicates good accuracy. 
The reproducibility of results taken with the high-speed ap- 
paratus is good, judged by the small differences between k-factor 
values obtained for the four different sections cut from each set 
of 18-in. X 18-in. X 1-in. samples. 

The measuring errors involved in testing samples I, II, and ITI 
can be estimated from the information in Table 4, where all re- 
sults were calculated from steady-state power values averaged 
from 10 readings taken 1 min apart after a steady state had been 
reached. The quantities reported in Table 4 are the average 
value kexp, the standard deviation o, and the probable error p. 
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TABLE 4 STATISTICAL ANALYSIS OF DATA IN TABLE III 


«(X10 X10") 
1.48 


1. 
8.77 


I 0.220 
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INSULATION aT 75 F 


(c) Example—Gas-Filled Foam-Resin-Type Thermal Insulation. 
One of several similar examples showing the value of high-speed 
test apparatus is shown in Fig. 4. A foam-resin-type thermal 
insulation was evacuated to a pressure of 6 mm Hg for 189 min, 
after which SF. was bled into the evacuated chamber, a bell jar, 
to a pressure of 1 atm. After an additional interval of 149 min 
(total time interval, 338 min), the bell jar was removed to permit 
diffusion of the SF, from, and air into, the insulation. After a 
total time interval of 1519 min, the thermal conductivity had 
reached its initial value of 0.264. 

The insulation selected for this test was a foam resin; such an 
insulation evolves some heavy gaseous products for a while after 
the foaming process. The thermal conductivity rose sharply at 
the onset of the evacuation, and although the time intervals in- 
volved were of the order of the transient-time interval of the 
apparatus, the k-factor readings are fairly accurate. The rise is 
attributed to an endothermic reaction, probably the evaporation 
of volatiles from the heated side of the sample. The k-factor 
slowly decays, as a result of heavy gas replacement of air in the 
sample. With the introduction of SF, to a pressure of 1 atm, a 
slight rise occurs immediately in the k-factor value, after which no 
change is observed for over 100 min. The bell jar was then re- 
moved to permit diffusion of SF, from, and air into, the sample. 
The insulation sample employed here was particularly dense, 
thereby yielding slow diffusion rates. After 1500 min, the k- 
factor had approached, apparently asymptotically, the original 
k-factor value. 
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Discussion 


G. M. Dusinperre.* At the writer’s institution, study has 
been made of the probe method for measurements of the same 


* Professor of Mechanical Engineering, The Pennsylvania State 
University, University Park, Pa. Fellow ASME. 
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sort as those described in this paper. This apparatus consists of 
a hollow probe of stainless steel, containing a heating element and 
a temperature-measuring element. If a thermocouple is used for 
measurement, a question arises as to the effect of a void abreast 
of the junction. Such voids occur in materials such as granulated 
cork. Calculation indicated that the effect might be appreciable, 
and a resistance element has been used in place of a thermocouple, 
to get an averaging effect. 

It is probable that in the hot-plate apparatus, with a heavier 
plate of better conductivity, this effect would not be as important 
as with a thin section of stainless. 


Victor Pascukis.? The method suggested by the author is 
most intriguing and may serve well for rapid conductivity 
measurements of good insulators, Under a grant from the Pitts- 
burgh Plate Glass Company, the writer is just completing a con- 
ductivity apparatus for much better conducting material which 
poses a number of other problems, but the new apparatus also 
incorporates an automatic temperature control for the gap; 
moreover, in order to increase accuracy and reduce lateral flow 
two guard rings in series are used with separate controls. 


7 Technical Director, Heat and Mass Flow Analyzer Laboratory, 
Columbia University, New York, N. Y. Mem. ASME. 
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The statement that the accuracy of this kind of instrument can 
only be judged “with respect to its measurement of a known k- 
factor’ seems open to argument. The errors incurred in any 
kind of measuring device should be explored not only qualita- 
tively but quantitatively. Such exploration then results in a 
prediction of the largest uncertainty regarding the measured 
unit, in the present case the thermal conductivity. The great 
differences observed in samples of supposedly identical material 
measured in different apparatus might well be explainable if 
this kind of numerical evaluation of errors were carried out. 


AvuTHOR’s CLOSURE 


The author wishes to thank Professor Dusinberre and Dr. 
Paschkis for their interest and comments. 

The author believes Dr. Paschkis and he agree with respect to 
errors involved in the measurement. The a priori error limits es- 
tablished in the design of the apparatus are the quantitative un- 
certainty limits resulting from a systematic exploration of “‘built- 
in’’ errors. The large variation in measured values of the k-factor 
for identical material is generally explainable on the basis of in- 
strument errors invoked in poor design; different sets of appara- 
tus carefully designed to minimize instrument error should agree 
within a few per cent. The principal task in reducing error is 
that of recognizing and eliminating sources of design error. 
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Water-column separation is a common, but rarely 
discussed, surge phenomenon which may result in serious 
damage to water-pumping plants. This paper briefly 
describes the nature of water-column separation, the 
physical factors which bring it about, and the equipment 
effective in controlling it. The discussion is illustrated 
by field test data taken from typical water-pumping 
plants associated with the cooling-water supply for steam 
electric stations. 


INTRODUCTION 


‘ ‘ Y ATER-COLUMN separation is the first phase in the 
development of one of the most destructive types of 
water-hammer surge in pump discharge pipe lines. It 
is well known that following a fast valve closure or pump tripout 
the sudden pressure drop downstream from the valve or pump 
may be severe enough to bring about a temporary vapor-pressure 
condition, and possibly the formation of a void in the pipe line. 
The subsequent closure of this void often results in violent surges 
well above any possible transient pressure rises in a continuous 
water column. In spite of the possible seriousness of this surge 
condition it has seidom been discussed in technical literature. 
Are water-column separation and the resulting surges rare? 
By no means! In the author’s experience with the design and 
testing of large-size water-pumping planis connected with steam- 
electric stations surges resulting from water-column separatior. 
have been the most numerous and most serious encountered. 


Tue Nature or Water-CoLuMN SEPARATION 


Following pump failure or valve closure the downstream 
pressure in a pipeline will drop. _Water-column separation is the 
ultimate result of a pressure drop which is so great that the vapor 
pressure of the fluid is reached or exceeded. The fluid column may 
then move away from the pump or valve leaving a vacuous space. 
The initial forward momentum of the column is eventually 
exhausted and the column then reverses to close up this void, 
acted upon by a static head over the elevation of the void as well 
as the pressure difference between the void area and the other 
end of the water column (for example, atmospheric pressure at 
the discharge of the pipeline). Water-column separation is not 
confined to the vicinity of valves and pumps, but may occur at 
any sharp increase in downward slope along the pipeline. 

The extent of pressure rise is proportional to the fluid velocity 
destroyed at the instant of vacuous-space closure. Roughly 
speaking, the rise in feet of water* is approximately equal to 100 


1 Hydraulic Engineer, Ebasco Services, Inc. 

? Joukowsky’s law: Hmax = a@V/g where a, the pressure wave 
velocity, is assumed here to be equal to 3220 fps. 

Contributed by the Committee on Water Hammer of the Hydraulic 
Division and presented at a joint session of the Hydraulic Division, 
American Society of Civil Engineers, and American Water Works 
Association at the Diamond Jubilee Annual Meeting, Chicago, IIl., 
November 13-18, 1955, of Taz American Society or MecHanicaL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
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times the destroyed velocity in feet per second. When the void 
closes up at a check valve, a common case, all reverse velocity is 
destroyed. A 3-fps reverse velocity destruction would then 
result in a pressure rise of 300 ft over static head. The possible 
seriousness of such a rise is obvious when one considers that many 
relatively short pumping lines normally operate at heads of, say, 
20 to 50 ft. It must be realized that this problem is not a 
distant theoretical possibility, but the probable result of a pump 
tripout on many pumping lines equipped with the increasingly 
popular lightweight vertical pump. 

The author recently has investigated the partial destruction of 
a 30 in., 1500 ft low-head reinforced-concrete pipeline in which 
over one third of the pipe was either cracked or split open follow- 
ing a power failure to the supply pumps. Calculations indicated 
that pressures would have had to exceed 300 ft to cause the 
permanent damage observed. Normal operating pressure was 
less than 50 ft. 


Factors ConTRIBUTING TO WATER-COLUMN SEPARATION 


There are four major factors influencing water-column separa- 
tion: rate of flow stoppage, length of system, normal operating 
pressure at critical points, and velocity of flow. 

It was noted in a paper presented by Kerr* at the ASME Water 
Hammer Symposium of 1933 that the introduction of electrically 
driven centrifugal pumps permitted a much more rapid pump 
deceleration than the old reciprocating-engine or turbine-driven 
pumps. This, of course, resulted in a greater initial downsurge 
on pump failure. Since that time, and particularly since World 
War II, the introduction of vertical propeller and mixed-flow 
pumps has very much aggravated this downsurge problem. 
These pumps often have only a small fraction of the rotational 
inertia of the horizontal centrifugal pump. The result is com- 
plete pump stoppage within a very few seconds after pump 
failure. A rapid valve closure has the same effect as rapid 
pump deceleration. In fact, on pump failure care must be taken 
to fix automatic valve-closure times long enough to take full 
advantage of the available effect of pump inertia. 

The second important element is the length of the system, 
which in turn determines the length of time the pressure wil! 
continue to fall before positive pressure waves reflected from the 
far end of the line counteract the pressure drop. A long line with 
vertical pump very often will experience water-column separation 
on pump failure. 

A third critical factor is the pressure existing at the point in 
question during normal operation. In the typical siphon-type 
steam plant circulating-water system the section of the line in 
the vicinity of the condenser may operate normally at pressures 
as little as minus 26 to minus 30 ft of water. A slight interruption 
of flow will result in a drop to vapor pressure and resulting column 
separation. Similar low pressures may exist at the crests of hills, 
dikes, or levees over which a pipeline may pass. These points 
of low pressure are therefore critical. 

The velocity of water preceding the pump stoppage or valve 
closure is the final major element in water-column separation. 
As the velocity increases the size of the vacuous space, the reverse 


3 “*‘Water-Hammer Tests in Croton Lake Pumping Plant,” by 8. L. 
Kerr, ASME Symposium on Water Hammer, June 30, 1933. 
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flow velocity, and the final surges following void collapse all 
become greater. 

Note that all of these elements are interconnected. For 
example, extensive water-column separation may occur with a 
very low velocity if the pipeline is long enough. 


THEORETICAL DETERMINATION OF WATER HAMMER 


The fundamentals of theoretical water-hammer determination 
have been competently discussed by others and will not be 
elaborated upon here. By arithmetical and graphical procedures 
set forth by Angus,‘ Bergeron,’ Stepanoff* and others, the point 
of water-column separation and the point of void collapse can be 
determined for simple pumping lines. However, many pumping 
systems, especially steam plant circulating-water systems, are 
not simple and the many assumptions made in their analyses 
introduce the possibility of considerable error. The determination 
of the degree of error is one of the important reasons for con- 
ducting field tests. 


Test Resuvts On A Stmpce Pumpine Line 


For the purpose of this paper a “simple” pumping line is 
defined as one which includes one or more pumps at one end of a 
uniform-diameter, relatively straight and level pipeline dis- 
charging into a reservoir against static head. Such a system 
involves the fewest complications and is therefore ideal for basic 
test purposes. Several such pipelines have been studied by the 
author in connection with providing make-up water for steam- 
plant circulating-water systems. 


Tue Devts Make-Up Water PIPELINE 


A typical example of such a line is the make-up water pipe line 
of the Delta Steam Electric Station of the Mississippi Power and 
Light Company. This is an 18-in-diam steel pipe line 2640 ft long, 
supplied by two vertical mixed-flow pumps each discharging 
about 3000 gpm at 50-ft head (maximum velocity = 7.6 fps). 
Fig. 1 is a profile of the pipeline. Fig. 2 shows a general view of 
the pump structure. 

There are no operating valves except swing-check valves at 
each pump discharge. Following every normal operational pump 
shutdown (as well as power failure) maximum surge conditions 
develop and were provided for in the design of the system. A 
surge analysis indicated complete pump stoppage within 2 sec, 
water-column separation at the pump discharge, and eventual 
collapse of the vacuous space with a resulting calculated total 


‘Simple Graphical Solution for Pressure Rise in Pipes and Pump 
Discharge Lines,’ by R. W. Angus, Engineering Institute of Canada, 
1935. 

5 “‘Centrifugal Pumps and Pumping Plants; Operation and Con- 
struction of Pumps, Water Hammer on Stoppage,’’ by M. L. Bergeron, 
La Technique Moderne, March 1, 1935. 

6 Elements of Graphical Solution of Water-Hammer Problems in 
Centrifugal-Pump Systems,”’ by A. J. Stepanoff, Trans. ASME, vol. 
71, 1949, pp. 515-534. 
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surge pressure of 360 ft. The theoretical surge curve is plotted 
with the field test curve in Fig. 3. 

Fig. 3 is a test record showing the surge resulting from a 
simultaneous tripout of both pumps. The maximum recorded 
surge is 345 ft, which compares favorably in both timing and 
magnitude with the theoretical maximum of 360 ft. 

Each phase of the surge development following tripout is 
clearly illustrated on the test curve, i.e., rapid fall to vapor 
pressure, development of void as the pressure remains at vapor 
pressure, and sharp rise following void collapse. It can be 
readily appreciated that for a pipe designed for the normal 
operating head of 50 ft plus an arbitrary allowance for surge of, 
say, 100 per cent, the results of such a tripout might well be 
disastrous. In this particular line no surge-control equipment 
was required, since the steel line and heavy fittings were designed 
to withstand the maximum expected surges. 


Tue Sanpow Make-Up WarTer PIPELINE 


Field surge tests conducted on the make-up water pipeline for 
The Sandow Power Plant of the Aluminum Company of America 
provide a particularly clear illustration of water-column separa- 
tion. This system is similar to the Delta line in that vertical 
pumps deliver water through a single long pipeline against a 
static head. Here the similarity ends, however. The profile, 
which is shown in Fig. 4, is extremely irregular and invites 
not one, but a large number of breaks in the water column. 
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Theoretical analysis to determine surge pressures at all points in 
the line is virtually impossible. 

This pipeline is of major proportions—59,500 ft long, 36 in. 
diam. It is supplied by three 5-stage, 2000-hp vertical turbine 
pumps delivering a total 32,000 gpm at 550 ft head. At the time 
of the initial tests only one pump was operating. 

Fig. 5(a) is a record of a pump-tripout surge recorded at Valve 
House 8, the last pronounced high point on the line, 7300 ft from 
the pipeline discharge. Line velocity was throttled to 3 fps 
(maximum operating velocity 10 fps) and all surge-control 
devices were removed from the system. 

Successive parting and joining of the water column were im- 
mediately apparent. About 64 sec after tripout the first vacuous 
space collapsed and resulted in a maximum surge of 75 psig 
(173 ft). Normal operating pressure before tripout was minus 
9 in. Hg. 

Fig. 5(6) is a record of surges taken at a point 16,700 ft from the 
pipeline discharge for the same test noted for Fig. 5(a). Here 
the surge regime is somewhat more complex, but the tendency 
for water-column separation is still apparent. The maximum 
surge occurred about 61 sec after tripout and reached 112 psig 
(259 ft) from a normal operating pressure of 16 psig. 

Water-column separation occurred at all of the nine gage 
points following tripout of one pump throttled to provide a 
pipeline velocity of 3 fps (the lowest test velocity). The test 
program for three pumps has not yet been completed. Mr. S. 
Logan Kerr was the consulting hydraulic engineer on this 
project. 


Sream-Sration, SysTEeMs 


The steam-station circulating-water system is a _ water- 
pumping plant of major size and is a critical element in the 
operation of all condensing steam stations. The author’s firm 
specializes in power-plant design and has been concerned with 
the particular hydraulic problems of circulating-water systems 
as distinct from those of ordinary pumping plants. Much of the 
author’s water-hammer work has therefore been connected with 
this class of pumping facility. The fact is, however, that the 
basic elements of a circulating-water system are nearly identical 
with any other large pumping system, and the problem of water- 
column separation is applicable to pumping plants in general. 

A typical circulating-water system may consist of two vertical 
mixed-flow pumps at the water source with capacities of, say, 
40,000 gpm at 40 ft head, 1000 ft of 60-in. concrete pipe to the 
condenser, and an additional 1000 ft of 60-in. pipe to the final 
system discharge. The operating velocity here would be 9 fps 
(the economic range is from 7 to 10 fps at present costs). The 
condenser is the main feature which distinguishes the cooling- 
water system from a simple pumping plant. It is a large bank 
of small tubes, say, 40 ft in length through which the cooling water 
passes at approximately 8 fps. The condenser is usually well 
above the pipeline in elevation and is also a section of high 
concentrated hydraulic loss. The pressure at the condenser 
discharge will therefore be negative and may be as low as minus 
30 ft of water when the system is laid out to take full advantage 
of the siphon principle to reduce net pumping head. It thus 
resembles a hill over which a simple pumping system might pass. 
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GeNERAL Discussion oF WATER HAMMER IN 
CIRCULATING-WATER SYSTEMS 


For decades water hammer has been a subject of intensive 
study, but apparently serious consideration of water hammer in 
circulating-water systems is a new development. The primary 
reason for recent concern is the adoption of light vertical pumps 
and the increased use of longer systems and higher siphons. 
These features are still not often combined in a manner that may 
result in disastrous water hammer, but, nevertheless, a number of 
critical designs have been investigated by the author. 

There are, of course, many water-hammer possibilities in a 
circulating-water system just as there are in any pumping plant. 
Valves can be closed too quickly or be so timed that they close 


against reverse flow at an undesirable point, pumps can be put 
on the line improperly, or power and pumps can fail. However, 
with proper operating procedures all of these situations can be 
controlled except pump failure. It is this pump tripout which 
most concerns the hydraulic engineer. It can be stated further 
that, unless the water column actually parts, the resulting surges, 
while noticeable, are usually not great enough to require special 
control. 

The theoretical study of water hammer in a cooling-water 
system is complicated by many bends, the condenser, and often 
numerous changes in cross section, all of which produce major 
wave reflections. The effect of a 15 to 25-deg increase in water 
temperature in the condenser is a factor which affects the vacuous. 
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space. It has often been held that these factors combined to Electric Station of the Louisiana Power and Light Company. 
dampen surges in all typical systems to such an extent that they To the author’s knowledge this is the first water-hammer test 
would be critical only in very unusual layouts. However, recent program to be conducted on the circulating-water system of a 
field tests have indicated clearly that the water hammer resulting major steam-electric station. 


from water-column separation may be as serious a problem in The profile of the station is shown in Fig. 6. Four vertical 
many circulating-water systems as it has been in the two make-up _mixed-flow pumps deliver a total of about 300 cfs at 40-ft head 
water pipelines previously discussed. to a system of 2400 ft total length. The condenser is at the mid- 
point. The majority of conduit is 72-in. @ with maximum 

NinemiLe Point Circucatine- Water System operating velocity of 10.5 fps. There are three points of probable 


In March, 1954, a program of field surge tests was conducted water-column separation, one at each of two levee crossing 
on the circulating-water system of the Ninemile Point Steam points and the usual one at the condenser. The normal operating 
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pressure at both the top of the condenser and in the discharge 
conduit passing over the levee is about minus 21 ft of water. 

All the elements normally contributing to water-column 
separation are present in this system, i.e., light vertical pumps, 
a relatively long conduit, high velocity, and high siphon heads. 
Calculation indicated that for the low intake water level existing 
at the time of the tests, surge pressures would be well above the 
normal maximum operating head of about 35 ft, but would not 
seriously overstress the system which was designed for 90 ft. 
For high intake water levels the calculated theoretical surge 
pressure exceeded 300 ft, well beyond any reasonable danger 
point. 

Fig. 7 shows the results of a 4-pump simultaneous tripout as 
recorded on a high-speed recording gage. As in the pumping-line 
tests discussed previously, the phenomenon of water-column 
separation and eventual sharp pressure rise can readily be seen. 
The normal operating pressure of +2 ft in the tunnel under the 
condenser discharge rose abruptly to 76 ft, a net surge of 74 ft. 

The development of the vacuous space within the conduit was 
well illustrated by the backflow into the system discharge 
structure following each test. Fig. 8 shows the normal discharge 
during operation. Fig. 9 is a photograph taken about 30 sec 
after tripout and shows a definite flow reversal. The size of the 
void was estimated by roughly measuring the water passing 
backward over the discharge weir. Approximately 450 cu ft of 
backward or inward flow was measured following a 4-pump 
tripout. This is the equivalent of about 16 ft of 72-in. pipe, a 
clear indication of the phenomenon of vacuous-space formation. 

Because of station requirements it was impractical to permit 
extended shutdown of the pumps to allow complete dampening 
of the tripout surge. With one exception to be discussed later, the 
pumps were restarted one at a time as soon as the first surge 
crest passed (about 1 min after tripout). Water-column 
separation and surges of consequence occurred only when all 
operating pumps were tripped simultaneously. Simultaneous 
tripout tests were run with 2, 3, and 4 pumps. 

Fig. 10 shows the result of a 2-pump tripout followed by the 
premature start-up of one pump. The first 2-pump tripout was 
followed by an inadvertent pump restart in about 41 sec, well 
before the tripout surge was expected to appear. The result was 
a compounding of a normal start-up surge and the tripout surge 
with a resulting pressure rise to 112 ft in the tunnels, about 24 
per cent over design head. It is quite evident that an operator’s 
haste to return vital pumps to service following a minor power 
interruption may prove disastrous. Note that the time interval 
before passage of the first surge crest is appreciable, about 55 sec 
for this station (and, of course, longer for longer systems). 

This circulating-water system is relatively long, a total of 2400 
ft, but it is certainly not of unusual length. The author has 
checked the design of several over 2000 ft and found comparable 
water-hammer problems. Of particular interest is a 5250-ft 
72-in. condenser intake line for the Trombay Thermal Power 
Station in Bombay (total length of system 6300 ft). This conduit 
was supplied by four vertical mixed-flow pumps of 21,500 gpm, 
each giving a line velocity of about 7 fps. The line extended 
along a causeway supported in part by piles. Following pump 
tripout, which is a definite possibility because of the long rela- 
tively exposed power supply, the calculated surge rise of over 
200 ft (from a normal of 50 ft) would far exceed the allowable 
stress on certain anchor-pile bents. Water-column separation 
would occur at the pump discharge within '/2 sec after tripout. 
There was no question of the need for surge protection for this 
line, which is not yet in operation. 


GENERAL CoMMENTs ON Test RESULTS 
Only the high points of the surge test programs have been 
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vided considerable interesting data for study. 
may be of interest to the reader. 

A common observation during each of the test programs 
mentioned was the great discrepancy in results for successive 
tests under what were apparently identical conditions. This was 
particularly perplexing at the Delta pipeline where the simplicity 
of the system made control relatively easy. 

Maximum surge pressures for one series of seven consecutive 
tests varied from 118 ft to 305 ft and in no particular order. 
Another series of tests of the same line under the same conditions 
as above showed negligible maximum pressures of 19 to 33 ft! 
Careful air bleeding and checks of gages failed to indicate the 
source of obvious surge dampening. No evidence existed to 
suggest variable pump-stoppage characteristics. 


Each program was, in fact, quite extensive and pro- 
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A similar variation showed up in the 12 full tripout tests made 
at the Ninemile Point Station. However, in this case the com- 
plexity of the system may well have obscured air pockets at levee 
crossings or in the condenser. It is safe to assume that the 11'/2 
mile long Sandow pipe line with its many irregularities in profile 
would also have shown great surge variations in successive tests. 
In this case tests were not repeated because of the particular 
requirements of the job and the expense of conducting each test 
(30 men, 3 radio cars, and a large number of gages, portable 
generators, and vehicles). 

These discrepancies in results are mentioned primarily to 
illustrate the questionable value of limited data for accurate 
comparison with theoretical computations. The author has 
experienced this great variation only where water-column 
separation has been a major factor in the surge regime. 

In ail the test records given here 12-in-per-min, strip-chart 
recording gages with helical elements were used to record the 
surges. Adjustments were made in the records to compensate 
for override of the recording pen during particularly abrupt 
surges. In all cases one or more standard sight test gages were 
mounted in parallel with the recorder and simultaneous pressure 
data taken by an observer. 


Surce 


Surge control is not difficult in those cases where water- 
column separation is the primary cause of difficulty. Two classes 
of systems may be considered. The first is one in which the pump 
discharge is above the system outlet. This is very often the case 
where long vertical pumps are used and is generally the case in 


siphon circulating-water systems. The second class includes 
those systems with a static head existing at the pump discharge. 

Where there is no static head over the pump discharge the 
development of the offending vacuous space can be checked 
effectively with a simple vacuum breaker placed as close as possible 
to the point of water-column separation. The vacuum therefore 
cannot develop and the water column will have no tendency to 
reverse. This leads to at least a partial emptying of the system 
each time the vacuum breaker opens. Many variations of 
vacuum-breaker location, preloading, and general operating 
procedure may minimize this often undesirable unwatering of the 
system. At Ninemile Point preloaded vacuum breakers were 
installed at the crest of the first levee. 

When a static head exists over the pump discharge as on the 
Delta or Sandow pipe lines the tendency for eventual water- 
column reversal cannot be eliminated. Again, a vacuum breaker 
is recommended, but in this case it should be designed to by-pass 
a part of the returning water column without slamming. “Surge 
suppressors’ and controlied closing vacuum breakers function 
in this manner. Vacuum breakers open only when a vacuum is 
induced, whereas the surge suppressor can be adjusted to open 
at any given minimum pressure. Its controls are, therefore, 
considerably more complicated. 

On the Sandow pipeline nineteen 4-in. controlled-closing 
vacuum breakers located at critical high points effectively 
control tripout surges. On pump tripout they all open, then 
close very slowly (between 3 and 5 min) to permit a gradual 
deceleration of the surging sections of the water column. Closing 
is controlled by dashpot. Fig. 5 shows records of two tests taken 


1304 


under identical conditions, except for the addition of the vacuum 
breakers for test No. 2. Although they had not been adjusted 
fully at the time of the test these vacuum breakers reduced 
the maximum surge at this point by 65 per cent. 

Air chambers and surge tanks may be considered for low-head 
systems where water-column separation is not too great. How- 
ever, these devices have not been economical for the particular 
pump systems with which the author has been concerned. 

Note that a simple relief valve which opens on high pressure 
is useless in case of water-column separation. The surge rise is 
always extremely abrupt when the water column joins and would 
give no chance for the relief valve to respond in time to reduce 
the shock. 

It was noted in discussion of one of the Ninemile Point tests, 
Fig. 10, that pump start-up too soon after tripout produced 
excessive surges; this may often be a serious problem. Where 
analysis indicates that such a circumstance might seriously 
overstress the conduit, some manner of time-delay relay can be 
considered as added protection to prevent restart of a pump 
before a given fixed time interval has passed. 


CoNCLUSION 


Water-column separation is a phenomenon which will come 
into increased prominence with the extensive use of vertical 
pumps. Once water-column separation has occurred the limits 
to surge pressures imposed by the elastic theory in a continuous 
column no longer apply. On low-head plants pressure increases 
of several hundred per cent may well occur. 

The author and his associates have put considerable study into 
the theoretical and practical investigation of this particular 
problem, and hope that the many eminent engineers engaged on 
water-hammer work will contribute their views and experience. 


Discussion 


J.T. Kepuart.? The treatment of water-column separation in 
pump-discharge lines and the resultant occurrence of pressure 
surges is a very timely subject, and we agree with the author that 
further discussion of this type of surge condition should be in- 
cluded in the technical literature. 

In the analysis of a pipeline for determination of possible 
water-column separation and surges due to rejoinder of water 
columns or impact of a water column against a closed valve, the 
factors mentioned in the paper of rate of flow stoppage, length of 
system, normal operating pressure at critical points, and initial 
velocity of flow are the yardsticks by which the tendency for 
water-column separations to occur can be determined. It has 
been our general experience to date that, owing to the large energy 
content of the flowing water in relation to the rotational energy in 
a pump supplied with no driving force, in many cases pump 
transients may be neglected entirely without materially affecting 
the end result of a calculation. 

With a system such as the Sandow make-up water pipeline, 
described in the paper, the theoretical analysis of water-col- 
umn separation and resultant rejoinder surges, though not 
impossible, is somewhat tedious. The inclusion of quick-opening 
slow-closing-type surge suppressors, which have been installed on 
this line, actually simplifies the calculation of such a system. 
It can be determined with a fair degree of accuracy the time 
at which various surge-suppressor valves will open, the time at 
which rejoinders of water columns will occur, and the resulting 
surges from these water columns as modified by the relief capacity 
provided by the air valves. For this type of analysis, the rigid 
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water-column theory lends itself to a very straightforward method 
of calculation in which the theory involved is relatively simple 
with the complexity involved in the application of the simple 
theory to the particular problem at hand. Perhaps it should be 
noted here that the surge caused by the rejoinder of two water 
columns in a pipeline is equal not to the value aAV/g, but is 
equal to the value aAV/2g. This is because effectively not one 
but two surge waves are created which travel from the point of 
rejoinder at the surge-wave velocity in opposite directions from 
each other. On piping systems with profiles similar to that of the 
Sandow Power Plant make-up line, it is conceivable that trip- 
outs of fewer than all operating pumps may result in more serious 
rejoinder surges than total trip-outs. This condition apparently 
is dependent upon the particular system involved since the author 
states that partial trip-outs of the Ninemile Point circulating- 
water system did not result in water-column separatien. Total 
tripouts at flows less than design flows also may cause higher 
surges than at design flow, depending on line profile. 

As the author indicates, the importance of delaying start-up of 
pumps after a trip-out cannot be overemphasized. A complete 
analysis of water-column separation and rejoinder surges should 
include a recommended time-delay period during which pumps 
should not be restarted after a power failure. 

The complexities in calculating water-column separation in a 
system containing a condenser or other type heat exchanger is 
appreciated and further discussion of methods of handling such 
equipment in a pipeline for a surge analysis is indicated. 


C. P. Krrrrepes.* This paper presents valuable and timely 
information on water-hammer surges in pipelines. Experimental 
evidence of the type presented here is a most welcome addition to 
our knowledge of the subject. A 

Some idea of the behavior of a centrifugal-pump system after 
power failure may be had from the magnitude of the ratio T,/T'p. 
The quantity 7’, is a time constant for the fluid in the pipeline and 
is given by 


wherein 
= cross-sectional area of pipe, sq ft 
= acceleration due to gravity, ft/sec* 
pump head at normal or rated conditions, ft of fluid 
total length of pipe, ft 
pump discharge at normal or rated conditions, cfs 


The quantity 7’, is a time constant for the rotating elements of the 
pump and prime mover. It is given by 


T, = Iw,/M, 
wherein 
7 = moment of inertia of impeller and all associated rotating 
parts, lb-ft-sec* 
M,, = torque of impeller on fluid at normal or rated conditions 
Ib-ft 
®, = pump speed at normal or rated conditions, radians/sec 


Generally, the larger the magnitude of 7',/7,, the larger the 
maximum downsurge. Pipe friction should not be counted upon 
to mitigate the situation unless it constitutes a large part of the 
normal pumping head. Computations for a pump of specific 
speed, n, = 1800, indicated that the maximum downsurge would 
exceed the normal pump head for values of 7/7, = 4 and pipe 
friction not exceeding 20 per cent of the normal pump head. 
Table 1 of this discussion shows approximate values of the time 


* Associate Professor of Mechanical Engineering, Princeton Uni- 
versity, Princeton, N. J. Mem, ASME. 
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constants and specific speeds n,, of the pumps for the installations 
described in the paper. The data on which the values are based 


were kindly supplied by the author. 

TABLE 1 APPROXIMATE VALUES OF SYSTEM PARAMETERS 
Ninemile 

Installation... . ...—... Delta Sandow ‘oint 

Number of pumps......... 2 3 4 

Ty, 13.4 16.0 33.9 19.6 

Tp, sec..... 1.30 2.78 3.04 1.26 

Tr/Tp 10.3 7 11.1 15.6 

5700 3330 per stage 4 


If one extrapolates some of the published information for 
pumps of low specific speed to the systems described in the paper, 
it is possible to arrive at the following conclusions regarding the 
maximum downsurge: Pressures would be less than atmospheric 
but no water-column separation would take place on the Delta 
pipeline following a trip-out of two pumps. Water-column 
separation probably would occur on the Sandow pipe line follow- 
ing a trip-out of one pump and complete separation surely would 
take place following the trip-out of three pumps. No pressures 
below atmospheric would be encountered on the Ninemile Point 
pipeline following a trip-out of all four pumps. 

The profile of the Ninemile Point line might be used to explain 
the erroneous prediction just mentioned but it is hard to account 
for the complete separation which took place on the Delta line by 
means of the pipe elevations. It seems reasonable to assume that 
the pumps used in these installations have characteristics similar 
to those of the mixed-flow pump (n, = 7550) shown in Fig. 3 of 
a companion paper by the writer.’ Zones 1 and 4 of this figure 
show that the characteristics of a mixed-flow pump are quite 
different from those of a radial-flow pump. Also, they are of the 
type that would help to explain the severe downsurges reported 
in the paper. 

The purpose of these remarks is to emphasize the need for care- 
ful analysis of water-hammer problems using the best information 
available for all components of each system. The close agree- 
ment between prediction and measurement shown in Fig. 3 of the 
paper scarcely could be obtained in any other way. 


Evuacene O’Brien, Jr. The author’s first sentence concerning 
the extreme severity of surges following water-column separation 
is an excellent statement of a not too-well-known fact. The oc- 
currence of surges of this nature often goes unsuspected until 
actual damage has been done. The author deserves much credit 
for bringing this information to the attention of the designers of 
pumping systems. 

Recently the writer was privileged to be a participant in an ex- 
tensive investigation of surges of this type. While it is impossible 
at this time to reveal any details of this particular project, he 
would like to make some general comments which may tend to 
verify and add to the author’s experiences. 

Two types of system will be covered; namely, a simple system 
consisting of a pumping station and a relatively short, flat dis- 
charge line, similar to the Delta make-up water line described in 
the paper, and a complex system made up of a large number of 
pumps supplying several long pipe lines of irregular profile, each 
similar to the Sandow make-up water line covered by the author. 

In the simple system, the behavior observed following pumping 
power failure was quite similar to that described by the author. 
Immediately after trip-out, the pressure at the pump discharge fell 
below atmospheric and remained there for a short period. Then, 


*“‘Hydraulic Transients in Centrifugal Pump Systems,”’ by C. P. 
Kittredge, published in this issue, pp. 1307-1322. 
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when the water column returned, filling up the vacuum, a very 
sharp rise in pressure occurred. The problem was solved by in- 
stalling vacuum-breaking air-inlet valves on the pump-discharge 
lines which trapped sufficient air in the lines to cushion the re- 
turning water column, thus reducing surges to reasonable values. 

In the complex system, the pumps operated under sufficient 
positive suction head and were so placed in regard to line profile 
as to prevent water-column separation at the pump discharge. 
Instead, the problem was the prevention of dangerous surges 
caused by water-column separation at the high points in the lines. 

The author’s contention that theoretical analysis of such sys- 
tems is virtually impossible seems rather severe. In this system, 
where extreme reliability was of paramount importance, con- 
siderable extra effort was warranted and an extensive calculation 
program was carried out. Both graphical and arithmetic proce- 
dures were utilized for the solution of problems dealing with the 
failure of all or part of the pumps supplying one or several inter- 
connected lines. Sometimes as many as six or seven separate 
water-column separations were treated in one set of calculations. 

While the results of these calculations did not in all cases agree 
precisely with the results of the tests which followed, the general 
surge behavior was approximated rather closely. In fact, using 
the calculations as a basis for the design of protective devices in- 
stalled at the high points in the line, surges experienced in over 
one hundred tests were controlled to within design limits which 
included only a small allowance for water hammer. 

It must be agreed, however, that, in the more complex systems, 
a great deal of further analysis of calculation and test data is 
necessary before methods for determining the degree of error of 
such caiculations can be established. 

The protective devices referred to in the foregoing consisted of 
vacuum-breaking air-inlet valves having a slow-closing feature 
which allowed them to act as water-relief valves upon rejoinder of 
the water columns. These valves were installed in groups, each 
group consisting of the number of valves required at each particu- 
lar location. Their performance was quite satisfactory. 

There are many points of interest in the investigation of surges 
of this type. Generally, in a simple system, a higher initial line 
flow results in a higher surge following trip-out. However, in the 
complex system when dealing with surges at the high points in the 
the line, this rule applies only up to a certain point, beyond which 
surges decrease and eventually may not occur at all. The reason 
for this appears to be that at the higher flow rates enough water 
is carried out of the line so as to lessen the rate at which the water 
columns rejoin at the high points. The flow rate at which the 
maximum surge occurs is governed by line profile. 

Another factor in the behavior of complex systems is the closure 
time of the check valves, and here the writer speaks in terms of 
minutes rather than seconds. Again, the profile of the line is 
dominant, but, in general, a longer closure time tends to empty 
the line, resulting in the same beneficial effects as described. 

Also of interest is the partial trip-out, or loss of only a part of the 
pumps supplying a given line or group of lines. In this case, a 
line-refilling action is added to the effect of the trip-out. If onlya 
small percentage of the running pumps is tripped, the likelihood 
of water-column separation is small since the drop in system pres- 
sure is small. On the other hand, if a large percentage of the 
running pumps is tripped, the conditions of total trip-out are ap- 
proached with only a slow refilling action. While this is an over- 
simplification, it may be seen that somewhere between these ex- 
tremes, the combination of water-column separation and refilling 
action may cause a maximum value of surge. 

It is hoped that this discussion, although of necessity very 
general, has been a worth-while addition to the author’s excellent 
treatment of a too-often neglected subject. 
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AvuTHor’s CLOSURE 


The author agrees with Mr. Kephart that for many cases of 
water-hammer calculation, pump transients can be neglected. 
This is true particularly for longer pipelines such as that at 
Sandow. Unfortunately, for the already complex circulating- 
water systems of steam-electric stations, pump transients have 
played a major part in the development of the surge. Here the 
pumps are very large and the pipelines relatively short (generally 
between 1000 and 2500 ft). 

Mr. Kephart has also correctly noted that the surge caused by 
the rejoinder of two water columns equals aAV/2g not aAV/g. 
aAV/g represents the surge which would result from the closing 
up of a vacuous space at a closed vaive. 

Both Mr. Kephart and Mr. O’Brien have modified the author’s 
statement that theoretical analysis where several simultaneous 
vacuous spaces occur is “virtually impossible.” ‘“Impractical’” is 
probably a more suitable term. It is often necessary to spend 
several weeks analyzing water hammer in complex pipelines. 
Such time expenditure may or may not be worth while from the 
owner’s point of view, depending on the nature of the pipeline 
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use and the owner’s investment. Too often, spending adequate 
time for careful analysis is not economically justified, particularly 
since the results, unchecked by field tests, may be of questionable 
value. 

Mr. O’Brien has brought out the interesting point that in some 
complex systems surge intensity may actually decrease following 
pump trip-out with increased pipeline velocities. He attributes 
this to the possibility that larger amounts of water are per- 
manently carried out of the pipeline before flow reversal takes 
place. This apparently assumes that the pipeline does not dis- 
charge into a reservoir with an unlimited supply of water available 
to refill the line. 

Mr. O’Brien has access to very worth-while field test data which 
would undoubtedly greatly expand the limited information which 
the author has presented. It is to be hoped that this data, along 
with the accompanying theoretical calculations, can, and will be, 
published as soon as the information can properly be released. 

The author is indebted to Messrs. Kittredge, Kephart, and 
O’Brien for the discussion presented here as well as for the in- 
terest shown in correspondence with the author. 
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Hydraulic Transients in Centrifugal 
Pump Systems 


By C. P. KITTREDGE,' PRINCETON, N. J. 


Differential equations of motion for (a) the rotating 
parts of the pump and prime mover, and (6) the fluid in 
the pipes are derived. Methods of integrating the equa- 
tions are discussed for the case of an assumed rigid fluid 
column and for the elastic fluid column. A hitherto un- 
published solution for the elastic-column problem is de- 
scribed. Complete characteristics diagrams for several 
pumps are given. Solutions by different methods are 
compared and examples for actual installations shown. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = cross-sectional area of pipe, sq ft; constant defined by 
Equation [38a] 
celerity of water-hammer pressure wave, fps 
constant defined by Equation [38b] 
breadth of impeller between shrouds, in. 
diameter, in. 
total derivative sign 
acceleration due to gravity, ft/sec? 
pump head at any time, ft of fluid 
= friction head in discharge pipe, ft of fluid 
= static head on discharge pipe, ft of fluid 
total pipe friction head at normal or rated condition of 
operation, ft of fluid 
pump head at normal or rated condition of operation, 
ft of fluid 
friction head in suction pipe, ft of fluid 
static head on suction pipe, ft of fluid 
H/H,, = dimensionless pump head at any time 
(pp/Y)/H, = dimensionless pump discharge head: at 
any time 
H,/H,, = dimensionless pipe-friction head 
Hs/H,, = dimensionless static head 
(ps/y)/H, = dimensionless pump suction head at any 
time 
WR?/g = moment of inertia of impeller and all asso- 
ciated rotating parts, lb-ft-sec* 
p = (aV,)/(2gHy) = dimensionless pipeline constant 
H,,/H,, = dimensionless friction coefficient 
length of pipe, ft 
torque of impeller on fluid at any time, lb-ft 
torque of impeller on fluid at normal or rated conditions, 
lb-ft 
M/M,, = dimensionless torque of impeller on fluid 
= pump speed at any time, rpm 


1 Associate Professor of Mechanical Engineering, Princeton Uni- 


versity; Consulting Engineer. Mem. ASME. 

Contributed by the Committee on Water Hammer of the Hy- 
draulic Division and presented at a joint session of the Hydraulic 
Division, American Society of Civil Engineers, and American Water 
Works Association at the Diamond Jubilee Annual Meeting, Chi- 
cago, Ill., November 13-18, 1955, of Tae American Society or 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 5, 
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pump speed at normal or rated conditions, rpm 

specific speed of pump at maximum efficiency 

fluid pressure, psf 

pump discharge at any time, cfs 

pump discharge at normal or rated conditions, cfs 

Q/Q,, = dimensionless pump discharge 

radius of gyration of rotating parts, ft 

sum of dimensionless heads, defined by Equations [33] 
and [34] 

“starting time of pump,”’ defined by Equation [3] 

“starting time of fluid in pipe,” defined by Equation 
[10) 

time; instant under consideration after power failure 
which is assumed to take place at ¢ = 0, sec 

average velocity of fluid in pipe, fps 

total weight of rotating parts, lb 

linear distance co-ordinate, ft 

specific weight of fluid, pef 

small finite increment in the value of a variable; tabu- 
lar difference 

arbitrary numerical factor in Equation [27] 

2L/a = water-hammer wave interval, sec 

n/n, dimensionless pump speed at any time 

pump speed at any time, radians/sec 


Pra 


Subscripts 
c = value of a variable as given on a curve 
= discharge 
friction 
bub of propeller pump 
ith interval; inside 
mean or average 
normal or rated conditions of operation 
initial conditions at start of power failure; outside 
residual quantity; see Equations [33] and [34] 
= suction; static 


INTRODUCTION 


The transient phenomena considered here may be defined as 
any temporary variation in the pressure and discharge in the pipe 
line and in the speed and torque of the pump impeller and its 
associated rotating parts. Transients are produced by starting 
and stopping the pump, by any changes in pump speed, and by 
the manipulation of valves. These seldom produce dangerous 
conditions so that detailed analyses are not often required. Very 
serious conditions may follow such accidents as failure of the 
pump shaft or coupling, seizure of the wearing rings or the fouling 
of the impeller by an obstruction—all of which are analogous to 
the rapid closure of a valve in the pipeline. A sudden interrup- 
tion of the power supply to the prime mover may produce danger- 
ous pressure fluctuations in the pipeline or excessive speeds of the 
rotating parts. 

One of the first to call attention to the dangers of a power-fail- 
ure transient was the late Prof. D. Thoma (1)? of Munich, Ger- 
many. His paper of January, 1931, showed the necessity for data 
beyond the range of the usual head-capacity curves of pumps and 


2? Numbers in parentheses refer to Bibliography at end of paper. 
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included what is probably the first complete characteristics dia- 
gram ever published. The diagram with improved scales was 
made available in the United States later the same year (2). A 
more complete report (3) was made in 1933, which included a 
complete characteristics diagram for a highly efficient pump, a 
step-by-step method for computing transients in pipelines where 
the liquid could be assumed to be incompressible, and several ex- 
amples of power-failure transients. Since then, many contribu- 
tions to the solution of such problems have been made. It is the 
purpose of this paper to review some of the well-known methods 
and to outline a solution not hitherto published. The methods of 
solution have been applied to the power-failure transient but 
they may be extended to other problems of abnormal operation. 


Equations or Motion 

The power-failure transient begins with a change in the pump 
speed. It is assumed that stuffing-box and bearing friction can be 
neglected so that Newton’s second law of motion applied to the 
rotating elements gives 

dw/dt = —M/I 
The minus sign shows that the torque M of the fluid on the im- 
peller is always opposite to that of the prime mover. The 
moment of inertia, ] = WR*/g, is that of all the rotating parts of 
the prime mover and pump including the fluid that rotates with 
the impeller. The speed and torque of the pump for the normal or 
rated operating point, which usually is that of best efficiency, are, 
respectively, w, = mn,/30 and +M,. Introducing the dimen- 
sionless ratios w/w, = n/n, = v and M/M, = m into Equation 
[1], there results 
dy/dt = —(30/rn,)(M,/I)m 

If one imagines the pump to be at rest and that suddenly the nor- 
mal torque M, is applied as a constant accelerating moment, the 
time required for the speed to reach the value n, will be given by 


T, = (wn,/30)(I/M,) 


The quantity* 7, has been given various names. It will be re- 
ferred to here as the “‘starting time” for the pump. Combining 
Equations [1] to [3] leads to the differential equation of motion 
for the rotating elements 


dv/d(t/T,) = —m 
A change in the speed of the pump will produce a corresponding 
change in the pump head which, in turn, affects the entire system. 
Neglecting any difference in velocity heads in the suction and dis- 
charge pipes, the pump head H is given by 
H = (pp— Ps)/Y 


The fluid may be assumed to be incompressible and the pipe 
walls rigid in many practical cases. Under such assumptions 
Newton’s second law of motion may be applied to the fluid in the 
suction and discharge pipes, Figs. 1(b) and 1(c), as follows 


sis — — Ps/¥) = (¥/g)Ashs(dV 5/dt).. . [6] 
— — Hovis) = p/dt).. . [7] 


It is convenient to replace the velocities by V = Q/A, wherewith 
Equations [5] to [7] combine to give 


H = (dQ/dt)(1/gLp/Ap + Ls/As) + + Hz... 


The head and discharge for the normal operating point of the 
pump are, respectively, H, and Q,. Introducing the dimension- 
less ratios Q/Q, = ¢g, H/H, = h, H;/H, = h;, and Hs/H, = hg 
into Equation [8], one finds that 


37, X 1,614,000 = WR*n*/hp = turbine, ‘flywheel constant.” 
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dq/dt = (gH,/Q,)(h — hy — hs)/(Lp/Ap + Ls/As). . [9] 


If one imagines the fluid in the system, Fig. 1(a), to be at rest and 
that suddenly the normal pump head H, is applied as a constant 
accelerating head, the time required for the flow to reach the value 
Q, will be given by 


T, = (Q,/gH.Lp/Ap + [10] 


The quantity 7, will be called the starting time for the fluid 
in the pipe. Equations [9] and [10] combine into the differential 
equation of motion for the fluid 


dq/d(t/T,) = h—h,—hs 


It is emphasized that Equation [11] considers the fluid to be a 
rigid body. 

If the elasticity of the fluid and pipe walls cannot be neglected, 
consideration of the water-hammer waves in the pipe lines is 
necessary. A small prism of fluid in the suction pipe near the 
pump is shown in Fig. 1(d). The impulse of the forces acting on 
the small prism are equal to the change in the linear momentum. 
Neglecting friction, this may be written as 


[(ps + dps) — pslAgat 
= — (Vg — dV . [12] 


wherein the sign conventions are in accordance with established 
practice for water-hammer solutions of the gate-closing problem.‘ 
Introducing the velocity of the water-hammer wave ag = dzg/dt 
and the equation of continuity Q = AV, Equation [12] reduces 
te 


‘See, for example, reference (13), fig. 14, p. 25. 
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dps/y = = . . (13) 


Similar treatment of a small prism of fluid in the discharge pipe 
near the pump, Fig. 1(e), leads to 


[Pp — (Pp — 4pp)| A pat 
= (y/gApdzp)[(Vp — dV p) — V>).... [14] 


and, with ap = —dzp/dt, Equation [14] reduces to 
dpp/y = = (ap/g)dQ/Ap).... [15] 
By Equations [5], [13], and [15] 
dH /dQ = (ap/Ap + [16] 


wherein it is assumed that a differential element of flow dQ is the 
same for both suction and discharge pipes. Introducing H/H, = 
hand Q/Q, = q into Equation [16] leads to 


dh/dq (Q,/9H,Map/Ap + as/Asg) 


The familiar pipeline constant usually denoted by® K or p = 
(aVo)/(2gHo) may be written for the problem in question, as 


Kp = (@pQ,)/(2gH,Ap) and Ks = (asQ,)/(2gH,As). . [18] 


Substitution of Equations [18] into Equation [17] gives the dif- 
ferential equation relating h and q 


dh/dq = Kp + Ks) 
* The designations K and p are both in such common usage that 


dual designation has been used in several of the figures where this 
parameter appears. 
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Values of g, h, and m required for the integration of the various 
differential equations may be obtained from complete character- 
istics diagrams such as Figs. 2 and 3. The scales of Figs. 2 and3 
have been chosen for convenience in applying the affinity laws ag 
follows: 

For Sections 1 and 3 of Figs. 2 and 3 


(q/v), = or = 
h = (h/v*)»* 
m = 
For Sections 2 and 4 of Figs. 2 and 3 
(v/q), = v/q or = v/(v/q). 
h = 
m = (m/q*)4* 


In Equations [20] and [21] the values (¢/v),, (h/v*),.... (m/q*), 
refer to points on the curves in the complete characteristics dis- 
gram, and y and q are instantaneous values at the particular time 
in question. 

The complete characteristics diagrams shown in Figs. 2 and 3 
are for pumps of very different types and specific speeds. Both 
the pumps for which data are given in Fig. 2 had maximum ef- 
ficiencies of about 84 per cent. The single-suction Voith pump 
was equipped with a vane diffuser ring having a radial dimension 
of about 2 in. The L10 /8 double-suction De Laval pump had 


the usual type of volute casing. The data for Fig. 3 were supplied 
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by Mr. W. M. Swanson (5,6). The curves for the radial-flow cen- 
trifugal pump are from tests by Prof. R. T. Knapp. The maxi- 
mum efficiency of this pump was about 83 per cent (6). Dimen- 
sions of the two Peerless pumps are shown in Fig. 3(c). The 
10 MH mixed-flow pump had a maximum efficiency of about 83 
per cent and the 10 PL axial-flow pump had a maximum effi- 
ciency of about 79 per cent (5). 


Rieip-CoLuMN SOLUTION 


In cases where the water-hammer waves may be neglected, the 
transients are obtained by simultaneous integration of Equations 
[4] and [11] with the aid of Equations [20] and [21]. A good 
approximation of the friction may be obtained by writing kh, = 
kq? where k = H,y,/H,, Hs, being determined for the rate of flow 
Q,. The initial conditions are denoted by the subseript 0 so that 
h, = ho — kq?. It is convenient to write Equations [4] and [11] 
in the form 


and 
dq/d(t/T,) = h — kg? — (ho — kqo*) 


The positive sign convention for all quantities is shown in Figs. 
l(a, 6, c). It is important to note that h, = kg? becomes a nega- 
tive quantity in all equations when the flow reverses. 

Stepwise integration of Equations [22] and [23] may be carried 
out as follows. Start counting time at the instant of power 
failure. Assume during the first arbitrary small interval A(t/7’,) 
that the discharge remains constant at gq. Then Ag; = 0 and 
Av, = —(T,/T,) mA(t/T,). Therefore = go and = + 
Av,. If, for example, the initial conditions are found to be on the 
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curves in Section 1 of Figs. 2 or 3, values of (h/v*); and (m/v?) 
are read from the pump characteristics corresponding to the value 
(q/v):. Application of Equations [206] and [20c] provide h, and 
m, which concludes the first step. The procedure is slightly dif- 
ferent for the second step because of the change ing. By Equa- 
tion [22], Ave = —(T,/T,)mA(t/T,) and, by Equation [23], Ag: 
= [hi — kqu? — (ho — kqo®)] A(t/T,). Therefore », = », + Arm 
and gz: = gq: + Aq: from which (v/q)2 is obtained. This process 
may be repeated until the entire transient has been obtained. 

The use of an extrapolation formula permits larger values for 
A(t/T,,) which reduces the labor appreciably. A suitable formula 
(4) applied to v for the ith interval is 


Yury = + A(t/T,){ [dv/d(t/T,)), 
+ Ai/2 + 5A:/12 +....}.... 


The first difference A, is given by 
A. = [dv/d(t/T,)]; — [dv/d(t/T,)] wy... ..... 


[24] 


[25] 
and the second difference A: is given by 


An increase or decrease in the value of A(t/7,) by a factor X is 
accomplished by 


= + AA(L/T,){ [dv/d(t/T,)], 
+ (Ai/2 + As/4) + A2/6) + [27] 
Equations [24] to [27] apply equally well to the calculation of g 


for each step. 
To illustrate the method, several steps of a computation are 
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shown in Table | and the transients are plotted in Fig. 4. The used are those for the Voith pump. No valves are closed during 
parameters are k = 0.2 and 7,/7T,, = 1. The initial conditions the transient and the pipes remain full of fluid. 
are ho = mo = go = M% = 1 on Section 2 of Fig. 2, and the curves It is seldom necessary to extend the calculations beyond the 


TABLE i COMPUTATION OF TRANSIENT BY THE RIGID-COLUMN METHOD FOR & = 0.2 AND T7;/Tp = 1 
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Fie. 4 Power-Farture TRANSIENTS 
maximum values for h and —v but it often is useful to determine 
the final steady-state conditions of no-load turbine operation. 


This coincides with the condition m = 0 in Section 3 of Figs. 2 
and 3. When dg = 0, Equations [20] and [23] combine to give 


Vimar) = V (he — kqo?)/[h/v? + [28] 


It follows that 


and 
Qim=o) = (Q/V) [30] 


Equations [28] to [30] apply to both the rigid and the elastic- 
column solutions. 


Exastic-CoLuMN SoLuTION FoR Suction oR DISCHARGE 
Pipe Wits Friction NEGLECTED 


In 1951 Mr. Calvin C. Silverstein proposed a modification (7) 
of the rigid-column solution, as given in the foregoing, to include 
the effects of water-hammer waves. He considered only the case of 
Ls = Oand k = 0 although the method is applicable to the case 
of Ls finiteand Lp =0. Extension to more general cases probably 
would render the method more complicated than others already 


available. It is required to integrate Equations [4] and [19]. 
Equation [4] can be treated as described in the foregoing. Equa- 
tion [19] is simplified since only one value of K is considered for 
the discharge or suction pipe in question. Therefore 

h=hi q=a 

d 2K dq [31] 

which gives 

hy — hy = 2K(q;5 — Go)... [32] 


Equation [32] applies only during the time required for the first 
water-hammer wave to return to the pump (t = uw = 2L/a). In 
1927 Mr. Ray S. Quick showed (8) that an equation of the form of 
Equation [32] can be extended indefinitely if the quantity 2s is 
subtracted from the right-hand member, whereby 2s is defined as 


r=1 
For example, at ¢ = 3.2u 
= (h — + (Ah — ho) + (A — ho)tmo.ty. [34] 
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Therefore 
h; = he + 2K(q; — qe) — 28... [35] 


wherein s = fort S yu. 
For points which fall on the curves of Sections | or 3 of Figs. 2 
and 3, Equations [20] combine with Equation [35] to give 


(h/v*), = (2K/v;)(q/v); + (ho — 2Kgo — 28)/v,*... 
This is the equation of the straight line 
(h/v*); = A,(q/v); + B; 


(36) 


wherein 


and 


B, = (he — — 28)/v,2.......... {388} 


The intersection of the line represented by Equation [36] with 
the (h/v*)-curve in the complete characteristics diagram provides 
all necessary information for the ith interval. Mr. Silverstein 
expedited the graphical procedure by converting a 45-deg drafting 
triangle into a protractor calibrated to read slopes (values of A,;) 
directly. In cases where the intercept B; on the (h/v*)-axis falls 
outside the limits of the figure, one has recourse to the intercept 
(—B,/A,) on the (q/v)-axis. The direction of a line of positive 
slope is shown in each section of Figs. 2 and 3. 

For points which fall on the curves of Sections 2 or 4 of Figs. 2 
and 3, Equations [21] combine with Equation [35] to give 


(h/q*), = {[(ho — 2Kqo — 


This is the equation of a parabola 
(h/q*); = + [40] 


wherein A; and B; are defined by Equations [38]. The right- 
hand member of Equation [40] is the product of the equations of 
two straight lines as shown in Fig. 5. The 45-deg line ( Y,) is the 


05s Lo 15 20 25 


x 


Fic. 5 Consrructrion or PARABOLA 


same for all steps and need not be drawn. The other line (Y3) is 
constructed exactly as described in the foregoing for Equation 
[37]. Only a few points are needed to secure a short length of 
the parabola where it intersects the (h/q*)-curve. 

The dimensionless system parameters are 7,/7,, and K. The 
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reflection time of a water-hammer wave u = 2L/a is related to 
the system parameters by 


Therefore Equation [22] may be written in the optional form 
dv/d(t/u) = —(T,/KT,)m 


Equation [22] is used in the following to illustrate the method of 
computation. 

Denoting the initial conditions by the subscript 0, the computa- 
tion of a transient begins by assuming an arbitrary small interval 
A(t/T,) and starting to count time at the instant of power failure. 
Then, by Equation [22] 


Av, = —(T,/T,)mA(t/T,) and = vm + An 
Compute 
A, = and B, = (he — 2K) /v,? 


since s = 0 forall values of t/7’, <1/K. If, for example, the initial 
conditions are found to be on the curves in Section 1 of Figs. 2 or 
3, use Equation [37] and obtain (h/v*),, the intersection of the 
line 


(h/v*) = Ai(q/v) + Bi 


with the curve of (h/v*) for the pump. This determines (m/v*), 
and (q/v),. Apply Equations [20] to determine h;, m, and q 
which concludes the first step. By Equation [24] 


vs = + A(t/T,){ [dv/d(t/T,)] + Av,/2} 


and the computation proceeds in like manner. For all values of 
t/T, > 1/K, it is necessary to evaluate the sum 2s for each step 
and include it in the computation of 


B; = ei — 2K — 2s)/v,? 


Several steps of a computation are shown in Table 2. The 
parameters are T,/T, = land K = 1. The initial conditions are 
ho = mo = Qo = % = 1 on Section 1 of Fig. 2 and the curves used 
are those for the Voith pump. The transients are plotted in Fig. 
7. No valves are closed during the transient and the pipes re- 
main full of fluid. The final steady-state conditions of no-load 
turbine operation are given by Equations [28] to [30]. Figs. 4, 6, 
and 7 show a variety of transients based on the characteristics of 
the Voith pump (Fig. 2) and with system parameters specified in 
the figures. 
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GrapuicaL Exvastic-CoLumn SoLution 


A power-failure transient in the system shown in Fig. 1(a) may 
be solved graphically by methods which permit the inclusion of 
water-hammer waves and friction in both the suction and dis- 
charge pipes (9, 10,11). The procedure is to integrate Equations 
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TABLE 2 COMPUTATION OF TRANSIENT BY THE ELASTIC-COLUMN METHOD FOR & = 0, K = p = 1, AND Tr/Tp = 1 
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Fie. 8 or GRAPHICAL SOLUTIONS 


[4] and [19] with the aid of a complete characteristics diagram and 
Equations [20] and [21]. 

The larger of the two water-hammer wave intervals us = Ls/2ag 
and up = Lp/2ap is arbitrarily chosen as the unit of time. As- 
suming, for example, up to be the greater, Equation [4] may be 
written 


dyv/d(t/up) = —(up/Tp)m 


Equation [43] is integrated stepwise with the aid of Equations 
[24] to [27] in the manner described for the two previous solu- 
tions. 

Equation [19] may be integrated to give 


— ho = AKp + q) 


wherein the subscript 0 denotes the initial conditions. Re- 
membering the assumption of up > us, one concludes that Equa- 


tion [44] is valid for all values of 0 < ¢; S It is common prac- 
tice to assume that water-hammer waves are reflected completely 
and without change of sign by a pump. The same assumption 
usually is made for a control gate. Thus at ¢; just slightly larger 
than ws when reflected waves appear at the pump suction, new 
values of ho and go must be used in Equation [44]. The wave re- 
flections at the pump have the effect of continuously transporting 
the line represented by Equation [44], parallel to itself, across the 
h-q diagram. A graphical method for locating the starting point 
of the line at any desired time is shown in Fig. 8. 

The initial phases of graphical solutions for possible power- 
failure transients in the system shown in Fig. 8(a) are given in 
Figs. 8(b, c,d). The solution shown in Fig. 8(6) is for the case us 
= 6yu)/10, 2K, = tan 7/4, and 2K, = tan7/3. The initial con- 
ditions are ho = g = 1. ForO<t; Sys, all values of hg lie on 
the straight line which passes through hy = go = 1 and bas the 
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TABLE 3 AUXILIARY COMPUTATIONS FOR GRAPHICAL ANALYSIS OF TRANSIENT BY 
ELASTIC-COLUMN METHOD 


dy 


d(t/up) 


eo 


coceco 


slope +2K sg plotted by means of the h and q scales. Similarly, 
for 0 < t; S Mp, all values of hp lie on a straight line which passes 
through he = go = 1 and has the slope +Kp. The straight line 
of Equation [44] is also plotted as shown. A value of A(t/yp) is 
chosen, in this case 1/10, and the value of v; computed by Equa- 
tions [43] and [24], 7’, being replaced by up in the latter equation. 
A few values of h/v? and q/v are taken from Section 1 of a com- 
plete characteristics diagram such as Figs. 2 or 3, and the values of 
q and h computed by Equations [20a] and [206]. These values 
of g and h, when plotted in Fig. 8(b), define a curve which inter- 
sects the line representing Equation [44] at the required q; and h, 
att; = t; = fp/10. The values of hp; and hg; are found on the 
vertical through shown. The values of g; and are used with 
Equation [20c] to obtain m, from the complete characteristics 
diagram. Having m, the value of y; may be determined and the 
foregoing procedure repeated. The wave reflections are treated 
by well-known methods (9 to 13) and the construction proceeds as 
in Fig. 8(b). The diagram is easier to understand if the con- 
struction for the shorter pipe is given separately (13). Fig. 8(c) 
shows the same construction but the diagram for the suction pipe 
is shown above the h = 1 line as a mirror image of that given in 
Fig. 8(b). 

Friction may be included by imagining it to be concentrated at 
the inlet to the suction pipe and at the outlet from the discharge 
pipe (10,11). This method has been used in Fig. 8(d) to include 
the effects of friction for the case given in Figs. 8(b) and 8(c). The 
solution is identical to the case without friction for 0 < t = ys. 
For all values of ¢ > ys, the procedure assumes that total wave re- 
flection will take place at each imaginary throttling device but 
this may not be true for all waves (14). Thus, in Fig. 8(d), dis- 
tances a, b, c, d in the upper (suction-pipe) portion of the diagram 
do not agree with the corresponding distances in the lower (dis- 
charge-pipe) portion. Distances e and f, respectively, are in good 
agreement in both portions. Seldom, if ever, would such dis- 
crepancies invalidate a solution. 

If ug is larger than up, the methods described still apply. For 
example, if the values of uw and K for the suction and discharge 
pipes are interchanged in the examples just discussed, Figs. 
8(b, c, d) apply with the suction pipe considered to be the discharge 
pipe and vice versa. Appropriate adjustment of the vertical 
scales also should be made. 

An application of the graphical solution applied to an actual 
case is shown in Fig. 9. The installation is Scheme MG-Station 
II of the Mekoroth Water Company, Ltd., Tel Aviv, Israel. 
The mean reservoir levels are: Suction at elevation 338 ft and dis- 
charge at elevation 462 ft. The pumping station is at elevation 
185 ft. The suction line is about 14,500 ft of 30-in. concrete pipe 
and the discharge line about 23,000 ft of 24-in. steel pipe. The six 
14 X 12-in. pumps, each rated at 5725 gpm and 97 ft total head 
at 1460 rpm, are arranged for series parallel operation. Each 
pump is equipped with two 12-in. plug-type slow-closing valves, 
one in the suction and the other in the discharge pipe. In addi- 


Sos 


tion, six 6-in. angle needle-relief valves are fitted in the main pipe- 
lines, three each in the suction and discharge, and arranged for 
discharge to the atmosphere. 

The condition of operation for the computation was four pumps 
operating; two pumps in parallel placed in series with two 
pumps in parallel. The normal values used for each pump were: 
Q, = 5030 gpm, H, = 114.5 ft (229 ft for two pumps in series), 
and M, = 571 lb-ft. The initial conditions were go = 0.887, he = 
1.082, mp = 0.980, and vp = 1.000. It is of interest that 49.7 per 
cent of the total head is required to overcome friction at the as- 
sumed normal discharge. The system parameters are us = 7 sec, 
Mp = 10 sec, 2Kg = 2.564, 2Kp = 4.780, and wp/T, = 2.830. 
Table 3 shows most of the auxiliary computations needed for the 
first 10 sec after power failure. The transients are plotted in Fig. 
10, and it is assumed that no valves are operated during the time 
required for steady-state no-load turbine operation to be reached. 
The pump characteristics used were compiled from several sources 
but approximate those of the De Laval pump shown in Fig. 2. 

An example of the solution of a power-failure transient for a 
booster pump installed in a gravity-flow system is given in Fig. 11 
and the transients are plotted in Fig. 12. The installation is the 
Bothell Way Pumping Station, Seattle, Wash. Water flows from 
Lake Youngs through 85,000 ft of 66-in. steel pipe followed by 
28,000 feet of 54-in. steel pipe into the Maple Leaf Reservoir. 
The static head is about 73 ft. A 36 X 30-in. pump is installed 
in the 54-in. pipe 1900 ft from the reservoir, its purpose being to 
increase the flow from about 25,000 gpm to 38,050 gpm. The 
normal values used for the pump were: Q, = 38,200 gpm, H, = 
80 ft, M, = 10,480 lb-ft, andn, = 435 rpm. The friction head 
for 38,050 gpm was estimated to be 153.6 ft which contains the 
static head. The initial conditions were go = 0.998, ho = 0.999, 
mo = 1.004, and vm = 1.000. The ratio up/us = 0.0154 is so 
small that the water-hammer waves in the discharge pipe could 
be neglected. The system parameters are: 4 = 76 sec, 2K = 
4.58, and u/T,, = 34.1. The pump characteristics used were simi- 
lar to those for the radial-flow centrifugal shown in Fig. 3 and ‘the 
friction was assumed to be concentrated at inlet to the suction 
pipe. Assuming that no valves are operated after power failure, 
the pump merely slows down and runs as a no-load reverse tur- 
bine. 


CONCLUSIONS 


The three methods described in the foregoing may be used 
directly with the complete characteristics diagram for almost 
any pump and they do not require trial-and-error procedures. 
The rigid-column assumption leads to the simplest solution and it 
should be good enough for many cases. Silverstein found that the 
differences between the rigid and elastic-column solutions in- 
creased with increasing values of K. Fig. 7 shows that in the ab- 
sence of friction, the rigid-column solution agrees very closely with 
the elastic-column solution for K = 1 and is within 7'/: per cent 
of it for K = 2. Friction tends to reduce the peaks of the tran- 


. 
0.00 —2. 802 082 
0.05 —2.085 +0.717 752 
0.10 605 —1.712 +0.373 —0.344 576 
at 0.15 190 —1.386 +0.326 —0.047 421 
0.20 405 —1.146 +0. 240 —0.086 309 4 
—0.787 +0.161 —0.03 152 
(+0.359) 
oc 0.40 200 —0.566 +0.221 —0.138 065 
Pers 0.50 148 —0.419 +0.147 —0.074 Or 
0.60 112 —0.317 +0. 102 —0.045 022 
“im 0.70 083 —0.235 +0.082 —0.020 733 —0.046 on 
0.80 074 —0.209 +0.026 —0.056 690 —0.043 
0.90 060 —0.170 +0039 +0.013 667 —0.047 
1.00 051 —0.144 +0.026 —0.013 —0.052 
3 
= 

| 
. 


KITTREDGE—HYDRAULIC TRANSIENTS IN CENTRIFUGAL PUMP SYSTEMS 


sients so as to minimize the danger to all parts of the system. 
Also, it delays their occurrence. Water-hammer waves increase 
the peaks so as to increase the danger to all parts of the system 
but they do not change the times at which the peaks are reached. 
Therefore a rigid-column analysis in which friction is neglected 
often may be acceptable for systems where friction is 10 per cent 
or more of the normal pump head and K is as large as three or 
even four. 

Individual preference is likely to govern the choice of solution 
when elastic-column methods must be used. The analytical solu- 
tion proposed by Silverstein has advantages in situations to which 
it may be applied. There are cases for which the neglect of fric- 
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tion is inadmissible. These require use of the graphical method 
when water-hammer waves are to be considered. The Mekoroth 
and Seattle installations cited illustrate this fact. 

The methods described here require use of the affinity laws, 
Equations [20] and [21], to predict the characteristics of the 
pump at various speeds. Such calculations usually are in good 
agreement with observed values for low-specific-speed pumps. 
However, the accuracy may fall off appreciably with increase in 
the specific speed. Unpublished tests of a pump, having a specific 
speed of about 7000 at best efficiency, showed differences be- 
tween measured characteristics at best efficiency and values com- 
puted by the affinity laws of as much as 13 per cent, for a speed 
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reduction of about 50 per cent. For this particular pump, the 
affinity laws consistently overestimated the discharge and under- 
estimated the head and power. A remedy would be to secure 
complete characteristics diagrams at several different speeds. 

During a power-failure transient, the behavior of a pump is 
similar to the slow closure of a valve. It is known that a partly 
closed valve usually transmits part of each water-hammer wave 
and reflects part (14). It is also known that changes in the wall 
thickness, material, and diameter of pipes and the presence of 
branches or obstructions alter the water-hammer waves by partial 
reflection and transmission (14). The inclusion of such phe- 
nomena would render an already tedious solution extremely com- 
plicated indeed. The assumptions of an “equivalent uniform 
pipe” and complete reflection of the water-hammer waves by the 
pump seem justifiable on practical grounds even if they are not 
in accordance with fact. It seems reasonable to conclude that 
problems involving relatively simple systems may be solved with 
an accuracy limited only by that of the available data. The more 
complicated systems require simplifying assumptions which may 
reduce the accuracy but the solutions still should have great prac- 
tical value. 
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Discussion 


Evucene O’Brign, This paper constitutes a well-presented 
discussion of methods of analysis of transients in centrifugal- 
pump systems. While this particular problem has received con- 
siderable attention in the literature, both here and abroad, the 
methods of attack described appear to be of a different nature 
than those heretofore proposed and, as such, merit the attention 
of those who are concerned with the investigation of this type of 
transient. 

In general, the content is an extension of the previously de- 
veloped theories of water-hammer analysis. The basic equations 
of motion, while in a somewhat unfamiliar form, are quite easily 
followed, as are the presentations of the three suggested methods 
of analysis. The writer’s comments will deal with the applica- 
tion of these methods and do not reflect upon their theoretical 
validity or degree of exactness. 

The methods developed consist of a mathematical treatment 
of the basic water-hammer equations. The equations are pre- 
sented in a different form involving ratios of the various system 
parameters. This is presumably done for the purpose of sim- 
plifying the calculations and also to facilitate the use of the 
pump-characteristic diagram in the form presented. 

My comment on this paper consists merely of a word of 
caution. To those familiar with basic water-hammer theory, the 
paper constitutes an excellent presentation of some new tools of 
the trade. However, to those new to water-hammer work, it 
would seem more advisable to use the more direct type of solution. 
In systems as simple as those described, the direct arithmetic 
attack using absolute or normalized values of the system param- 
eters will give a fairly brief solution in either the case of rigid 
or elastic water-column methods. Further, this attack should 
give the calculator a better understanding or “‘feel’’ for the prob- 
lem. Graphical methods as proposed by Bergeron, and more 
recently, Parmakian, would also seem quite acceptable from this 
standpoint. 

However, lest the foregoing be construed as a detraction from 
this work, let me emphasize again that these proposed methods 
are a valuable addition to the science of water-hammer analysis. 


Joun PaRMAKIAN’ and BenJaMIn Donsky.’ This discussion 
pertains only to the methods of water-hammer analysis used in 
the paper to approximate the effects of pipeline friction. When 
the friction and other hydraulic losses in the line are greater than 
about 10 per cent of the normal pumping head, it is usually 
desirable to include the effect of these losses in the water-hammer 
solution. In the derivation of the fundamental water-ham- 
mer equations for the elastic water-column theory it is usually 
assumed that the hydraulic losses are negligible when compared to 
the head changes. If the hydraulic losses, which vary as the 
square of the velocity, are introduced in the derivation of the 
water-hammer equations, a nonlinear differential equation will 
result. It is impossible to solve this type of equation by pres- 
ently known methods. Therefore the hydraulic losses are 
brought into the graphical solution by concentrating them at one 
or more hypothetical obstructions along the suction or discharge 
line. 

During the hydraulic transient of a pumping system subsequent 
to a power failure at the pump motors the pumping head or head 
across the pump is equal to the difference between the head at the 
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Mem. ASME. 

7 Head, Technical Engineering Analysis Section, Bureau of Recla- 
mation, Denver, Colo. Mem. ASME. 

®’ Engineer, Technical Engineering Analysis Section, Bureau of 
Reclamation, Denver, Colo. 
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discharge side of the pump and the head at the suction side of the 
pump. This basic condition must be satisfied at all times in any 
water-hammer solution in which the heads are changing at both 
the suction and discharge side of a pump. In the graphical 
water-hammer solution shown in the paper for the Mekoroth 
Station MG-II, this condition is not satisfied and hence the 
method for determining the auxiliary line, on which the pumping 
head is located, is incorrect. Because of the incorrect construc- 
tion of the auxiliary line the rise in the suction head when sub- 
tracted from the fall in the discharge head does not equal the 
pumping head. When the friction effects are assumed to be con- 
centrated at the suction-line intake and discharge-line outlet, the 
correct method for determining the auxiliary line in the graphical 
water-hammer solution is shown in Fig. 13 of this discussion, and 
the correct graphical water-hammer solution for the Mekoroth 
pumping system is shown in Fig. 14. 


to 
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A comparison between Fig. 14 and Fig. 9 of the paper shows 
very little difference in the transient for the pumping head in the 
region of positive flow. This is perhaps due to the small amount 
of friction present in the suction line. Therefore the error intro- 
duced by the incorrect construction of the auxiliary line was 
small in this particular case. In the region of negative flow the 
transient for the pumping head does not show too good agreement. 
This may be due somewhat to the accumulated error introduced 
by the incorrect auxiliary line, but the greater cause of disagree- 
ment may be caused by the difference in the pump characteristics 
used by the author and the writers. 

In the Bothell Way Pumping Station the true hydraulic 
gradient of the suction line with friction is shown in Fig. 15(a), 
herewith. If the large friction loss of the suction line is con- 
centrated at a hypothetical obstruction at the pump, the assumed 
hydraulic gradient is as shown in Fig. 15(b). On the other hand, 
if the friction loss of the suction line is concentrated at a hypo- 
thetical obstruction at the intake of the line, the assumed hydrau- 
lic gradient is as shown in Fig. 15(c). Although either of these 
two approximations may be used to introduce the hydraulic 
losses into a graphical water-hammer solution, neither is a very 
close representation of the true hydraulic gradient since the 
friction effects for this installation are large. Both of these 
approximations have the disadvantage that all of the hydraulic 
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losses’are brought into the graphical solution abruptly at either 
too early or too late a time. 

A better method for approximating the effects of the hydraulic 
losses which more closely represents the true hydraulic gradient 
is shown in Fig. 15(d). In this case the friction losses in the line 
are approximated by a number of hypothetical obstructions 
evenly divided and spaced along the line. The graphical method 
for determining the hydraulic transients for a pumping system 
having a very short discharge line and a very long suction line 
with the friction losses evenly concentrated at three points along 
the line is shown in Fig. 16. Fig. 17 shows the maximum hydrau- 
lic gradient of the Bothell Way Pumping Station as determined 
from a graphical solution in which the total hydraulic losses were 
divided into eleven even parts and concentrated at evenly spaced 
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intervals along the suction line. This figure shows that the upper 
end of the line near the intake will be subjected to a higher head 
than that corresponding to the suction water surface elevation. 
In general, it can be stated that for water-hammer purposes it 
is always possible to approximate the true hydraulic gradient to 
any degree of accuracy desired by concentrating the friction 
effects at a number of hypothetical obstructions along the line. 
However, the work involved in obtaining the solution is some- 
what increased, and in some cases the limiting transient effects 
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are not materially different from those determined by neglecting 
the friction losses entirely. 


AuTHOoR’s CLOSURE 


The author takes this opportunity to thank Messrs. O’Brien, 
Parmakian, and Donsky for their discussions. 

Mr. O’Brien presents a timely word of caution to the novice 
who needs to obtain a sense of proportion in connection with 
water-hammer solutions. To carry this a step further, it is 
advisable to compare new solutions with any others which may be 
available for similar systems. Such comparisons are greatly 
facilitated by the use of dimensionless co-ordinates. 

Messrs. Parmakian and Donsky have taken considerable 
trouble to improve the graphical solutions given in the paper. 
The procedure shown in Fig. 13 is preferable to that given in 
Figs. 8(d) and 9 since the construction maintains the correct head 
across the pump at all times. The solution shown in Fig. 13 
implies that all water-hammer lines must start from the hg line 
although only those for the suction pipe need be drawn in this 
case. Such agreement as exists between Figs. 9 and 14 is inciden- 
tal. Solutions for different systems might show much larger dis- 
crepancies between the two methods. 

The analysis for the long suction line of the Bothell Way Pump- 
ing Station shown in Fig. 11 was made to determine the approxi- 
mate speed transient for the pump and motor following a power 
failure. It was understood that this information would be used to 
secure a suitable opening program for a 54-inch butterfly valve to 
be installed in a by-pass line around the pump. The actual pipe- 
line was by no means as simple as is indicated in Fig. 12. There 
were at least seven changes in wall thickness for the 54-inch pipe 
and at least twenty-nine changes in wall thickness for the 66-inch 
pipe. Three branch lines removed as much as 800,000 gpm from 
the 54-inch pipe and the plans indicated at least one large branch 
connected to the 66-inch pipe. 

Assuming the solution shown in Fig. 11 to be approximately 
valid for this system, Fig. 12 shows that changes in the pump 
speed are negligible after the first 12 seconds following a power 
failure and that the maximum head surge on the pump suction is 
93.3 feet. These values correspond to t/u = 0.158 and h = 1.17 
ho, the latter being in excellent agreernent with the value shown in 
Fig. 17 It might be reasoned that the maximum head surge 
would extend throughout almost the entire length of the pipe 
because the pump acts like a valve near the discharge end of the 
pipe which has been subjected to a rather sudden partial closure. 
Fig. 17 shows that this estimate is too severe as the maximum 
head surge decreases to about 0.9 ho near the upper end of the 
pipe. 

The procedure illustrated in Fig. 16 is superior to that of Fig. 
11 and is to be recommended for cases where more accurate solu- 
tions are required. The use of eleven concentrations of friction 
requires a much more complicated diagram than that of Fig. 16 
and a large number of points must be located at least partially by 
trial and error. The author suggests that the more complicated 
solutions be reserved for those systems where factors which must 
be neglected are not likely to have a controlling influence on the 
accuracy of the final result. 


Po = [nitial pumping head 
Pump-’ 
¥ 
4 0; Os’ | 
is 
a 
+ 3 Bie 
m 
Ae e | 
A> ‘| 
Friction 0 m | 
tit 
0 e oe 
4 
Ay 
ie 00 02 04 06 08 10 
q 
System Wits Very Lone Suction Line 
weet 
ot 
20 Suction WS level-“¥>>. 
18 
iv: 
16 ar 
ost 
14 
wer 
h 
12 
08 
‘ae as 
| 
4 


Surge-Wave Velocity—Concrete 
Pressure Pipe 


By H. F. KENNISON,' EAST ORANGE, N. J. 


The velocity of the surge wave is fundamental! in the solu- 
tion of water-hammer problems. To date little, if any, in- 
formation has been published on this subject relating to 
reinforced and prestressed concrete pressure pipe. Unlike 
steel and cast-iron pipe, the surge-wave velocity for con- 
crete pressure pipe is not a constant but varies with the 
maximum water-hammer pressure. This re!ationship is 
outlined together with test results from several existing 
concrete pressure-pipelines. 


Surce-Wave VELOcITy 

ANY theories and empirical formulas have been ad- 
M vanced for the solution of water-hammer problems in 
closed conduits during the past 50 years. When each of 
these formulas is used, within its limitations, comparable results 
usually are obtained. When these specific limitations are ig- 
nored, there is little correlation between the resulting solutions. 
The difficulty has been in selecting the appropriate formula or 
theory which is applicable to a specific problem in hand. Hereto- 
fore the basis of such theories has been essentially empirical tests 

with cast-iron or steel conduits. 

The use of concrete pressure pipe continues to increase in the 
waterworks field for transmission, distribution, and condenser 
pressure-pipelines. To our knowledge, there is little, if any, pub- 
lished information or test data on surge-wave velocities in con- 
crete pressure pipe. The surge-wave velocity is fundamental in 
the solution of water-hammer problems. 

One of several properties affecting surge-wave velocity and 
water hammer in a pipeline is the modulus of elasticity of the 
piping material. Within the elastic range of a steel pipe the 
stress-strain or pressure-strain curve is a straight line. Cast iron 
does not adhere strictly to Hooke’s law, but essentially the pres- 
sure-strain curve of a cast-iron pipe can be assumed as a straight 
line for all normal pressure conditions. This condition is not neces- 
sarily true for concrete pressure pipe. 


ConcRETE PREssURE PIPE 


Concrete pressure pipe can be constructed with or without a 
continuous thin steel sheet membrane. For low pressures, pipe 
of noncylindrical construction is used, AWWA Specification 
C302. For higher pressures the conservative design tensile stress 
of the concrete is exceeded and pipes are supplied with a thin steel 
watertight membrane, AWWA Specification C300. In addition, 
concrete pressure pipe is reinforced with either mild-steel rods or 
by tensioned prestressing wires. Prestressed noneylinder pipe 
has had limited acceptance in the United States, although used 
abroad. Prestressed concrete cylinder pipe has been used ex- 
tensively in this country since 1942, AWWA Specification C301. 


1 Chief Engineer, Lock Joint Pipe Company. Assoc. Mem. ASCE. 

Contributed by the Committee on Water Hammer of the Hy- 
draulic Division and presented at a joint session of the Hydraulic 
Division, American Society of Civil Engineers, and American Water 
Works Association at the Diamond Jubilee Annual Meeting, Chi- 
cago, Ill., November 13-18, 1955, of Tue American Society or 
MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 5, 
1955. Paper No. 55—A-75. 


Reinforced and prestressed noncylinder pipe must operate 
within the tensile strength of the concrete in the pipe wall, if 
leakage is to be avoided. Noncylinder construction is usually re- 
stricted to pipelines with little or no serious surge problems. Since 
the concrete cannot be subjected to stresses in excess of its tensile 
strength, the modulus of elasticity of the pipe is essentially the 
modulus of elasticity of the concrete. Concrete pressure pipe of 
noncylinder construction is similar to pipes of other materials in 
that the pressure-strain curve is essentially a straight line, within 
all operating and surge conditions. 

This is not the case for high-pressure concrete pipe with a steel 
cylinder. Reinforced-concrete cylinder pipe, in particular, nor- 
mally operates at pressures in excess of the limited tensile 
strength of the concrete. Up to the pressure producing incipient 
cracking in the concrete, the slope of the pressure-strain curve is 
similar to that of the concrete wall. Above the incipient cracking 
pressure, the slope of the curve is essentially that of the steel rein- 
forcement. The slope of the curve represents the elastic modulus 
of the pipe at any specific pressure. The average elastic modu- 
lus up to a specific pressure is more accurately indicated by the 
slope of the secant between the origin of the curve and the 
specific pressure. 


REINFORCED-CONCRETE CYLINDER PIPE 

The actual stress-strain or pressure-strain curve of a 48-in. 
Class 98-psi reinforced-concrete cylinder pipe is shown in Fig. 1. 
Also shown are two theoretical lines; i.e., one assumes the con- 
crete supports tensile loads and the second assumes the concrete 
carries no tension. The slopes of these two theoretical curves 
represent extreme limits of the apparent elastic modulus of the 
pipe. Applying these moduli to the formula 
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surge-wave velocity, fps 
bulk modulus of water = 300,000 psi 
elastic modulus of piping material, psi 
internal pipe diameter, in. 

= equivalent thickness of pipe wall, in. 


the range of surge-wave velocity (a) would be between 3740 fps 
and 2560 fps, respectively. The apparent modulus of elasticity at 
140 psi is illustrated, for example, by the secant between the 0 psi 
and 140 psi on the actual strain curve. The calculated surge-wave 
velocity (a) at 140 psi based on the secant modulus is 3020 fps. 
It is obvious that it would be impossible to assign a specific 
single elastic modulus to this pipe that would satisfy all conditions 
of pressure or strain. 

The design of reinforced-concrete cylinder pipe limits surge 
pressures to approximately 40 per cent more than the design 
pressure. Therefore, in the foregoing example, the maximum and 
minimum anticipated surge-wave velocities would be 3740 and 
3020 fps, depending on the maximum surge pressure. 

The solution of a water-hammer problem is further compli- 
cated. The maximum modulus of elasticity of the pipe, and hence 
the maximum surge velocity, is closely related to the modulus of 
elasticity of concrete. By the very nature of this material, the 
modulus varies within limits depending on the fine and coarse 
aggregates, cement, mix, water content, compaction, curing, and 
age. The strength of concrete and the elastic modulus improve 
with age. The 48-in. pipe plotted in Fig. 1 was tested within a few 
months of manufacture. At time of test the concrete modulus 
was 3,750,000 psi. Table 1 lists reasonable maximum values of 
E, and surge-wave velocity (a) for the illustrated 48-in. pipe dur- 
ing its operating life and as the concrete improves with age. 

TABLE 1 MAXIMUM Ee VALUES AND SURGE-WAVE 
VELOCITIES 

Ee, psi 

3750000 

5000000 

6000000 


a, fps 
3740 
3920 
4020 


PRESTRESSED CONCRETE CYLINDER PIPE 


Prestressed concrete pipe has been used widely for transmission 
and distribution lines for water supply. Prestressing supplies 
many advantageous properties to concrete pipe. Because of the 
induced compression in the concrete core, the pressure-strain or 
stress-strain behavior of prestressed pipe varies from that of the 
conventional reinforced-concrete cylinder pipe. Fig. 2 illustrates 
an actual pressure-strain curve of a 48-in. Class 238-psi pre- 
stressed concrete embedded cylinder pipe. 

Concrete subjected to constant load deforms inelastically with 
time. This plastic deformation reaches an asymptotic limit in 
2to5 years. The magnitude of the plastic strain in concrete (and 
in the steel wire) is conservatively recognized in the design. Fig. 
2 plots two theoretical curves; i.e., no plastic loss and maximum 
plastic loss assumed for design, together with actual pressure- 
strain readings obtained during a hydrostatic test. The actual 
inelastic loss varies with aggregates, cement, mix, strength, curing, 
age, exposure, load, and so on. As in the case of the reinforced- 
concrete cylinder pipe, it is apparent that no specific elastic 
modulus can be assigned to this pipe. 

Referring to Fig. 2, if no inelastic losses occurred, the concrete 
core would be in compression up to 477 psi. If all plastic losses 
occurred, the concrete core would be in compression up to 307 
psi. Actually, the core was in compression up to 400 psi. Ignoring 
the tensile strength of concrete, the steel cylinder and wire are the 
only elements resisting pressure above these stated zero compres- 
sion pressures. The pipe as designed is perfectly elastic up to a 
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pressure of 477 psi (the elastic limit pressure) irrespective of in- 
elastic losses and no cracking is visible. The maximum pressure 
to which this pipe was tested was 540 psi. At this pressure four 
discontinuous cracks were visible with maximum widths of 0.001 
and 0.002 in. The theoretical bursting pressure is 791 psi. 

As previously discussed, the secant modulus most nearly repre- 
sents the apparent modulus of elasticity of the pipe for computing 
the average surge-wave velocity. In the foregoing example of the 
Class 238, 48-in. prestressed concrete embedded cylinder pipe 
the apparent modulus and surge-wave velocity will vary with the 
maximum pressure as shown in Table 2 (based on the actual pres- 
sure-strain curve). 

In event that all the design losses did occur, the surge-wave 
velocity will vary with the maximum pressure as shown in Table 
3 (based on the theoretical design curve). 


TABLE 2 APPARENT MODULUS AND SURGE-WAVE 
VELOCITIES 


Maximum pressure, Apparent modulus, pation’ velocity, 
psi psi 


100 
200 
300 


400 
450 
500 


TABLE 3 VARIATION OF Pee ALS VELOCITY WITH 
MAXIMUM PRESSURES 


Maximum pressure, Apparent modulus, Surge-wave velocity, 
psi psi fps 


By design, prestressed concrete embedded cylinder pipe is capa- 
ble of resisting water-hammer pressures of approximately 75 per 
cent in excess of the design pressure. In this particular example, 
the maximum and minimum expected surge-wave velocities would 
be between 3720 fps and 3120 fps, depending on the actual surge 
pressure. 

The considerations involved in the solution of a water-hammer 
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TABLE 4 THEORETICAL SURGE-WAVE VELOCITIES FOR 
REINFORCED-CONCRETE WATER PIPE—STEEL-CYLINDER 
TYPE, NOT PRESTRESSED (AWWA C300-52) 
Surge-wave velocity, fps 
Design pressure 
100 psi 150 psi 


Pipe size, 
in, Max or min 
24 Max 


30 


problem with concrete cylinder pipe are complicated by the 
variable apparent elastic modulus of the pipe. A solution necessi- 
tates assuming a reasonable pressure-strain curve for the pipe and 
a maximum water-hammer pressure in order to determine an ap- 
parent elastic modulus and a surge-wave velocity. This informa- 
tion can be used in the theoretical calculation to determine the 
water-hammer pressure. With approximately three such calcu- 
lations, the assumed and calculated water-hammer pressure can 
be equated by trial and error. 

The maximum and minimum or possible range of surge-wave 
velocities can be calculated with reasonable accuracy from the 
theoretical pressure-strain curve. Tables 4, 5, and 6 list probable 
maximum and minimum values based upon the theory presented 
herein. These values should be suitable for the study of most 
surge problems, based on present pipe specifications. 


Test Resutts 
Recently, tests have been conducted on several existing con- 


Length of test 


Pipe 
diam, in. Type of pipe Class, psi section, ft Location 

30 Pe* cylinder 80-120 26,468 Cheyenne, Wyo. 
pipe 

30 Pe eylinder 100 2,780 Alexandria, Va. 
pipe 

36 Pe cylinder 53-130 15,592 Winston-Salem, 
pipe N.C. 


Re® cylinder Hartford, Conn. 
pipe 
54 Re cylinder 69-152 15,630 Denver, Colo. 
pipe 
60 Re cylinder 65-87 11,480 Louisville, Ky. 
pipe 
@ Pec = prestressed concrete. 
> Re = reinforced concrete. 
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TABLE 


TYPE, PRESTR — D 


Pipe size, 
in. 


“24 
30 
36 
42 
48 


54 
60 
66 
72 


Test pressure 


run 


Wie 


5 THEORETICAL SURGE-WAVE VELOCITIES FOR 
CRETE WATER PIPE—STEEL-CYLINDER 
TYPE, PRESTRESSED (AWWA _C301-55T, PIPE WITH LINED 
CYLINDER) 


-———Surge-wave velocity, 
Pipe class 


6 THEORETICAL SURGE-WAVE VELOCITIES 
REINFORCED-CONCRETE WATER  PIPE—STEEL-CYLINDER 
(AWWA  C301-55T PIPE 


Surge-wave velocities listed are for minimum cores as given in 
AWWA ‘C301-55T 


corded 


rise, psi 


EDDED CYLINDER) 


Max or Min 


wave 
velocity, 
fps 


3830 


(average) 


3663 
3651 
3656 
3642 
3659 
3643 


Surge- 

wave 
velocity 
corrected 
for other 
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TABLE 7 DATA RECORDED DURING TESTS ON CONCRETE PRESSURE-PIPELINES 


wave velocity, fps 


Calculated 
surge-wave 


velocity 


based on 


maximum Calculated surge-wave 


type pipe pressure 


3830 


3780 


ine, fps rise, fps Maximum Minimum 
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velocity, fps 


3720 3270 
3690 2820 
3650 2550 


3720 3470 
3780 3310 
3670 3480 


3920 3970 4010 Max or Min psi psi pst 
Min 3880 3610 3630 16 Max 3920 3920 3930 
|_| Max 3790 3860 3920 Min 3920 3490 3480 
Min 3490 3430 3520 18 Max 3870 3880. 3890 
36 Max 3770 3840 3890 Min 3870 3450 3440 
: Min 3410 3390 3490 20 Max 3840 3840 3860 
42 Max 3750 3820 3880 Min 3810 3420 3410 
Min 3360 3370 3470 24 Max 3780 3800 3810 
48 Max 3720 3810 3870 Min 3380 3360 3350 
Min 3320 3350 3460 30 Max 3730 3740 3750 
54 Max 3720 3790 3860 Min 3310 3280 3270 
Min 3290 3330 3450 36 Max 3680 3690 3830 
: 60 Max 3710 3780 3850 Min 3250 3230 3280 
Min 3270 3320 3440 42 Max 3640 3660 
: 66 Max 3700 3780 3850 Min 3200 3170 : 
Min 3260 3310 3440 48 Max 3610 3660 q "y 
72 Max 3690 3770 3840 Min 3150 3270 
Min 3250 3310 3440 
78 Max 3690 3770 3840 
Min 3240 3300 3430 
S4 Max 3680 3760 3830 v 
Min 3230 3300 3430 
pressure 
FC 100 psi 150 psi 200 psi 
Max 3830 3840 3850 : 
Min 3400 3370 3330 
Max 3680 3700 3710 
Min 3180 3150 3130 
Max 3550 3570 3590 
: Min 3030 2980 3010 
Max 3520 3530 3550 
Min 2960 2910 2960 
Max 3490 3510 3520 
Min 2870 2860 2910 
Max 3660 3680 3700 
Min 3010 2930 2950 
Max 3640 3650 3680 ’ 
Min 2950 2880 2940 
Max 3630 3640 3680 
Min 2920 2850 2990 
Max 3630 3640 3670 
Re- | 
eorded 
Re- surge- Ld 
24 3864 3870 3720 
23 3864 3870 3720 
12 3871 3877 3720 
13 3871 3877 3720 : 
21 3878 3884 3720 
- 22 3850 3856 3720 
13 2960 2890 3360 
51 2960 2890 2820 
10 3802 3802 3560 
35 3746 8746 3050 
7 3898 3898 3600 
23 3780 3780 3280 
48 3831 3831 2880 
7 3826 3849 3720 
18 3816 3839 3720 
26 3788 3809 3720 
15 
35 
30 
20 
20 
12 3670 3670 
19 3658 3670 
20 3663 3670 ct 
21 3648 3670 eet 
19 3666 3670 | 
17 3650 3670 bad 
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crete pressure-pipelines to determine the actual surge-wave veloc- 
ity. Surges of very low intensity were created at reduced flow. 
Automatic high-speed recording instruments showed the pres- 
sure fluctuation and time of the pressure cycle. This recorded in- 
formation is listed in Table 7. In all cases the actual recorded 
velocity is listed. This velocity has been corrected for other 
piping material in the test section when in excess of 1 per cent. 
The column entitled Calculated Surge-Wave Velocity has been 
figured from an assumed pressure-strain curve. The secant 
modulus has been used as based on the maximum observed pres- 
sure during the test. The calculated maximum and minimum 
surge-wave velocities are based on the assumed average pressure- 
strain curve for each test line and the maximum design water- 
hammer pressure. Since most of the tests were conducted at 
greatly reduced flow and small pressure fluctuation, we can ex- 
pect the resultant surge-wave velocity to be on the high side of the 
range. 

All pipelines were of cylinder-type construction, either rein- 
forced or prestressed. All tests were conducted with portable 
Bristol automatic recording compound pressure gages with 10-in- 
diam charts making a complete rotation in 4 min. A brief state- 
ment on each of the individual tests follows: 

Cheyenne, Wyoming. The surge tests on prestressed concrete 
cylinder pipe were made possible through the co-operation of Mr. 
Ray L. Sherard, Superintendent of the Board of Public Utilities, 
Cheyenne Water and Sewer Department. Table 8 gives data for 
the section of the 30-in. line tested at Cheyenne. 


TABLE 8 SECTION OF PIPE TESTED AT CHEYENNE, WYO. 


9595 ft of prestressed concrete cylinder pipe—Class L* 
8490 ft of prestressed concrete cylinder pipe—Class M® 
6930 ft of prestressed concrete cylinder pipe—Class X* 
1153 ft of prestressed concrete cylinder pipe—Class XH* 
50 ft of cast-iron pipe—Class 200 psi 
250 ft of cast-iron pipe—Class 150 psi 


® Pipe designed for internal pressure and external load. 


The test section was immediately below the reservoir down to a 
14-in. cone valve at Station 267 + 24. The recording gage was 
connected to the venturi on the upstream side of the cone valve. 
After stable flow conditions were attained, surge waves were in- 
duced in the line by rapidly closing the cone valve. Flow in the 
line was by gravity and the water velocity was reduced to 0.5 fps 
prior to inducing the surge waves. The results are given in 
Table 9. 


TABLE 9 TEST RESULT AT CHEYENNE, WYO. 


Recorded 
~ velocity, Pressure rise, 
ps 
3864 
3864 
3871 


3871 
3878 
3850 


The high recorded and corrected velocity is probably due to the 
gain in concrete strength and modulus, with time. 

Alexandria, Virginia. The surge tests on the 30-in. pump line 
from the Occoquan Pumping Station to the treatment plant were 
made through the co-operation of Mr. D. F. Bixler of the Ameri- 
can Water Works Service Company and Mr. H. C. Richards of the 


Alexandria Water Company. The pipeline consist is given in 


Table 10. 


TABLE 10 TEST LINE AT ALEXANDRIA, VA. 


797 {t of 30-in. steel pipe; '/-in. plate 

1784 ft of 30-in. prest concrete cylinder pipe—Class 100 psi 
95 ft of 24-in. prestressed concrete cylinder pipe—Class 100 psi 
104 ft of 20-in. prestressed concrete cylinder pipe—Class 100 psi 


2780 ft 
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Surge waves were created by cutting the power to the pumps and 
simultaneously closing the butterfly valves on the inlet side of the 
pumps from a condition of stable flow. The raw water came from 
a dam where the crest was at a higher elevation than the pumps. 
Data from the test are given in Table 11. 

VA. 


TABLE 11 TEST DATA TAKEN AT ALEXANDRIA, 


Recorded 


surge-wave Correeted Pressure 


rise, 
fps f psi 
2960 13 
2960 2890 51 


A surge-wave velocity of a fps was used for the 30-in. X */¢ 
in. steel pipe. 

Winston-Salem, South Carolina. The test on Winston-Salem’s 
36-in. prestressed concrete cylinder pipe was made possible 
through the co-operation of Mr. 8. E. Harris, Superintendent of 
the Water and Sewage Division, and Mr. R. E. Ebert, Water Sup- 
ply Superintendent. The composition of the 15,592-ft test section 
of the pumping line between Yadkin River and the standpipe is 
given in Table 12. 


TABLE 12 TEST SECTION AT WINSTON-SALEM, 8S. C. 


2233 ft of 36-in. PS concrete cylinder pipe, Class 130 psi 
5495 ft of 36-in. PS concrete cylinder pipe, Class 105 psi 
6374 ft of 36-in. PS concrete cylinder pipe, Class 78 psi 
1352 ft of 36-in. PS concrete cylinder pipe, Class 53 psi 

50 ft of 36-in. miscellaneous cast-iron and steel pipe 


15592 ft 


The first test was made on the initial shutdown of the pumps 
before isolating the pipeline between the pumps at Yadkin River 
and the standpipe. For all other runs the main-line gate valve at 
the standpipe was closed as well as a valve on a small branch line 
near the pump. No flowmeter was present and flow conditions 
were estimated. Stable flow conditions were established by 
operating one of the pumps with the automatic hydraulically 
operated check valves manually held at a set opening. The surge 
was created by stopping the pump and manually closing the 
check valve. Results are given in Table 13. 


TABLE 13 TEST RESULTS AT WINSTON-SALEM, 8. C. 


Recorded surge-wave Pressure 


velocity, fps 


The high recorded velocity is probably due to the gain in con- 
crete modulus with time—over that assumed for the maximum 
calculation. 

Hartford, Connecticut. The test on the 48-in. reinforced con- 
crete cylinder pipe of Hartford’s Barkhamsted-Nepaug pipeline 
was conducted with the co-operation of Mr. Warren A. Gentner, 
Deputy Manager and Chief Engineer, and Mr. William Doren- 
baum, Chief Designing Engineer of the Metropolitan District 
Water Bureau. The 39,237-ft test section was isolated from the 
system and consisted of the classes and types of pipe given in 
Table 14. 


TABLE 14 TEST SECTION AT HARTFORD, CONN. 


20677 ft of 48-in. RC cylinder pipe, Class 175 ft 
5620 ft of 48-in. RC cylinder pipe, Class 190 ft 
2280 ft of 48-in. RC cylinder pipe, Class 200 ft 
1060 ft of 48-in. RC cylinder pipe, Class 210 ft 
2240 ft of 48-in. RC cylinder pipe, Class 230 ft 
4413 ft of 48-in. RC cylinder pipe, Class 240 ft 

380 ft of 48-in. RC cylinder pipe, Class 250 ft 
881 ft of 48-in. RC cylinder pipe, Class 255 ft 
76 ft of 48-in. RC cylinder pipe, specials 
139] ft of 48-in. steel pipe, '/:-in. plate 
311 ft of 54-in. steel pipe, */s-in. plate 
30 ft of 48-in. cast-iron pipe, Class C 


39287 ft 


2 
LS5B1......8.0 
LS5B2......8.0 
. . total 
- Test Tise, psi 
35 
23 
Run MGD 
Bee 
13 
| 
.... . total total 


A 36-in. Chapman cone valve at the Nepaug Dam Power Gate 
House controlled the gravity flow to less than '/; fps. Surge 
waves were created by closing the cone valve rapidly from a 
condition of stable flow, Table 15. 


TABLE 15 TEST RESULTS AT HARTFORD, CONN. 
Recorded 
surge-wave Corrected® Pressure 
Test MGD velocity, fps velocity, fps rise, psi 
Ss onhehiiade Pressure rise too low for aceurate readings 
3.0 3816 3840 18 
4.1 3788 3810 26 
* The corrected velocity d the following surge velocities in the steel 


and cast-iron pipe: 
a = 3500 fps—54-in. X 5/s-in. steel pipe 


a = 3300 fps—48-in. X '/2-in. steel pipe 
a = 3500 fps—48-in. X 1.71-in. cast-iron pipe 


The high recorded velocity is probably due to the gain in con- 
crete modulus over that assumed for design. 

Denver, Colorado. The tests were made possible through the 
co-operation of Mr. John Burgess, Chief Engineer, Board of 
Water Commissioners, Denver, Colorado. The 15,630-ft test 
section is part of a 44,954-ft conduit supplying water to the Moffat 
filter plant from Ralston Creek Reservoir. Table 16 lists the 54 
in. reinforced-concrete-cylinder pipe consist in the test section. 


TABLE 16 TEST SECTION AT DENVER, COLO. 


3141 ft of Class 160 ft to 190 ft 
5192 ft of Class 200 ft to 240 ft 
3803 ft of Class 250 ft to 290 ft 
3494 ft of Class 300 ft to 350 ft 


The section of the conduit tested was that immediately below 
the reservoir and was isolated by closing a 42-in. line valve. Local 
conditions did not permit complete isolation of the test section. 
All surges were induced by manual opening and closing of a 6-in. 
surge relief valve located in the 42-in. valve vault. 

The results of 6 runs indicate an average surge-wave velocity 
of 3830 fps. Only an average reading is recorded due to the low 
recorded surge pressures and the difficulty of accurately in- 
terpreting the charts. 

Louisville, Kentucky. The test on the 60-in. reinforced-con- 
crete cylinder pipe of the Louisville Water Company was made 
possible through the co-operation of Mr. B. E. Payne. The 
11,480-ft test section was between the pumping station on the 
Ohio River and the Raw Water Reservoir, Table 17. 


TABLE 17 TEST SECTION AT LOUISVILLE, KY. 
5215 ft of 60-in. RC cylinder pipe, Class 150 ft 
5785 ft of 60-in, RC cylinder pipe, Class 200 ft 

480 ft of 48-in. cast-iron pipe, Class 
11480 ft... . total 


One 60 MGD pump with cone discharge valve was used to 
create a condition of low steady flow. Surge waves were created 


by stopping the pump. Test results are given in Table 18. 


TABLE 18 TEST RESULTS AT LOUISVILLE, KY. 


Recorded 
surge-wave 
velocity, fps 


Corrected* 
velocity, fps 


10.6 3656 3663 

12.0 3642 3648 21 
Ding 14.0 3659 3666 19 
rr 8.0 3643 3650 17 


* The corrected velocity assumed a surge-wave velocity of 3500 ft/sec for 
the Cast Iron Pipe. 
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CoNCLUSION 


This paper outlines a new concept of analysis for calculating 
surge-wave velocities in concrete pressure pipe. The approach 
seems reasonable from a theoretical point of view. Limited tests 
appear generally to substantiate this method of calculation. Since 
the stress-strain curve of a reinforced-concrete pipe is not a 
straight line, it is necessary to assume a realistic stress-strain 
curve between the minimum and maximum curves set by design. 

The variation between calculated velocities and recorded 
velocities is within the range of the elastic modulus of concrete, 
and reasonable stress-strain curves for the pipe. 


Discussion 


R. 8. Quicx.? This paper supplies valuable new information on 
velocity of surge pressure waves in concrete pipelines. These 
lines often are very long, in water-supply systems, so the engineer 
must predict safe operating times or rates of opening or closing of 
valves, to avoid objectionable or even disastrous surges. The 
velocity of wave travel is an important factor in such determina- 
tions. 

It has been stated that the value of wave travel a is unimportant 
in determining a fairly accurate value of surge magnitude. This 
is true for certain co-ordinates of pipeline constant (aV»)/(2gH<) 
and time constant (a7’)/(2L) where 


velocity of pressure wave, fps 


a — 
Vo = velocity in pipeline, fps 
L = length of pipeline, ft 
Hy = initial head on valve, ft 
g = acceleration of gravity, fps per sec 


T = time of gate movement, sec 


This can be examined by reference to Figs. 3 and 4 of this dis- 
cussion,* which show Allievi’s charts for pressure rise and pressure 
drop with uniform gate motion. 


FALL IN pressune = 
[ / 


— 


AUS OF TIME CONSTANT N= 


Fie. Fact Pressure Gare 


? Consulting Engineer, Baldwin-Lima-Hamilton 
Philadelphia, Pa. Fellow ASME. 

3 See ‘‘Waterhammer Symposium,’’ ASME, revised edition, 1933; 
Fig. 4 reproduced from Fig. 2 of the Symposium, p. 22, and Fig. 3 
from Fig. 9 of Symposium, p. 24. 
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By laying a straight edge on the origin of co-ordinates it will be 
noted that the lines of constant percentage pressure change are 
radial throughout a large portion of the charts. In these areas the 
value of a can be modified without changing the degree of pressure 
surge and in such regions the exact value of a is unimportant. 
However, for times of gate closure taking place in, or near, one in- 
terval of time of 2L/a sec, the line of constant percentage pressure 
change is no longer radial so it becomes important that the surge- 
wave velocity be determined accurately. In the case of pressure 
drop, as shown in Fig. 3, the lines of constant pressure drop are 
radial until time is reduced to one interval. Obviously, the value 
of a would be determined accurately for this region. 


Autuor’s CLOSURE 
Mr. Quick’s comments are quite pertinent to this subject. A 


large percentage of existing concrete pressure-pipe installations is 
for long transmission lines. In some cases the “instantaneous 
closure time’’ of valves may be as much as four minutes. Generally 
speaking, more original engineering thought is given to the hy- 
draulic design of transmission lines as opposed to plant piping or 
distribution systems. It is economic to design to a hydraulic 
gradient and supply positive surge protection devices on the 
longer pipelines. The cost of such studies and protection is 
normally a fraction of the extra cost if these factors are ignored. 
For shorter plant piping or distribution systems, the opposite 
situation may be true. In such systems the hydraulic and water- 
hammer studies become increasingly complex and questionable. 
In these cases it is usually more economic to use arbitrary safety 
factors in the design of pipe. 


ANS OF PIPE LINE CONSTANT 

SESS 
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Fie. 1 View, Owens Gorce Power PLANTS 


Water-Hammer Calculations and Test 


Results—“Owens Gorge Power Plant Penstocks 


Water-hammer calculations were made for the three 
penstocks of the Owens Gorge Power Plants to deter- 
mine proper governor and relief-valve time settings. 
Test results show good agreement with the calculations. 
Computing methods, complete test results, and an analy- 
sis of these results are included in this paper. A brief dis- 
cussion of the operation of the surge chambers for these 
plants is also included. 


on the penstocks of the Owens Gorge Power Plants, about 15 

miles north of Bishop, Calif. Fig. 1 shows the general ar- 
rangement of the project. The three plants together develop a 
total of approximately 2400 ft of head, and are so spaced that the 
full-load output of each plant is approximately the same, i.e., 
37,500 kw. Table A in the Appendix gives statistical data for all 
three plants. 


1 Senior Mechanical Engineer, Department of Water & Power, City 
of Los Angeles. ; 

2 Mechanical Engineer, Department of Water & Power, City of Los 
Angeles. Mem. ASME. 

Contributed by the Committee on Water Hammer of the Hydraulic 
Division and presented at a joint meeting of the Hydraulic Division, 
American Society of Civil Engineers, and American Water Works 
Association at the Diamond Jubilee Annual Meeting, Chicago, IIl., 
November 13-18, 1955, of Taz American Socrery or MECHANICAL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 5, 
1955. Paper No. 55—A-71. 
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Relief valves were necessary on all three plants for two reasons: 
(a) Water-hammer relief; (b) maintenance of flow around the 
turbine in the case of turbine outage in one or more plants. The 
relief valves then act as by-pass valves to maintain a balanced 
flow through the combined system. 

The penstocks present a complicated system for water-hammer 
analysis. In addition to the usual variation in diameter and thick- 
ness of the pipe, there are sections of lined tunnel in two of the 
penstocks. The penstocks were designed on the basis that the 
pipe will be subjected under normal operation to a pressure of at 
least 1.25 times the static head at a given point. The calcula- 
tions, of which samples are given in this paper, were made to de- 
termine approximate operating limits of the turbines and by-pass 
valves so that the design gradient would not be exceeded. The 
tests were performed to insure that the penstocks were ready for 
operation and would withstand the pressures for which they were 
designed. While the procedure was not set up to test the surge 
chambers thoroughly, a variety of conditions was imposed on the 
Control Gorge chamber and its performance recorded. 


Warter-Hammer CALcuLaTIons 


The methods used in the calculations follow Jaeger* in detail 
but are essentially the same as the graphical methods familiar in 
the literature on the subject (Lowy, Bergeron, Schnyder, et al.) 

The profile of the penstocks is such that it was convenient to 
divide them into four equal equivalent sections to obtain results 
at the proper points along the pipe line. Check calculations were 


*“*Technische Hydraulik,"’ by Charles Jaeger, Verlag Birkhauser, 
Basel, Switzerland, 1949 
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run with the penstock divided into one equivalent section and also 
three equivalent sections for the Control Gorge Plant. These 
calculations did not give enough additional information to 
justify computing anything other than the four-section pipe for 
the other two plants. 

The equivalent sections referred to are equivalent in that they 
have the same time of wave travel. Because of the nature of the 
graphical solution, it is necessary to have these times the same so 
that with conditions known at two points, A and C, for example, 
the solution will give results at point B and so on. The charac- 
teristics for the Control Gorge and Middle Gorge penstocks as 
they are arranged for the graphical solutions are given in the 
Appendix. The reader will note that for the purposes of the actual 
graphical work, the angle arctangent 2K was rounded off to the 
nearest 5 min. With conditions known at the ends of the pipe- 
line and at three intermediate points, the profile of the water- 
hammer gradient was plotted with sufficient accuracy for the 
purpose. 

The acoustic velocity is an important factor in all of the solu- 
tions. The formula usually used applied only to thin-walled 
pipe, where the thickness of the plate is quite small relative to 
the pipe diameter. In the case of tunnels, lined or otherwise, this 
condition does not apply and the acoustie velocity must be 
specially computed for each case. Jaeger in his ‘“Technische Hy- 
draulik” gives the solutions for various cases which are applicable 
to the pipelines under consideration, and his formulas were used 
in these calculations. 

Certain quantities, such as acoustic velocity, pipe area, water 
velocity, and allowable heads are common to all three lines, and 
were computed first for all three lines. From the data for a par- 
ticular penstock the equivalent composite pipes were set up, ar- 
ranged to make the graphical work convenient. As mentioned 
previously, each section of an equivalent pipe has the same time 
of wave travel, which explains why a section boundary may be 
placed in the middle of a run of a particular size pipe, rather than 
at a point where the pipe size changes. 

Pipeline data and samples of the graphical calculations for the 
Control Gorge Plant, which are typical of the calculations made 
for the other two plants, are included in the Appendix (Tables 
AtoD). Fig. 2 gives an example of the graphical solution applied 
to the case of partial gate opening. During actual operation of 
these plants, it is assumed that the gates will be moved slowly by 


hand control until the machines are synchronized at no load. 
Approximately 0.1 gate opening is required for this purpose. Fig. 
2, therefore, begins at 0.1 gate and ends at 0.35 gate, which was 
determined by trial to be as much as the gate could be opened in 
one cycle if the movement of the gate was then stopped. For this 
figure, the scale and the angle arctangent 2K were adjusted appro- 
priately. Table A, E and F in the Appendix give the characteris- 
tics for the Middle Gorge Plant. 

Fig. 3 is a graphieal calculation made as close to the test 
conditions as possible in order to check the relation between 
observed and calculated results. 


Description oF Tests Run 


Control Gorge Penstock. The pipeline was first filled at a rate 
of about 25 cfs. By the time water had reached the venturi tube 
at the upper end of the pipeline, it was apparent that there were 
ynough serious leaks in the expansion joints and in the large 
butterfly-valve flange joint, inside the powerhouse, to require 
draining the pipe to adjust the packing glands. The leaks in the 
expansion joints resulted from the pipeline standing empty for 
about one year, during which time the wax in the packing was 
forced out of the glands and was washed away. It was not possi- 
ble at the time to tighten the glands sufficiently to stop the 
leaks entirely; new packing was added later, where necessary, to 
stop all leaks. The butterfly-valve flange joint was sealed by 
welding. 

The following procedure was adopted in applying the water- 
hammer loads to the pipeline: The turbine butterfly valve was 
closed and kept closed during the tests. All flows were put 
through the by-pass valve, which, however, was actuated by the 
turbine servomotors rather than by its own motor control, which 
requires 2'/, min for full closing. Thus, as the turbine wicket 
gates moved in the closing direction, the by-pass valve opened 
and vice versa. The stroke timing was determined at the governor 
by trial with the by-pass butterfly valve closed. The governor 
opening time became the by-pass valve closing time and vice 
versa. 

Pressures were measured with calibrated Bourdon gages con- 
nected to the invert of the pipe and arranged so that the line from 
the penstock could be flushed frequently during the tests. Pres- 
sure measurements were made at various points along the pen- 
stock (as indicated in Figs. 10 and 11). Flows were calculated 
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from the mercury manometer measurements at the venturi [ |] | Waber H 

There were two observers at each test station, one being a de- © 
sign engineer and the other an engineering inspector. The 
manometers were operated and read by testing laboratory per- Pe 
sonnel. 

At the time the tests were made, the total flow in the river was 
limited to about 550 cfs, of which 75 cfs had to be kept in the 
channel for the fish. In order to get more than 475 cfs for the 
tests, the flow through an old existing plant upstream was 
manipulated as follows: This plant was shut off long enough for 
the water to reach the plant via the river channel. It was then 
opened up again and the flow in the river thereby increased for 
a few minutes, during which between 675 and 700 cfs were available 
for the Control Gorge Plant. The results of eleven such runs are 
summarized in Table 1. 
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TABLE 1 TEST RESULTS AT CONTROL GORGE PLANT 


—Valve timi 


3 


Figs. 4, 5, and 6 illustrate tests Nos. 8, 10, and 11. 


Middle Gorge Penstock. The tests on the Middle Gorge pen- 
stock were hampered by the tunnel-intake conditions. Con- 
struction on the Upper Gorge Plant had not proceeded far enough 
to allow use of the normal intake works. Therefore the diversion 
works used for construction had to be employed, the water being 
first taken through the diversion tunnel and then into the main 
tunnel from the junction box between the two. The water area 
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at the Upper Gorge Plant is relatively large, but during the tests 
only a few square feet of intake surface were available. Unstable 
intake conditions resulted. Since the static level was below 
normal, the surge chamber did not function properly and limited 
what could be done with the pipeline. Further difficulties arose 
because there was not enough water to maintain flows in excess of 
about 400 cfs. However, the pipeline was tested to approxi- 
mately the allowable gradient. The results of these tests are given 
in Table G of the Appendix. 

Upper Gorge Penstock. Water-hammer tests have not yet been 
made on the Upper Gorge penstock. At the time the plant was 
put into operation the venturi house, where there is installed a 
60-in. plug valve, was not completed. The oil system controlling 
the valve was not operable and the pipeline was supporting sub- 
stantial additional weights for which it was not designed. For 
these reasons it was not advisable to test the line fully. The 
governor timing on this plant was set to insure that not more than 
a 10 per cent pressure rise or drop would be applied to the line. 


Surce-CHaMBER PERFORMANCE 


The surge chambers for these plants are of the differential type 
with a central riser and bottom ports connecting the outer tank 
with the tunnel. Fig. 1 shows the location of the surge chamber 
on each of the three penstocks. 

The Control Gorge surge chamber performed very well during 
the tests on that plant. Figs. 7, 8, and 9 show the water levels in 
the surge chamber under different conditions. Under rapid rejec- 
tion of full flow, the water came up in the riser and overflowed 


Minures 
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into the main chamber as shown. During drawdown, the opera- 
tion was quiet and very little turbulence was observed. At the 
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time tests were made on the Middle Gorge Plant, the static level 
was too low for the surge chamber to perform properly. 


Comparison oF Test Resuuts Wits CALcuLATep VALUES 

Figs. 10 and 11 show the gradients which were applied to the 
pipeline as well as the calculated gradients and the profile of 
the pipelines themselves. Other than the fact that the calcula- 
tions neglect the effect of the rise in level of the surge chamber, 
the results generally agree well with the calculations. 

The conditions of the calculations do not match those of the 
tests exactly because of the fact that convenience of the graphical 
solution is based on the requirement that the number of cycles in 
the full stroke multiplied by 4 must be an integer. It should be 
pointed out that the surge-chamber rise or drop is very much 
slower than the water hammer and for that reason it is acceptable 


to assume that during at least the period of the first two cycles 
the level in the surge chamber remains essentially constant. This 
is the reason why the rise or drop at the surge chamber does not 
change the gradient along its entire length. 


GENERAL Discussion 

The theory of the subject leads to the conclusion that the maxi- 
mum water-hammer stresses for a given timing of the total gate 
movement occur when the gates move to or from the fully closed 
position in one cycle of time. The timimg is then set by the 
amount of the total which the line can handle in the one cycle. 
However, since both the turbine servomotors and the by-pass 
valves are arranged to move slowly at the end of their stroke, it 
is necessary to close from about 20 per cent gate before maximum 
water-hammer pressures are obtained. For the case of the 
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Owens Gorge penstocks, there is no danger of applying collapsing 
pressures to the penstocks as long as the maximum overpressures 
are not exceeded. Such pressures can be obtained on an opening 
cycle if the gates are opened very quickly to about 10 or 20 per 
cent gate, and the motion of the gate stopped at that point. The 
reason for this is shown graphically in Fig. 2. 

The tests on the Control Gorge Plant, while they were made 
under difficult conditions as far as being able to maintain stable 
flows were concerned, insured that the pipeline would carry its 
design pressures, and that the surge chamber would function 
properly. The Control Gorge penstock is the most interesting of 
the three because of its length, and it is hoped that the results 
presented in this paper will be of interest. 
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At the present time the Department is constructing a regulat- 
ing reservoir below the three Gorge Plants, which will allow large 
fluctuations in the flow through these plants without disturbing 
irrigation arrangements downstream. Complete tests on all the 
penstocks and surge chambers can be made when this reservoir is 
completed. The plants have now been operated long enough so 
that silt and dirt from the river which caused trouble in these 
early tests should no longer be present. 
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TABLE A STATISTICAL DATA ON PIPELINES AND POWERHOUSE 


Powerhouse Hydraulic Equipment 

Normal static head, ft 

Prime movers, type, and horsepower 
Vertical reaction turbine (Francis type), hp 
Speed, rp 
Generator, kw 

Method of diverting water on load rejection: 
Through-type synchronous by-pass valve, in. 


Penstock 

Maximum flow, cfs 

Total length of pipeline (surge tank to turbine), ft 
Total length of tunnel (forebay to surge tank), ft 


Penstock Line Characteristics 


Calculated period of penstock* = 2L/a 
Calculated pressure at powerhouse (max), ft 
Caleulated pressure at powerhouse (min), ft 
Static head during test, ft 

Time of synchronous by-pass opening, sec 
Time of synchronous by-pass closing, sec 
Test pressure at powerhouse (max), ft 

Test pressure at powerhouse (min), ft 


* See Table B for terms. 
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E PENSTOCK DATA ARRANGED FOR FOUR UIVALENT 
TABLE B CONTROL GORG AND EQ 
Acoustic Water 
Pipe D, Thickness i 
in in. t=L/s 
1211/4 Concrete 
106 


TABLE C CONTROL GORGE PENSTOCK CHARACTERISTICS 


L = 2681.05 
= 1.0082 
Avg a = 2659 
ZLV = 29,082 
= 173,600 
Avg V = 10.75 


L = 2575.31 
= 1.0082 
Avg a = 2554 
ZLV = 29,990 
ZLA = 152,700 
Avg V = 11.64 


L = 2907.79 
= 1.0082 
Avg a = 2884 
ZLV = 36,420 
= 160,300 
Avg V = 12.52 


L = 3187.21 
ZL/a = 1.0082 
Avga = 3161 
ZLV = 44,000 
ZLA = 159,900 

Avg V = 13.78 


° or 
B 59°20 A 


aV density of water = 62.4 pcf 
oie water modulus of elasticity = 29.4 X 10¢ psi 
= 29.4 X 144 X 10¢ psf 
steel modulus of elasticity = 30 < 10* psi 
= 30 X 144 X 10° psf 
concrete modulus of elasticity = 3 X 10* psi 
Tan~' 2K = 3 X 144 X 10° psf 
59° 22’ D = inside diameter of pipe, in. 
54° 28’ e = thickness of pipe, in. 


4 ° ’ 
Mean Water Velocity. Jaeger’s “Technische Hydraulik,” gives 
the following formula for the mean water velocity 


Warter-HamMer Catcu.ations, Contro, Power PLANT 


Determination of Acoustic Velocity for Pipe and Tunnel Sections 
Used in Control Gorge Penstock. The formula for acoustic velocity 
in thin-wall steel pipe is = mean water velocity for a given length of pipe, fps 
——— = flow through pipe, cfs 
es 1 aay = length of a section i of pipe of one diameter, ft 
1/k + D/Ee = cross-sectional area of a section i 


water velocity in a section 7 


The subscript 0 indicates that the quantities are computed for 
the time ¢ = 0. 

Parabolic Points for Gate Closing in 5'/, Cycles. Linear gate 
closing is assumed; therefore, r is a linear function of time. 
Calculations of the parabola for each gate increment are based on 
a four-unit pipe. With 5'/:-cycle closing to full closed, 14 para- 
bolas will be required out of the 22 parabolas needed for 100 per 
cent gate closing. With 6'/:-cycle closing 16 parabolas will be 
required. The formula is as follows: 


v=trVh 


where v is the velocity ratio, A is the head ratio, and 7 is the gate- 
opening equivalent for any value of h and »v. 


1 
+ 0.0098D/e 


The formula for acoustic velocity in concrete tunnel is 


g/w 
1/k + 2/E; 


which reduces to 


where 
g = acceleration of gravity = 32.16 fps/sec 
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106 a/s 1847.28 2405 11.2598 0.7681 20800 113200 
106 a/s 825.18 2405 11.2598 0.3431 9291 50570 
104 /e 749 39 2559 11.6969 0.2928 8766 44210 
103 /s 1000.74 2688 11.9253 0.3723 11930 57900 
103 1/s 22.70 2688 11.9253 0.0084 271 1313 
102 */is 932.48 2804 12.1586 0.3326 11340 52920 
100 4/s 1742.33 2916 12.6513 0.5975 22040 95030 
98 1/6 210.28 3017 13.1730 0.0697 2770 11010 
98 + ha 510.93 3017 13.1730 0.1693 6730 26760 
97 */, 839.71 3102 13.4451 0.2707 11290 43090 
7 96 ha 1228 . 67 3180 13.7259 0.3864 16860 61770 
95 / 194.41 3251 14.0187 0.0598 2725 9569 
94 8/16 120.00 3317 14.3183 0.0362 1718 5783 
93 1 120.00 3380 14.6279 0.0355 1755 5660 
92 fu 116.61 3435 14.9480 0.0339 1743 5383 
78 B/i6 56.88 3468 20.7957 0.0164 1183 1887 
4.0328 139494 646431 
D 49° 05’ 
E 47° 55’ 
aV 
K = —— 2 
29H 
For this case, Hyp = 5202 — 4400 = 
Pipe 
section aV g 
1.1082 
LVe: 


AUGUST, 1956 


= 

ecocco 


Buipver ON 


Zulpves ON 


oooo 
Raw 
coooo 


~ 


coco 


2969 
66 
66 08 
66 £8 Z 


MOOLSNAd ADYOO LSUL 
D 


4 
Q 
3 
Z, 


MOOLSNAd AODUOD 
40d SNOILLONOS Adid LIND LV SGVGH OILVLS WIAVL 


ngue 9° 610¢ 
901 
93019002) 
“ul ‘a “ut 
edig 


LNVId YAMOd ADYOD ATGGIW LV SNOILLVINOTVO SNOIDONDS Adid LIND LV OLLYLS ATAVL 


| 
1336 
E 
A 
222 : 
$8885 888523 
~ 
4 ESE SS ESSER FAR MATS 
SACAANASS 
== 
BRLE 
© 
SSSSSSSSISTSS 
none 
SE 
= come 
= (ag 
esses 
= 
2 
2333 
ot 
1H 
$322 
a 
Nn 
S333 
++++ 
= 
ae < 
aon 
Sass 


BRATFISCH, CARTWRIGHT—WATER-HAMMER CALCULATIONS AND TEST RESULTS 


Discussion 


W.R. Barrows.‘ The authors have presented some interest- 
ing test results confirming graphical calculations of the time- 
pressure curves. They are to be congratulated for taking the 
time to make these data available. 

Probably this discussion should be confined to material covered 
by the paper, but the writer prefers to raise some questions about 
matters which were not included in the paper. 

It is felt that the paper has been compressed to such an extent 
that several pertinent facts were not given. Its value to the de- 
sign engineer will be increased if the authors will add these data 
in their closing discussion. 

The most difficult problem for the design engineer is the basic 
assumption upon which the design is to be made. This is par- 
ticularly true when a pressure regulator is included. The paper 
contains no data covering the operating demands for which the 
units are to be designed, or how the design was shaped to meet 
the operating requirements. 

It is stated that the penstocks were designed for a pressure of 
1.25 times the static head at any point. This appears to be an 


oversimplification and it is thought the paper would be greatly 


4 Pioneer Service & Engineering Company, Chicago, Il. 
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enhanced if a brief explanation of the reasoning back of this 
assumption were given. 

The assumption appears to fit the conditions shown with rea- 
sonable accuracy, but it certainly could not be applied generally. 
At the upper end of a penstock this assumption could result in a 
large overdesign and at the center it could result in an under- 
design or an overdesign, depending on the topography. Why did 
the designers depart from the more common assumption that for 
slow valve operation the pressure change varies in proportion to 
the distance from the valve? 

The curves showing the surge-tank-riser water level plotted 
against time were not included, yet this water level directly affects 
the pressure in the penstock. The low and high points at the 
surge tank were plotted in Fig. 10, so it is assumed these data are 
available. In addition, no surge-tank data were included. It 
would not greatly increase the length of the paper to include the 
tank and riser diameters, the port areas, and the top and bottom 
elevations of the tanks. 

In regard to the surge tank, it would be of interest to know why 
the riser type of tank was selected instead of the more economical 
restricted-orifice type. It would appear that the action of the re- 
stricted-orifice tank would be essentially the same as the riser 
type for the slow valve times being used. 


{ 
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Design Basis for Multiloop Positional 
Servomechanisms 


By SIDNEY LEES,' CAMBRIDGE, MASS. 


A design basis for multiloop positional servomechanisms 
is developed by co-ordinating the specifications, dynamic 
characteristics, interferences, and uncertainties. The 
design basis arises from a consideration of the generation 
of torques by the system. The limitations of the system 
performance are distinguished from component charac- 
teristics. When the concept of frequency-dependent coef- 
ficients is employed, it is shown that the performance may 
be comprehended from knowledge of second-order sys- 
tems. Seven models are examined. Estimates of useful 
values of the parameters for each model are confirmed by 
analog studies. 


INTRODUCTION 


( wer procedures for designing feedback systems rely 
strongly on mathematical techniques. It has become 
fashionable to use the term “synthesis” to designate 

present-day procedures. However, synthesis is associated with 
mathematical criteria for establishing performance as may be 
seen in typical texts on the subject (1, 2, 3, 4, 5).2 Furthermore, 
there is a strong tendency to synthesize only systems with unity 
feedback, because the techniques treat only with the open-chain 
performance function. When multiple-loop systems are en- 
countered it appears to be the practice to force the associated 
performance equations into the unity-feedback form by mathe- 
matical manipulations (1, 2, 3). In addition, it is observed that 
most stress is laid on the dynamic properties of the system; 
the controlled member inertia and viscous damping are fre- 
quently lumped with externally applied interferences, and design 
considerations to overcome interference are treated as a separate 
and distinct problem. 

A method is developed for designing positional servomecha- 
nisms, taking interference, uncertainties, and dynamic factors 
into account all at the same time. While it is believed the 
method may be applied to other classes of feedback systems, 
the method furnishes a basis for design chiefly applicable to 
positional servomechanisms. A different class of systems re- 
quires careful examination of the physical generation of the 
effective forces and torques and the objectives of the design 
appropriate to that class of systems. 

Among the characteristics of the proposed method it should 
be noted that: 


1 Only the closed-chain performance equation is required. 
2 A distinction is made between system and component per- 
formance. Component characteristics may be bettered by im- 
proving the individual component. Limitations exist for posi- 


1 Assistant Professor of Aeronautical Engineering, Massachusetts 
Institute of Technology. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Diamond Jubilee Annual Meeting, Chicago, IIL, 
November 13-18, 1955, of Tae American Society oF MECHANICAL 
ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscripts received at ASME Headquarters, 
August 24, 1955. Paper No. 55—A-126. 


tional servomechanism performance even when all components 
are perfect. 

3 The design basis is developed from the limitation on system 
performance caused by equivalent output-member inertia. 

4 The method leans strongly on a study of the sources of 
torques and the torque summation equation for systems with 
rotating output members. For linear-displacement systems, the 
method uses forces and force summation. 

The examples and discussion deal with torques and rotational 
positional servomechanisms, for simplicity. The method may 
be extended easily to linear-displacement systems. The func- 
tional diagrams are based on electrical systems, but again this is 
a matter of convenience. 


Sources AND Torque SUMMATION 


Typical models for positional servomechanisms are shown in 
the seven functional diagrams among the accompanying figures. 
In all instances the associated performance equations may be de- 
veloped by calculating all the torques acting on the torque- 


summing member and setting their sum equal to zero.* The 
torque-summation equation takes the form 
Inertia Viscous Torque 
reaction | + | damping | + | generator 
torque torque torque 
Interference 
+( torque ) =0..[1] 
In symbols, the equation becomes 
Mair) + Ma + Mtg) + Minttry [2] 


The performance of positional servomechanisms is completely 
characterized by the generation of the four torques appearing in 
Equation [1] under all operating conditions, including transient 
as well as steady state. This statement is true no matter how the 
torques are generated, but it may be difficult in some instances 
to identify the torques according to the scheme of Equation [1]. 
For the purposes of this paper, it is assumed that the magnitude 
and sense of each torque are developed independently of the others. 
This condition is sufficient for the understanding of the operation 
and performance of quite a variety of positional servomechanisms. 
In order to illustrate the technique more clearly, it will be as- 
sumed further that the several torques develop only in the man- 
ner permitted when the positional servomechanism performance 
equation is represented as a linear integro-differential equation 
with constant coefficients. By appropriate design, the ap- 
pearance of each torque may be timed to interact with the others 
in a specified way. This permits the positional servomechanism 
to be adjusted, within limits, to have the desired performance. 
A statement concerning the sources of the torques is pertinent. 

Torques due to inertia reaction arise from accelerations of the 
torque-summing member, the elements in the gear train, and the 
controlled member. Occasionally, the controlled member signal- 


* The concepts underlying the torque-summation technique are 
developed in volume 1 of reference (6). 
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generator inertia may be significant. Viscous-damping torques 
are those proportional to the velocity of the controlled member 
with respect to the base. In the sense intended here, both inertia 
reaction and viscous damping are physical quantities capable of 
determination without reference to the torque-generator per- 
formance. 

The concept of interference torques is intended to convey the 
idea of uncontrollable mechanical losses. Examples are Coulomb 
friction in bearings, wind or sea spray on radar dishes, reaction 
on the cutting element in machine tools, reaction forces on valve 
elements in fluid systems, and so on. 

The output of the torque generator is usually controlled by 
quantities that are orders of magnitude smaller than those ap- 
pearing at the torque-summing members. By this it is meant 
that if the controlling quantity is directly applied to the torque 
generator, the output will be very much smaller than the other 
torques in Equation [1]. The torque-generator controlling 
quantity must be amplified, which is to say that it regulates the 
flow of power into the torque generator. It is described as a 
signal, or being of signal level as compared to the inertia-reaction 
torque, which is a power-level quantity. All the torque needed 
to overcome inertia reaction, viscous damping, and interference 
torques must be produced by the torque generator. 

One advantage of the positional servomechanism is that the 
torque-generator output is controlled by a signal. This offers 
the possibility of manipulating the signal to enhance perform- 
ance. However, the output power does not come from the input 
but arises from another source. The system is not conservative 
and may be potentially unstable. When necessary, stability 
conditions may be ascertained by any one of several methods, 

A series of positional servomechanisms are presented in the 
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order of increasing complexity. These are deseribed as models 
and shown only by functional diagrams, It is assumed that all 
components are perfect. The components are assumed to per- 
form according to the simple mathematical concept ascribed 
to each, for all ranges of input irrespective of magnitude or 
rapidity of variation. 

The purpose of this discussion is to determine the limitations 
that exist even with these simplifications. Actual systems can- 
not be expected to perform as well as the idealized models. The 
conclusions presented here therefore set upper bounds on the 
performance. 

The arrangement of components in the model functional 
diagrams has been chosen arbitrarily. The interconnections 
between components are usually dictated by practical con- 
siderations related to the generation of spurious signals, satura- 
tion of components, and nonidealized component performance. 
Considerations based on theory have limited applicability in 
the choice of components or their location in the system. For 
example, the use of a component that differentiates a signal may 
have considerable merit based on theory. In practice it may 
transmit or generate enough spurious signals or “noise’’ to make 
the system inoperative. 


Basic PosirIoNaAL SERVOMECHANISM 


The simplest positional servomechanism, shown in Fig. 1, is 
defined as the basic model. It consists of a single closed-chain or 
loop with effectively unity feedback. Expressions for the torques 
acting on the controlled member are shown in the first line of 
Table 1. The inertia-reaction torque is equal to the product 
of the angular acceleration of the controlled member with respect 
to inertial space and the sum of the controlled-member inertia 


= 


input engle signel direct veltege 
= controlled member signal = feedback voltoge 
= correction signal 
P(e) = amplifier power output 
Mijg) = torque generator output torque 
+ interference torque 
Atrem) * torque summing member ongle 
A(gr) = train output angle 


Fie. 1 Funcrionat D1racram ror A Basic PosirionaL SERVOMECHANISM 


| (ps)(b) 
Minttr) | 
| | 
= | | 
Alem) | 
| 
Alin) = input angle (cm) = controlled member | 
(sg) = signal generator Kem) = controlled member angle 
(o) = amplifier (sc) = signal comporator 
- (tsm) = torque summing member (tg) = torque generator 4 
ig (gt) = gear train 


LEES—DESIGN BASIS FOR MULTILOOP POSITIONAL SERVOMECHANISMS 


TABLE 1 EXPRESSIONS FOR TORQUES ACTING ON A POSITIONAL SERVOMECHANISM CONTROLLED MEMBER 


Type of (ps) Damping Torque 


M, 


lncerference 
Torque Generator Ourput Torque Torques 


Mie) 


Basic (b) Atom) 


Atom) 


~ Stet Strait Atom) 


Stet Aten? 


Sipe QA cm) 


Sipe 


Signal 
(vsd)mds)(mas) 


Definitions 
Vem ea) lem) + Stet) + = equivalent controlled member inertia 


damping coefficient measured at torque summing member 
~ Positional pant 
Viscous damper damping coefficient 


itivity for angle input, torque output 


tq = displacement signal modifier characteristic time 
t, = velocity signal modifier characteristic time 

= acceleration signal modifier characteristic time 


Controlled member inertia ; = torque summing member inertia ; = effective gear cain inertia at torque summing member 
Stet) * SietilA ccm)? trom)! gear train sensitivity for controlled member angle input, torque summing member output 
itivity for torque summing member angular velocity input, torque output 


Stpai[A;a] ~ Positional servomechanism sensitivity for angular velocity input, torque output 
haai itivity for angular acceleration input, torque output due to feedback path 


and inertias of the other mechanical components reflected through 
the gear train. The damping torque is due to residual viscous- 
damping effects in the bearings, the gear train, and air damping. 
It is assumed that the interference torques act directly on the 
controlled member. 

The torque-generator output consists of the difference be- 
tween two quantities. The first is a torque proportional to the 
difference between the input and output angles. The angle-input 
torque-output sensitivity may be identified as the positional 
servomechanism elastic coefficient.‘ It is equal to the product 
of the component sensitivities in the direct chain. The elastic 
torque is diminished by a quantity proportional to the angular 
velocity of the controlled member. The actual torque output 
of the torque generator differs from being proportional to the 
correction by a quantity that resembles viscous damping arising 
in the torque generator itself. 

When the expressions from Table 1 for the various torques are 
introduced into Equation [2], the associated performance 
equation with dimensional coefficients is obtained. It is shown 
as Equation [la]in Table2. Details of the performance-equation 


* This coefficient may be identified also as the torque constant. 


derivation for this model, as well as the others, are given in the 
Appendix. It is to be observed that the equation is second order 
on the left and zero order on the right. Particular attention 
should be paid to the right-hand side of the equation, which 
shows the system to be subject to two input quantities, The 
desired input is the input angle. The other input is the inter- 
ference torque. 

The performance equation may be rewritten in parametric 
form by employing the conventional concepts for second-order 
systems, namely, the undamped angular natural frequency and 
the damping ratio. Equation [1b] of Table 2 shows the para- 
metric form of the basic positional servomechanism performance 
equation. The quantity modifying the interference torque is the 
sensitivity for torque input and angle output, or the system 
compliance. It relates the amount the output member yields to 
a torque applied at the controlled member. 

Nondimensionalization of the performance equation is a con- 
venient way to simplify the equation form. Table 3 lists the non- 
dimensional performance functions for the several positional 
servomechanism models discussed in this paper. The general 


5 See Equations [17] and [18] of the Appendix. 
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TABLE 2 PERFORMANCE EQUATIONS 


Dimensional Coefficient Form 


Parametric Form 


n)(pe) 


®(n)(ps) 


(n)ips) 


positional servomechanism undamped angular natural frequency or positional servomechanism undamped angular 


y-resp positional servomechanism damping ratio due to specific components or positional servomechanism damping ratio 
ipa)ires) = positional servomechanism damping ratio due to residual damping sources or positional servomechanism residual damping ratio 
For models (b), (vd), (vsd), (mvsd), and (vsd) (mds) 


H (ips) 4+ A 
(em)(eq) Aad] 
For models (vsd) (mas) and (vsd) (mds) (mos), 


Cipsyires) defined for each model by replacing Sing (4 14) bY Sipe fA 


1 
(NFR)’ « ml * SipeifK 


= 1342 
4 
| 
(Sa) 
(vsd) 
(mas) 
(vd) 
(vsd) 
(mds) 
(mas) 
Definitions 4 
natural 
+4] . ~ 


LEES—DESIGN BASIS FOR MULTILOOP POSITIONAL SERVOMECHANISMS 


TABLE 3 NONDIMENSIONAL PERFORMANCE FUNCTIONS ASSOCIATED WITH THE EQUATION 
Acem = (PF + (PF ay Manetey 


A 
(PF) 


(in) 


Mem) 


PF] 


(intir) 


+ | +1 


1 


1 + 


(2b) 


(3a) (3b) 


2et, + + + 1) *p? + (2 + pei 


1+ 


1 + 


(40) 


p? + + 2Cips tres)’ * 


1 


(—, (NFR)* =} 
(NFR)? (NFR)° 


1+, 


+ + 27% a + 2et, 


fal2eips) + + 2Ciperires) * fa) ‘P+ 


1+ 


ler 


( 1 
(NFR)° (NFR) 


(1 + + 


PF 


(Ga) 


Definitions 
= P/winyips) 


(n)ips) displ 


1 servomechanism undamped natural period ratio 


4 


= velocity signal 


(nips) 


nped natural period ratio 


+ 


form of the performance equation, given at the head of the table, 
shows it to be the sum of two terms. The first term is a perform- 
ance function for angle inputs operating on the desired input. 
The second term is a performance function for torque inputs 
operating on the interference torque. The left-hand column 
tabulates expressions for the angle-input performance function. 
The right-hand column shows how the torque-input performance 
function is related to the performance function in the left-hand 
column. The reference quantity for the basic model is an appro- 
priately defined undamped angular natural frequency. The non- 
dimensionalized operator is indicated by a preprime. 

Before the dynamic characteristics of the system may be dis- 
cusse’. the influence of interfering torques should be considered. 
The servomechanism compliance must be reduced until the inter- 
ference torque effects are tolerable. Practical considerations 
show that there is a minimum compliance for any particular sys- 
tem. These considerations are primarily concerned with the 
torque-generator properties, particularly that the maximum 
torque output is finite. When the system compliance is de- 
creased, the effective range over which the torque-generator out- 
put is proportional to the correction is also decreased. It is pos- 
sible to decrease the compliance until the servomechanism per- 


formance resembles that of a relay system. Maximum torque 
output in either the positive or negative sense appears for the 
slightest difference between the input and output members. 
The discussion concerning compliance may be extended to ac- 
count for the greatest possible increase in torque by the gear 
train and the maximum practical sensitivity of the amplifier. 
Techniques are available based upon dynamic considerations in 
selecting gear trains. However, it must be first established that 
the losses due to additional stages of the gear train do not more 
than offset the gains. An additional limitation is that if the gear 
reduction is too great, the gear train is irreversible because of 
Coulomb friction. Similarly, the gain of practical amplifiers 
must be finite. The maximum usable gain depends on the 
magnitude of the spurious signals present at the amplifier input 
as well as by the noise generated within the amplifier. 

From these general considerations as well as others pertain- 
ing to particular situations, the conclusion must be accepted 
that there is a maximum value for the elastic coefficient or a 
minimum value for its reciprocal, which is the compliance, for a 
basic positional servomechanism with a given torque generator. 
If the error due to the maximum interference torque is within 
the specified tolerance for any value of the compliance greater 
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than the minimum, it is still possible to vary the system parame- 
ters to improve the dynamic characteristics, When the com- 
pliance is reduced to the minimum, no further alteration of the 
dynamic characteristics is possible. 

Once the system compliance is established, the undamped 
natural frequency also has been determined. This parameter is 
equal to the inverse square root of the product of the equivalent 
controlled member inertia and the compliance. The inertia 
of the system is fairly well fixed by the controlled member, the 
torque-summing member, and the gear train. A small variation 
is possible by the choice of the elements of the gear train. The 
choice usually vanishes when practical considerations are brought 
to bear. 

The positional servomechanism sensitivity for angular velocity 
input and torque output is modified by the expression “residual’”’ 
for the basic model. The residual sensitivity comes from two 
distinct sources, which are also present in the other models. 
One source is a residual viscous-damping torque caused by bear- 
ings, gears, and air damping. Another is an effect that varies the 
torque-generator output as the speed of the controlled member. 
Within the operating range where the performance equations 
are valid, these two sources may be regarded as interchangeable. 
Outside of this operating range, the diminution of the torque- 
generator output with angular velocity may not occur. The 
viscous damping continues to be effective independent of the 
torque-generator performance. 

A damping ratio associated with the residual damping co- 
efficient may be calculated based on the compliance and the 
equivalent controlled member inertia. Since no provision is 
made for damping, the value of the damping ratio is fortuitous. 
For near-minimum compliance, the damping ratio is probably 
small compared to unity. The transient performance of low- 
damping-ratio second-order systems is oscillatory, which is often 
unsatisfactory. The condition may be improved by adding a 
viscous damper. An alternative method is to provide a second 
feedback path to transmit a signal proportional to the con- 
trolled-member velocity. By subtracting a velocity-dependent 
signal from the correction signal, the torque-generator output 
is reduced by an effective damping quantity. The choice of 
viscous damping or velocity signal damping depends upon the 
considerations discussed in the previous paragraph, the com- 
parative economics of the two techniques, and such details as 
spurious signal transmission, available space, performance during 
slewing, and the like. No general over-all conclusions are likely. 
Performance equations for both viscous damping and velocity 
signal damping are shown in Table 2. 

Transient characteristics of the basic model may be estimated 
from the step-function responses shown in Fig. 2. The co-ordi- 
nates are nondimensionalized. The positional servomechanism 
undamped natural period is used to nondimensionalize the time 
axis. The damping ratio is generally set equal to 0.707. Smaller 
values of the damping ratio are associated with oscillatory 
transients, while larger values make for sluggish responses. 

Usually the initial information concerning the positional servo- 
mechanism design provides some option as to the choice of torque 
generator and gear train. Most often the specifications include 
only the controlled member inertia, the uncertainty level, the 
maximum velocity, and the transient characteristics. Further 
inquiry is necessary to ascertain the range and maximum value, 
as well as the time variation, of the interference torques. From 
this information the designer must choose the torque generator 
and gear train as well as the other components. There is only a 
finite number of torque generators. The selection for a par- 
ticular application is quite limited. It is desirable to pick a torque 
generator requiring the least power and possessing the greatest 
reliability. It must have adequate torque output to satisfy all 
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torque requirements at all speeds and, if possible, possess a margin 
for a factor of safety. The previous discussion provides a basis 
for successively estimating the performance in the process of 
choosing the torque generator. The gear train is fixed by the 
torquo-generator characteristics and the controlled-member 
specifications. 

The discussion of the design of basic positional servomecha- 
nisms may easily be extended. It is pertinent to observe that 
many applications do not require more complex systems than 
the basic model. In these instances the residual damping is 
often adequate for the kind of relative transient stability needed 
for the system. Relative transient stability can be improved, 
when needed, by a viscous damper, as in the model shown in 
Fig. 3, or by a velocity-signal-damping feedback path, as in Fig. 
4. When the requirements become more stringent, it becomes 
necessary to modify the basic model further. 


PosiTIONAL SERVOMECHANISM 
Signa DampInG 


A specification may be imposed that the positional servo- 
mechanism shall have no forced dynamic error when the output 
has a constant velocity. This specification is often included in 
military applications, particularly for fire-control systems. The 
response of the basic model to a ramp-function input is shown in 
Fig. 5 as a function of the damping ratio. Various expressions 
for the forced dynamic error for ramp-function input are given 
in Table 4. The first line of the table shows the forced dynamic 
error for the basic model. It is directly proportional to the resid- 
ual damping and inversely proportional to the stiffness. It 
increases with the controlled-member angular velocity. In 
parametric form, the forced dynamic error is equal to twice the 
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VISCOUS DAMPING POSITIONAL SERVOMECHANISM 


Alin) 


Aven) = torque summing member viscous domper 


For other symbols see Fig. 1. 


Fic. Funeriona, Diagram For a Viscous-Dampine PosrTionAL SBRVOMECHANISM 


(vsg) = velocity signal generator * = tOrque summing member velocity signal 
(vse) = velocity signal omplifier 
%vs0) velocity signal omplifier output 
(vsc) ~ velocity signal comparctor 
velocity signal comparotor output 
For other symbols see preceding figures. 
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TABLE 4 FORCED DYNAMiC ERROR FOR RAMP-FUNCTION 
INPUT = const) 
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residua} damping ratio times the ratio of the controlled-member 
angular velocity to the undamped angular natural frequency. 

The viscous-damped and velocity-signal-damped positional 
servomechanism models differ from the basic model only in that 
the damping coefficient is greater. The expression for each of 
these models in Table 4 shows that the forced dynamic error for 
constant velocity is attributable to the same sources as the basic 
model. The forced dynamic error may be reduced to a specified 
tolerance by reducing the damping coefficient or by increasing 
the stiffness. The damping coefficient cannot be made less than 
the residual value. For a basic positional servomechanism 
model, the only way to reduce the forced dynamic error is to 
make the system stiffer. This may not be possible for at least 
two reasons. The positional servomechanism elastic coefficient 
may be the maximum for practical purposes and incapable of 
being increased. The damping ratio may become so small that 
the system is useless because of the persistence of transient 
oscillations as shown in Fig. 2. 

At this point it appears that the requirements are contra- 
dictory. The damping ratio must be appreciable to provide 
adequate relative transient stability. On the other hand, the 
damping ratio must be zero or very small to eliminate forced 
dynamic error for a ramp-function input. The solution is to 
make the system more complicated. The literature is replete 
with methods based upon cascaded components. The technique 
of introducing parallel loops is examined in this paper. 

It is pertinent to re-examine the basic positional servomecha- 
nism model performance to see the purpose of damping. The 
torque-summation equation shows that the various torques are 
not always of the same magnitude. For example, the inertia- 
reaction torque appears only when the controlled member ac- 
celerates, while viscous damping exists only when there is a 
relative velocity of the controlled member with respect to the 
base. The torque generator provides an output only when a cor- 
rection is required. The magnitude and sense of each torque 
depend on the timing of each aspect of the controlled-member 
motion. 

The dimensional-coefficient performance equations in Table 2 
are torque-summation equations in which the torque-generator 
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output is represented by two parts. The term on the left-hand 
side is due to the controlled-member displacement, while the right- 
hand term is due to the input displacement. To appreciate 
the order in which the various torques become significant, it is 
convenient to consider the steady-state response to a sinusoidal 
input. The equation for this input may be written by replacing 
the operator p by jws. Ignoring the interference torque, Equa- 
tion [la] of Table 2 becomes 


{ —I em)‘ea) wr? + + Spo) } Acom) 
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where j = 1 and = 24 ny = = angular forcing 
frequency. The various terms may be interpreted in the following 
way: The controlled-member displacement tends to follow the 
input. The controlled-member velocity is 90 deg out of phase 
with the displacement. The controlled-member acceleration is 
180 deg out of phase with the displacement, or may be said to 
oppose the displacement. Each term of Equation [3] may be 
associated with a torque. The right-hand term represents a 
torque proportional to the input displacement. The correspond- 
ing term on the left-hand side represents a torque proportional 
to the controlled-member displacement with the same sense as 
the input-displacement torque. The middle term on the left- 
hand side may be said to be a velocity-dependent torque that is 
90 deg out of phase with the displacement torque. The first term 
represents the inertia-reaction torque that opposes the dis- 
placement torque. 

For sufficiently small values of the forcing frequency, the 
inertia-reaction and velocity-dependent torques are very small. 
The left-hand displacement torque essentially balances the right- 
hand displacement torque. For low forcing frequencies, the 
controlled-member displacement amplitude equals the input- 
displacement amplitude. For sufficiently large values of the 
forcing frequency, the inertia-reaction term dominates the left- 
hand side of the equation. The input-displacement torque is 
essentially balanced by the inertia reaction. At high frequencies 
the controlled-member displacement becomes quite small. 

There is one value of frequency for which the inertia-reaction 
torque is equal to the controlled-member-displacement torque. 
Since these terms have opposite sense, the only torque left to 
balance the input-displacement torque is velocity dependent. 
This situation occurs at resonance where the forcing frequency is 
equal to the undamped natural frequency. If the damping 
or velocity-dependent coefficient is small, the controlled-member 
velocity must be large, and vice versa. The analysis shows that 
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the performance of the basic positional servomechanism may be 
considered as elastically controlled at low frequencies with respect 
to the undamped natural frequency, as inertia-controlled for high 
frequencies and damping-controlled around the undamped 
natural frequency. These conditions are illustrated in Fig. 6. 
Most important, it may be seen that velocity-dependent 
torques are unnecessary at low frequencies—particularly for 
zero frequency, when the output velocity is constant. Velocity- 
dependent torques are required only in the vicinity of resonance. 
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Above resonance, inertia dominates and the system is essentially 
useless for control purposes. The velocity-dependent-torque 
sensitivity is constant in the first three positional servomecha- 
nism models. If, instead, the velocity-dependent-torque sensi- 
tivity is made to vary with frequency so that it is zero at zero 
frequency and becomes a maximum near resonance, the posi- 
tional servomechanism model may be designed to have zero 
forced dynamic error for ramp-function inputs, without oscillatory 
transients for arbitrary inputs. 

The performance-function magnitude for one type of fre- 
quency-dependent damping coefficient is shown in nondimen- 
sional logarithmic form in Fig. 7. It is often employed because 
components associated with this performance function are easily 
constructed. These components are sometimes called “dif- 
ferentiators,”’ since the curve in Fig. 7 has a slope of plus 1 at iow 
frequencies. However, for positional servomechanisms, the im- 
portant characteristics are (a) the damping coefficient goes to 
zero quickly as the frequency decreases, and (b) the performance- 
function magnitude is within 1 per cent of unity when the angular 
forcing frequency is equal to 27 divided by the component char- 
acteristic time. In addition, the performance-function ex- 
pression shows that the dynamic response angle is small and 
goes to zero when the magnitude approaches unity. Other per- 
formance functions for frequency-dependent damping coeffi- 
cients may be employed in which the damping coefficient goes to 
zero more quickly with decreasing frequency. The use of such 
performance functions has not been explored. 

One method of making the damping coefficient frequency de- 
pendent is illustrated by the model in Fig. 8. It is adapted from 
the velocity-signal-damping positional servomechanism model of 
Fig. 4 by introducing a velocity-signal-modifying component 
with the performance function shown in Fig. 7. Other techniques 
are known but will not be discussed here. Comparing the (mvsd) 
and (vsd) lines in Table 1 shows that the torque-generator 
output has been altered by making the velocity-dependent com- 
ponent frequency dependent. Furthermore, comparison of 
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MODIFIED VELOCITY SIGNAL DAMPING POSITIONAL SERVOMECHANISM 
(ps)(mvsd) 


~ (Sa)A(rgm) = torque summing member velocity signal 


(vsm) = velocity signal modifier 

(vse) y signal nplifi 

(vse) = velocity signo! comparator 

For other symbols see preceding figures. 


velocity signal modifier output 
%vsa) velocity signal amplifier output 
velocity signal comporator output 
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Equation [2a] in Table 2 with Equation [3a] and Equation 
[2b] with Equation [3b], shows that the form of Equation [3a] 
and Equation [30] is second order, but the velocity-term coeffi- 


cient is represented as being frequency dependent. It will now 
be shown how the form of the equation provides a basis for select- 
ing suitable values for the parameters of the modified velocity 
signal-damping positional servomechanism model. 

At sufficiently high frequencies, all the coefficients of Equation 
[3a] of Table 2, including the frequency-dependent one, are 
constant. This conclusion is supported by referring to the per- 
formance function represented by Fig. 7. For the high-frequency 
range, Eq::ation [3a] becomes identical to Equation [2a] in Table 
2. It is useful to define an undamped natural frequency and a 
damping ratio based on the high-frequency characteristics of 
Equation [3a] in the manner used for Equation [2a]. The parame- 
ters common to Equations [2b] and [3b] have the same mean- 
ings and definitions. In particular, the undamped natural 
frequency of the modified-velocity-signal-damping model at high 
frequencies is equal to the resonance frequency of the basic 
model. 

The trend of the discussion in the previous paragraphs strongly 
suggésts choosing the characteristic time to make the frequency- 
dependent damping coefficient become almost unity at the reso- 
nance frequency of the basic positional servomechanism model. 
When the performance-function characteristic time in Fig. 7 
is set equal to the basic model undamped natural period, the 
performance-function deviation is 1 per cent at the resonant 
frequency of the basic model. An appropriate value for the 
characteristic time must be approximately this quantity. 

The nondimensional expression for the performance function is 
obtained by taking as the reference quantity the positional servo- 
mechanism undamped angular natural frequency. Equation 
[3a] of Table 3 shows the nondimensionalized performance func- 
tion in frequency-dependent coefficient form as well as the ex- 
panded expression. The velocity-signal-modifier characteristic 
time is replaced by the quantity 2ar,. The symbol r, re- 


presents the signal modifier characteristic time-positional servo- 
mechanism undamped natural period ratio. 

This choice for the frequency-dependent-coefficient character- 
istic time means that, in the vicinity of resonance for the basic 
model, the modified-velocity-signal-model performance equation 
given by Equation [3b] of Table 2 reduces to a second-order 
form. Previous discussion indicates that it is often desirable to 
make the damping ratio of second-order systems equal to 0.707. 
If the ramp-function-input foreed dynamic error is to be re- 
duced to zero within specified tolerances, then the residual 
damping ratio of Equation [3b] must be made very small. The 
frequency-dependent velocity-coefficient damping ratio shouid 
be about equal to 0.707. 

In brief, the design basis for the modified-velocity-signal- 
damping positional servomechanism is similar to the second-order 
basic model except for the frequency-dependent damping coeffi- 
cient. The reference period is taken as the equivalent basic 
positional servomechanism undamped natural period. It is 
estimated that the damping ratio should be 0.707, which is ob- 
tained by adjusting the velocity-signal-feedback-chain sensitivity. 
The velocity signal-modifier characteristic time is estimated as 
equal to the reference period. 

Verification of the design basis, as well as the estimated values for 
the parameters, has been obtained on an analog computer. The re- 
sults are presented in pictorial graphical form as Fig. 9. The 
ordinate is the positional servomechanism damping ratio. The 
abscissa is the ratio of the velocity-signal-modifier characteristic 
time to the positional servomechanism undamped natural 
period or, briefly, the characteristic time-period ratio. When the 
abscissa is less than unity, the maximum value of the damping 
coefficient occurs at higher frequencies than the reference. It 
may be described as delaying the application of damping. It is 
to be expected that delaying the damping should make the system 
more oscillatory. Advancing the damping should reduce the 
lower bound of the high-frequency response region. 

Referring to Fig. 9, it may be seen that, when the positional 
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servomechanism damping ratio is 0.2, the response is oscillatory 
for all values of the abscissa. As the damping ratio increases, 
the oscillatory character tends to be suppressed. Small values 
of the characteristic time-period ratio act to delay damping, as 
shown by the oscillatory transients in the left half of Fig. 9, no 
matter what the damping ratio. As the damping is advanced, 
the oscillations vanish. The lower right quarter of Fig. 9 shows 
the responses for larger values of the parameters. As the damp- 
ing ratio is increased, the duration of the transient also increases, 
as may be expected from considerations of relative transient 
stability. In terms of overshoot and transient duration, the 
estimated values of the parameters (damping ratio of 0.7, charac- 
teristic time-period ratio of 1.0) produces one of the better re- 
sponses. Equally important is the fact that the parameters are 
not critical. The responses shown in the vicinity are equally 
acceptable, and perhaps better for some applications. 

Several nondimensionalized dynamic characteristics of the 
modified-velocity-signal-damping model, with the estimated 
values for the parameters, are given in Fig. 10. The plots pro- 
vide additional confirmation for the validity of the proposed 
design basis. 

The performance-function expression represents the ratio of a 
first to a third-order polynomial. Vaiues for thé zero and three 
poles are tabulated in Fig. 10. The distribution of these quanti- 
ties is shown on the complex plane plot. The zero has the 
smallest magnitude, followed in order by the real pole and the 
complex poles. All are less than unity. Since the reference quan- 
tity is the positional servomechanism undamped angular natural 
frequency, the pole-zero plot implies that the transient com- 
ponents of the modified system last longer than the transient of 
the basic model. The damping ratio of the complex poles is 0.8, 


showing that the associated transient component is essentially 
nonoscillatory. The predominant transient mode belongs to the 
real pole. The overshoot in the step-function response is due to 
the zero. A single zero on the complex plane means that the 
system operates on the input-quantity derivative as well as the 
input. 

The frequency-response magnitude has a maximum value of 
1.1, located at one third the positional servomechanism un- 
damped natural frequency. The location of the maximum is not 
an accident. It can be shown that the maximum occurs at ap- 
proximately the undamped natural frequency of the low-fre- 
quency response form of the performance function. At high 
frequencies the curve is asymptotic to a line of slope minus 2 
with unity break point. The asymptotic behavior corresponds 
to the interpretation just given for the high-frequency per- 
formance of the system. It also may be observed that the useful 
frequency range terminates approximately a decade below the 
positional servomechanism undamped natural frequency. 

From Equation [3b] of Table 2 it is seen that the response of 
modified-velocity-signal-damping positional servomechanisms 
is comparable to more simply damped systems. Furthermore, 
from the (mvsd) line in Table 4 it is seen that the ramp-function- 
input forced dynamic error is identical to that of the basic posi- 
tional servomechanism model. In order to reduce the effect of 
interference torques as well as to minimize forced dynamic error, 
it is necessary to decrease the compliance. The foregoing dis- 
cussion concerning the choice of torque generators as well as 
other components for basic positional servomechanisms is still 
applicable. The use of the velocitv-signal-modifying com- 
ponent is suggested only for reducing forced dynamic errors 
without excessive oscillations in the transient response. 
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SERVOMECHANISM MopeL 

Referring once again to the dimensional-coefficient form for 
the basic model (b) in Table 4, it may be seen that the forced dy- 
namic error for a ramp-function input is zero if the denominator is 
infinite. The denominator is the positional servomechanism 
sensitivity for angle-input torque-output, or the elastic coefficient. 
Infinite stiffness is achieved if a torque appears at the controlled 
member even when the correction is zero. This condition may 
be obtained for a constant input or for a constant input velocity. 
Generally it cannot be obtained for an arbitrarily varying input. 

A model for positional servomechanisms is shown in Fig. 11 
that is infinitely stiff for constant inputs. It is adapted from the 
velocity-signal-damping model of Fig. 4 by introducing a feed- 
forward loop thet adds a signal proportional to the time integral 
of the correction signal. The mathematical background for the 
associated performance equation is developed in the Appendix. 
From the (vsd) (mds) line of Table 1, this modification alters 
the torque-generator output. It appears to make the positional 
servomechanism elastic coefficient be frequency dependent. 
Since this coefficient depends on the angular displacement term, 
the subsystem associated with generating the signal is defined 
as the displacement-signal modifier. The displacement-signal- 
modifier performance function shown in Fig. 12 is the reciprocal 
of the frequency-dependent coefficient described in the previous 
model. At low frequencies the elastic coefficient is very large, 
approaching infinity at zero frequency, while for sufficiently 
high frequencies it becomes constant. The performance func- 
tion is specified by a single characteristic time. 


Performance equations for this model are given in dimensional- 
coefficient form by Equation [4a] of Table 2 and in parameter 
form by Equation [4b]. The second-order form is retained by 
making the displacement coefficient be frequency dependent. 
The velocity-term coefficient comes from the residual damping 
and the velocity-signal-damping feedback loop. Residual 
damping by itself is usually insufficient to give adequate relative 
stability when it is necessary to use displacement-signal modifica- 
tion. 

The arguments presented for the design of the modified- 
velocity-signal-damping model are also applicable in this situa- 
tion. The choice of the parameters is based on high-frequency 
performance by comparison with the basic model. An undamped 
natural frequency and damping ratio are chosen by ignoring the 
frequency dependence of the elastic coefficient. The displace- 
ment-signal-modifier characteristic time is taken to be approxi- 
mately equal to the undamped natural period. The damping 
ratio is estimated to be 0.707. Nondimensionalized forms for the 
performance equations using this design basis are given by Equa- 
tion [4a] of Table 3. 

Nondimensional step-function responses of the modified-dis- 
placement-signal model are given in Fig. 13. The presentation 
is in pictorial graphical form like Fig. 9 for the modified-velocity- 
signal model. The abscissa is the displacement-signal- 
modifier characteristic time positional servomechanism un- 
damped natural period ratio. As in Fig. 9, the ordinate is the 
damping ratio. The distribution of parameter values is the same 
as in Fig. 9. ‘The response to an interference-torque step change 
is superimposed on the response to a step change of the input 
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angle. In all cases the interference torque response returns to 
zero. 

Except for the unstable responses, the angle-input step-func- 
tion responses are practically the same as for the previous model. 
Again, the response for the model with the estimated parameter 
values is one of the better ones. It may be seen that there is 
appreciable tolerance in the choice of parameters. 

Nondimensional dynamic characteristics for the model having 


the estimated parameter values are shown in Fig. 14. The figures 
are almost identical with the ones shown for the modified-velocity- 
signal-damping model in Fig. 10. The previous remarks in con- 
nection with Fig. 10 apply equally well to Fig. 14. 

The (vsd) (mds) line of Table 4 shows that the forced dynamic 
error for ramp-function inputs is zero for this model. The in- 
tegral feedforward chain can provide a signal to generate the 
torque needed to overcome residual damping requirements even 
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when the correction signal is zero. Furthermore, the perform- 
ance equations in Table 2 show that the model responds only 
to rates of change of the interference torque. The correction be- 
comes zero for constant interference torque applied to the con- 
trolled member. These statements follow directly from the 
property of an infinite elastic coefficient at zero frequency. 

Since, by design, the compliance is zero at zero frequency, 
dynamic considerations may be given more weight than for the 
previous models in selecting components. The effect of inter- 
ference torques at other frequencies is not zero, and it may be 
necessary to take the variation of the compliance with frequency 
into account. It must always be kept in mind that it is the torque- 
generator output that opposes the interference torque. The 
torque generator should be chosen so that it is capable of satis- 
fying time-varying torque requirements at the same time that it 
overcomes interferences. The point of view should not be 
neglected that all components have practical maximums; in 
particular, the torque-generator output must be finite. 

One difficulty with integrators is that initial conditions strongly 
affect performance. For example, consider the situation when the 
input is rapidly changed from one value to another, and the 
controlled member cannot follow the change closely. The con- 
trolled member slews at its maximum velocity. The linear- 
performance equation does not apply during slewing. A large 
correction signal is generated, which causes a signal to accumu- 
late at the integrator output. When the correction signal is 
sufficiently reduced so that the linear-performance equation ap-. 
plies, the integrator introduces a signal that must be worked off. 
The initial value of the integrator may cause an undesirably 
long transient. The situation may be alleviated in part by 
limiting the integrator input to correction signals for which the 
linear-performance equation is applicable, at the expense of 
making the system still more complicated. 


PosiTIONAL 
SERVOMECHANISM MopEL 

A typical design problem may require high output torque at 
the controlled member. The specifications may include the maxi- 
mum attainable elastic coefficient. Experience shows that in 
high-output-torque systems the power-supplying amplifiers and 
torque generators may introduce significant delays in the re- 
sponse. When the positional servomechanism elastic coeffi- 
cient is increased, the delays cause the system to become un- 
stable. For example, electrically actuated systems may use rotary 
magnetic amplifiers such as an Amplidyne, a Rototrol, a Meta- 
dyne, or the motor-generator of a Ward-Leonard system. The 
delays caused by rotary magnetic amplifiers, together with 
the delays in the control motors, are frequently sources of 
difficulty in obtaining satisfactory performance. 

A method of resolving this design problem is to introduce a 
frequency-dependent acceleration signal that slows the transient 
response just enough to make the component-induced delays un- 
important. A model is shown in Fig. 15 in which a third parallel 
feedback path is added to the elastic and damping feedback 
chains. The third path introduces a frequency-dependent signal 
proportional to the acceleration of the torque-summing member. 
In effect, the torque-generator output is decreased above a 
specified frequency as if additional inertia were added to the 
system. 

The acceleration feedback path includes an acceleration signal 
generator that is coupled to the torque-summing member, the 
acceleration signal modifier, and the acceleration signal amplifier. 
The output of the last component is compared with the direct 
signal in the direct chain. The acceleration signal modifier is 
required to pass the acceleration signal above the specified fre- 
quency but to suppress this signal at low frequencies. A suitable 
performance function for the component may be the one used 
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for velocity signal modification shown in Fig. 7. The torques 
acting on the controlled member are shown in the (vds) (mas) 
line of Table 1. These are the same as for the velocity-signal- 
damped system, except that an additional term due to the 
frequency-dependent acceleration signal appears in the torque- 
generator output. The decrease in torque-generator output is due 
to this term. 

Details of the performance-function derivation are given in 
the Appendix. The dimensional coefficient form is given by 
Equation [5a] of Table 2. It may be noted that at low fre- 
quencies the performance equation represents a simple second- 
order system like that of Equation [2a]. The inertia-reaction 
term is due solely to the equivalent controlled member inertia. 
A low-frequency response undamped angular natural frequency 
is defined as 


- 
T(em)(ea) 

At sufficiently high frequencies, the frequency-dependent 
coefficient of the acceleration-input torque-output sensitivity 
becomes unity. The performance equation again represents a 
simple second-order system, but the acceleration-term coefficient 
is larger, with the same elastic coefficient as for low frequencies. 


For high-frequency response, the undamped natural frequency is 
defined as 


(n) (pe) + Sepsy [4 x4] (fo) 


The natural-frequency ratio is defined as the ratio of the low- 
frequency undamped natural frequency to the high-frequency 
value, that is 


Ss 
(NFR) = (em) (eq) + Scps) (fo) 


Wa) (ps) T (em) (ea) 

A damping ratio may be defined by using the undamped angular 
natural frequency of Equation [5]. The definitions set out in 
the foregoing equations are used in the parameter form of the 
performance equation for this model given by Equation [5b] of 
Table 2. The selection of values for the parameters follows the 
previously described method. 

The low-frequency-response undamped natural frequency is 
fixed by the required angle-input torque-output sensitivity. 
The positional servomechanism undamped natural frequency 
is chosen to suppress the dynamic characteristics of the power 
amplifier and torque generator. The natural-frequency ratio is 
calculated from Equation [6]. The acceleration-input torque- 
output sensitivity is also obtained from this expression. 

The value of the positional-servomechanism damping ratio 
depends on how slow the transient response can be. It is to be 
expected that the larger the damping ratio, the slower is the 
response. However, at this junction, let it be required that the 
transient response vanish as quickly as possible within the sta- 
bility requirements. From second-order system considerations, 
a suitable value for the damping ratio should be 0.707. 

The basis for the choice of the acceleration-signal-modifier 
characteristic time differs a little from the previous examples. 
In this instance it appears desirable to have the full acceleration 
signal available at higher frequencies than the positional servo- 
mechanism undamped natural frequency. The reason is that the 
signal-modifier performance function has appreciable magnitude 
before it becomes unity. From Fig. 7 it may be seen that 70 
per cent of the acceleration-signal amplitude is applied when 
the forcing frequency is equal to the reference frequency. For 
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this model, let the characteristic time be taken proportional to 
the reciprocal of the positional servomechanism undamped angu- 
lar natural frequency. 

Nondimensional performance-equation forms for the modi- 
fied-acceleration-signal model are given by Equation [5a] of 
Table 3. The reference quantity is the positional servomecha- 
nism undamped angular natural frequency defined by Equation 
[5] in the foregoing text. The 2m factor is omitted from the 
symbol replacing the acceleration-signal-modifier characteristic 
time because of choice for this quantity. It is interesting to ob- 
serve from the second form of the performance equation that the 
natural-frequency ratio is relatively unimportant in practical situa- 
tions. It appears only once as the reciprocal of its square. Its 
contribution is small for values of 2 or greater in a properly de- 
signed system. The step-function responses shown in Fig. 16 
bear out this observation. 

The pictorial graphical form of Fig. 16 isin the pattern of Fig. 9, 
with the abscissa being the acceleration-signal-modifier charac- 
teristic time-positional servomechanism undamped angular 
natural frequency product. The responses are mounted in pairs. 
The upper response corresponds to the natural-frequency ratio 
equal to 2, the lower to 10. For damping ratios greater than 0.7 
the natural-frequency ratio has little effect. The figure shows 
that as the abscissa increases the responses become more oscilla- 
tory. Larger values for the abscissa correspond to advancing the 
application of the acceleration signal. It is a destabilizing in- 
fluence since the effect of inertia is introduced at lower frequencies. 
The damping ratio modifies the system performance in the same 
way as for previous models. The oscillatory transients vanish 
with increasing damping ratio and the transient duration in- 
creases. However, the response for the estimated values of the 
parameters is quite oscillatory and is unacceptable for good per- 
formance. The fastest and least oscillatory response is associated 
with a damping ratio of 1.0 and a characteristic time-frequency 
product of 0.5. The response when the parameters are both equal 
to unity is almost as good. These parameter settings are not too 
different from the original estimate. Apparently the influence of 
the acceleration signal is even more extensive and significant at 
lower frequencies than indicated in the previous discussion. The 
design basis is still valid but the estimation process needs to be 
improved for this model. Better control of the acceleration signal 
may be attained by introducing a second-order-performance- 
function signal modifier. It should attenuate the acceleration 
signal more quickly at low frequencies. Further exploration of 
this possibility is intended. 

The nondimensional dynamic characteristics shown in Fig. 17 
are associated with the model for which the parameters are both 
unity and the natural-frequency ratio is 10. The pole-zero plot 
displays a pair of complex conjugate poles with a damping ratio of 
0.5 and a magnitude greater than unity. The zero is real, with 
unity magnitude, while the magnitude of the real pole is less than 
0.5. The magnitudes are greater than those of the poles and zeros 
for the previous models because the low-frequency response un- 
damped natural frequency is greater than for the high-frequency 
response. The magnitude of the real pole, with respect to the 
complex conjugate pair, indicates that the transient response is 
predominantly first order. The overshoot occurs because the 
system operates on the derivative of the input, as indicated by the 
presence of the zero. 

The frequency-response-magnitude plot reflects the pre- 
dominance of the first-order mode characteristics. It begins to 
decline at about one tenth of the reference frequency. Ulti- 
mately it becomes asymptotic to a line with a slope of minus 2 
and a break point of unity. The useful frequency range has 
an upper bound at one tenth the positional-servomechanism 
undamped natural frequency, just as do the other models. 
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Acceleration signal characteristic time — 
positional servomechanism undamped natural frequency product 
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[7 — MODIFIED ACCELERATION SIGNAL, MODIFIED DISPLACEMENT SIGNAL, VELOCITY SIGNAL DAMPING POSITIONAL SERVOMEC 
(ps)(vsd)mds (mos) 
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See preceding figures for definition of symbols. 
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Positional servomechanism damping ratio ¢/,,) = 0-5 


Note: The upper trace is the angle input response. 
The lower trace is the interference torque input response. 
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(n)(ps) 2” 
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Fic. 19 Srap-Funcrion Responses FOR Moprrigp-ACCELERATION-SIGNAL, 
1nG PostTr1onaL SERVOMECHANISMS 


Siena PostrtoNaL SERVOMECHANISM MODEL 

As a final example, consider the situation where the difficulties 
and requirements of the previous model exist: and, in addition, it is 
necessary to have no forced dynamic error for a ramp-function 
input. The example is included to show that the parallel feed- 
forward and feedback paths may be combined, without changing 
the basis for assigning values to the parameters. The functional 
diagram for the model is shown in Fig. 18, The discussion of the 
modified-displacement-signal model is added to the discussion of 
the modified-acceleration-signal model. The performance equa- 
tions for the model are given by Equations |6a] and [6b] in Table 
2. The positional servomechanism undamped angular natural 
frequency is chosen on the basis of the acceleration-signal modifi- 
cation. The other parameters are given values accordingly. 
The nondimensional performance function, Equation [6a] in 


Table 3, includes four parameters that may be varied. From the 
discussion of the modified-acceleration-signal model, the natural- 
frequency ratio may be neglected. The design is based on the 
second-order form of the performance equation. It is estimated 
that a good value for the damping ratio is 0.7, while the other two 
nondimensional parameters should be approximately unity. 
Step-function responses are shown in Fig. 19. Each of the four 
pages of the figure corresponds to a single value of the damping 
ratio. The ordinate in each page is the displacement-signal- 
modifier characteristic time-reference period ratio, while the 
abscissa is the acceleration-signal-modifier characteristic time- 
reference frequency product. Fig. 19 confirms the validity of the 
assumption that the parameters are effectively independent of 
each other. The estimated parameter values are associated with 
an acceptable response, but it may be deemed necessary to increase 
the damping ratio slightly to suppress the high-frequency oscilla- 
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Acceleration signal modifier characteristic time — 
positional servomechanism undamped natural frequency 
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Positional servomechanism damping ratio = 0.7 
Note: The upper trace is the angle input response. 
The lower trace is the interference torque input response. 
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Acceleration signal modifier characteristic tame — 
positional servomechanism undamped natural frequency product 


acteristic time 


Displacement signal modifier char 


Positional servomechanism damping ratio ¢;,,,) = 1.0 


Note: The upper trace is the angle input response. 
The lower trace is the interference torque input response. 
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tory mode. Nondimensional dynamic characteristics for the 
model with the estimated parameter values are given in Fig. 20. 
This figure shows in more detail than can the step-function re- 
sponses alone that the additional control property is obtained by 
further slowing of the basic second-order positional servomecha- 
nism response. 


CoNCLUSIONS 


The design basis has been developed for positional servomech- 
anisms by studying the torques acting on the controlled member. 
The equivalent controlled-member inertia is recognized as the 
ultimate limitation on the dynamic performance. Interference 
torques on the controlled member and uncertainties in the 
actuating quantities, together with a practical limit to the availa- 


ble torque-generator output and component sensitivities, estab- 
lish an upper bound on the static sensitivity of the system. The 
upper bound is closely coupled to the limits of dynamic per- 
formance. 

By the introduction of the concept of frequency-dependent 
coefficients, the performance equation may be expressed as a 
second-order form. It is indicated that the dynamic properties 
of the system can be determined from the properties of second- 
order systems together with the way the parameters change 
values as the input varies. A method is thereby established for 
estimating suitable values for the parameters to a first approxima- 
tion. The design basis has been applied to cascaded systems in 
addition to the systems presented here. It also has been shown 
that the frequency response may be developed in considerable de- 
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Note: The upper trace is the angle input response. 
The lower trace is the interference torque input response. 
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tail from the standpoint of frequency-dependent coefficient 
forms. 

It is now necessary to correlate the open-chain techniques with 
the design basis presented here. The open-chain approach treats 
system design by studying the relationship between the output 
and the corrections, which is a method of deviations. The tech- 
nique of calculating deviations is a well-established procedure for 
refining first approximations. Further work is indicated in 
studying the open-chain method to improve the method for esti- 
mating parameter values. 

Another limitation on positional servomechanism performance 
is component saturation, particularly for the torque generator. 
It has been indicated in the previous discussion that torque limit- 


ing must be taken into account. However, it has not been 
demonstrated how the choice of parameters is affected. A solu- 
tion of this problem clearly exists in an examination of torques 
both in the controllable and in the saturable regimes. Extension 
of the design basis to account for saturation is intended. 
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In the Appendix which follows, the numerator in Equation 
[23] should read 


vie) 
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APPENDIX 


It is assumed that the components in all models are perfect. Each component performance is characterized 
only by its sensitivity. The associated performance equation is obtained by calculating all torques acting on the 
torque summing member and setting their sum to zero. 


Mee) + + Meg) + = 0 (1) 


Basic positional servomechanism performance equation (ps)(b) (see Fig. 1) 
Component performance equations: 
(sg) Signal generator 


Clair) Sisq) Atin) Sieg) Atem) (2),(3) 
(sc) Signal comparator 


* Siac) (Cate) = Siac) Seq) Atin) “7 Avcm)) Sisc) (4) 
(a) Amplifier 
Po = sc) (5) 
(tg) Torque generator 


Mia) = ~ (6) 


(gt) Gear train 


Attsm) (tem)! Acct) ; Acct) Sila (tsm)'“ (gt (7a),(7b) 


When there is no ambiguity, the input-output subscripts may be dropped. Equation (7a) may be abbreviated as 
Sigt) Arce) (8) 


where — It is assumed that = 


Torque expressions: 
Inertia reaction torque: 


My = +n) + (9) 


(st) 
where Icom) = torque summing member inertia, lem) = controlled member inertia, and lgt) eff) = effective 


gear train inertia at (tsm). 


Viscous damping torque: 


d 
dt 
where C:4)(re5) = teSidual viscous damping coefficient due to gears, bearings and air damping. 


= - Ca)(res) 


Torque generator torque: 
Combination of Eqs. (2) through (6) gives 


Aitsm) 


d 


Interference torque at torque summing member: 


M f 
(12) 
(gt) 
Introduce Eqs. (9) through (12) into Eq. (1); then rearrange and combine terms. The basic positional servomech- 
anism performance equation is 


P” + Sips)[A;m] (res) P + Sips Atem) Sips Aun + Mesntte) (13) 
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where 
2 
dt = equivalent controlled member inertia 
S S SS, = itional echanism sensitivity for angle input, 


2 
S He = $,..,(5 He oe ) = positional servomechanism sensitivity for angular 
(ot) velocity input, torque output due to residual damping (16) 


Define 
“(n)(ps) * Fontan = positional serv hanism angular undamped natural frequency (17) 
(cm)(eq) 
= positional servomechanism residual damping ratio (18) 


2 
Vv 


(n)(ps) 


where 
—_—_1__ = positional servomechanism compliance (20) 
(ps)[A;m] 
Viscous damping positional servomechanism (ps)(vd) (see Fig. 2) 
By adding a viscous damper to the basic positional servomechanism at the torque summing member, the 


viscous damping torque expression becomes 


Sips 


dA 


where C/4)(yig) = Viscous damping coefficient of added component. When Eq. (10) is replaced by Eq. (21), the 
performance equation becomes 
2 
+ + + Atom) = + (22) 
Define: 


Lips) = 1 S(a)(vis) = positional servomechanism damping ratio (23) 


Vv Sipe la 
Introducing the definitions from Eqs. (17), (18), (20) and (22) shows that Eq. (22) becomes 


{ + 2Cipsyires) + Sips)! — + i} = Atiny + (24) 


®(n)(ps) ®(n)(ps) 
Velocity signal damping positional servomechanism (ps)(vsd) (see Fig. 3) 
(vsg) Velocity signal generator A 
d 


Civsg) = (25) 


({vsa) Velocity signal amplifier 


Civsa) = Sivea) (26) 


{vsc) Velocity signal comparator 
dA 
= Stwecr( Sinai Syne) Siva) Swag) ba (27) 


By adding a velocity signal feedback chain to reduce the signal comparator output by a quantity proportional 
to the torque summing member velocity, the torque generator output can be expressed as 
(tsm) 


dt 


d 
Meg) Sieg) S(sc) S¢pay Sa Atem) Sita fA] 


- Siwsa) (vse) 
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The performance equation becomes 
2 
By introducing the definitions of Eqs. (17), (18), (20) and (22), it is found that Eq. (26) takes the form of 
Eq. (22). 
Modified velocity signal damping positional servomechanism (ps)(mvsd) (see Fig. 4) 
(vsm) Velocity signal modifier 


(vem) Sivem) P Civsq) (31) 
where 1, = velocity signal modifier characteristic time. Introducing the velocity signal modifier with the per- 
formance equation given by Eq. (28) into the velocity signal feedback chain alters the expression for the torque 
generator output of Eq. (28) to 
dA rem) 


(32) 
dt 


Fi Sivag) Sivem) Sivsa) Sa 1 


The performance equation is 


Introducing the parameter definitions of Eqs. (17), (18), (20) and (22) into this performance equation gives 
p? 
{ 2 + 2 P 1} Mem = Aun) + Sipe (34) 


Modified displacement signal, velocity signal damping positional servomechanism (ps)(vsd)(mds) (see Fig. 5) 
(pa) Preamplifier 


t 
Clint) = int) J tt =F Sipay Sac) (36) 


(isa) Integrator signal amplifier 


(int) Integrator 


(iss) Integral signal summer 


Cliss) = Stiss) (pa) + Stiss) Ys) Sioa) + p stint Stisad (38) 


Define 
tg = = displacement signal modifier characteristic time (39) 
Stunt) Stisa) 


(dsm) Displacement signal modifier 


1 + rap 
A feedforward parallel path is pfovided to add a signal proportional to the integral of the correction signal. 
The integral signal summer output is the modified displacement signal. The torque generator output expression 
in this model becomes 


1+r.p dA nem 
= Sac) Spay Hiss) 5a (QA ccm) 


dA om 
Sivsa) Siwsc) pet (41) 
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For this model, the performance equations may be written as 


1 


1+f 


2 1 
®(n)(ps) (n)(ps) d d (43) 


Modified acceleration signal, velocity signal damping, positional servomechanism (ps)(vsd)(mas) (see Fig. 6) 
(asg) Acceleration signal generator 


= (44) 


(asg) 


(asm) Acceleration signal modifier 


(asm) = Yasm) T+ 


(asa) Acceleration signal amplifier 


Stose) 


(asc) Acceleration signal comparator 


Clase) Stasc) (Cwvse) Casa) 


where r, = acceleration signal modifier characteristic time. 


A modified acceleration signal is fed back through a parallel path to further alter the torque generator out- 
put. The expression for this quantity for this situation is 


dA sm 


dA 


Siveq) Svea) Nese) 2a 


‘oP 


(asq) (asc) 


The performance equations are 
‘ 
= Atiny + Manete) (49) 


where Sips = Siot) Siasq) Yesa) Nase) 2c = positional servomechanism Sensitivity 
for acceleration input, torque output 
due to acceleration signal feedback 
chain (50) 


1 (NFR)?- 1 ‘oP p? 


Aun) Muntée) (51) 


, 


(em)leq> * (em)(eq) 


@fn)(ps) (52),(53) 
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Modified acceleration signal, modified displacement signal, velocity signal damping positional servomechanism 
(ps)(vsd)(mds)(mas) (see Fig. 7) 


This model combines the features of Figs. 5 and 6, The performance equations may be written directly from 


1 
cm 


the previous expressions. In parametric form, the performance equation is 


1, (NFR)? -1 ‘oP p? 2 ) 


* ( 
(n)(ps) TaP 


raP ) Aum + Sos te) 


(54) 
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Control-Valve Plug Design 


By J. A. WIEDMANN? anv W. J. ROWAN? 


With the aid of a few basic flow relationships and a series 
of empirical coefficients, it is possible to design a control- 
valve plug which will have a predetermined flow charac- 
teristic. It has been found that the friction losses in the 
valve body cannot be neglected in such a design, and that 
the efficiency of the valve-port opening also must be in- 
cluded. In this paper a contoured plug has been designed 
with an equal percentage characteristic for a 2-in. top and 
and bottom-guided, single-seated, globe-type valve. The 
paper also includes the results of a flow test on a plug made 
according to this design plus a discussion of the principal 
limitations associated with this general approach. 


AssuMPTIONS, EFFICIENCIES, AND Basic RELATIONSHIPS 


CONTROL valve can be considered as an element in a 
flow line which is composed of two simple restrictions 
connected in series. The sum of the resistances intro- 

duced by these restrictions then represents the effective re- 
sistance of the control valve. One of these restrictions which is 
assumed to account for all the body-chamber losses can be 
thought of as a fixed orifice. The port opening is represented by 
the second restriction and its resistance will vary as a function of 
stem position, Fig. 1. 

The total pressure drop through the valve then becomes the 
sum of drops through each of the assumed restrictions 


where 


AP, = valve pressure drop, psi 

AP, = body pressure drop, psi 

AP, = port pressure drop, psi 

It has been shown from a series of tests* made on various com- 
plete body assemblies, but without plug, that the body pressure 
drop follows the same flow law as the valve pressure drop for a 
given valve opening; i.e., they are both essentially proportional 
to the square of the flow (Q,) through the valve 


AP, = KQ,? 


Q, 
1 Director of Research and Devalopment, A. W. Cash Company, 
Decatur, Ill. Mem. ASME, 
* Project Engineer, Valve Division, Minneapolis-Honeywell Regu- 
lator Company, Philadelphia, Pa. Assoc. Mem. ASME. 


* These tests were made by the authors and other members of the 
Engineering Department of Minneapolis-Honeywell Regulator Com- 


C, = 


ny. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Diamond Jubilee Annual Meeting, Chicago, IIl., Novem- 
ber 13-18, 1955, of Tae American Society or Enat- 
NEERS. 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
15, 1955. Paper No. 55—A-103. 


PORT RESTRICTION 


BODY RESTRICTION 


Fie. 1 Conrrot-Vatve Restrictions 


where 
C, = valve flow coefficient 
Q, = quantity of liquid flowing, gpm 
G = specific gravity at flowing conditions 
P, = pressure drop, psi 


then 


and 


A new proportionality constant C, is now assumed which is a 
capacity constant similar to C, and accounts for all losses in the 
valve other than those directly associated with the ring-and-plug 
combination. Then 


where 
Q, = body flow, gpm 
AP, = pressure drop due to body losses, psi 
The pressure drop across the ring-and-plug combination is also 
proportional to the square of the flow for any given port opening. 
Therefore a similar equation may be written for AP, remember- 
ing that C, will change for different valve travels 


where 


Q, = port flow, gpm 
AP, = pressure drop through port, psi 
The substitution of Equations [2], [3], and [4] in Equation [1] 
gives 
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GQ? _ GQ,* 
Cc 
For steady-state conditions the flow Q through all parts of the 
valve are assumed to be the same. Therefore 


1 
DereRMINATION OF Port Fiow Coerricient C, 


As shown in Appendix A, if a 1-sq-in. orifice has an efficiency‘ of 
1.0, Q is expressed in gpm and the pressure drop is 1 psi, the con- 
stant C, of Equation [4] will have a value of 38.1. 

Then, for this system of units 


where 
E = port efficiency 
A, = port area, sq in. 
Port 


Many tests* have been made on V-ported and contoured plugs 
to determine the port efficiencies of such configurations. These 
tests were made with pressure drops ranging from 5 to 90 psi. 
The average values of these efficiencies were found to be 0.6 for 
V-ported plugs and 0.85 for the contoured plugs. These values 
most certainly vary with plug position, flow direction, and pres- 
sure drop; however, the purpose of this paper is to give average 
constant values which may be used in practical design. 

The efficiency of 0.6 remains relatively constant throughout 


In classical hydraulics, Q = 2gh where C;, is coefficient of 
contraction and C, is coefficient of velocity. An efficiency of unity 
implies no contraction (all parallel flow filaments) and no friction 
losses (no external friction). 


Fic. 2 Vatve Bopy anv Rine Usep 1n Tests 
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the stroke of a V-ported plug and compares favorably with what 
would be expected with available data on orifices. 

The high efficiency (0.85) of the contoured plug may be more 
difficult to accept since the flow-passage form is more severely 
changed throughout the stroke. However, the correlation of this 
value with many valve designs* has indicated its merit for use 
in practical design. 

Similar tests were made on many valve assemblies, without 
plugs, to find the efficiency of a body-pius-seat-ring combination. 
The efficiency for a typical seat ring only in a globe-type body of 
the design shown in Fig. 2 under the foregoing conditions was 
found to be approximately 0.65. 


DETERMINATION OF Bopy C, 


Flow-capacity tests were made on the 2-in. valve-body-and- 
ring assembly used for the testing associated with this paper (see 
Fig. 2). The C, for this assembly which includes the effect of 
the C, of the body and the C, of the ring alone was found to be 55. 
The ring used in this body had an inside diameter of 2.000 in. 

The port coefficient (C,) for this ring may be found by the use of 
Equation [6] with the ring efficiency of 0.65. (Z = 0.65 when the 
ring is considered without plug.) 


‘D? 
A, = = = 3.14 in. 


C, = 38.1BA, 


C, = 38.1 X 0.65 X 3.14 
C, = 775 


The body coefficient (C,) may then be found by the use of 
Equation [5] 


= 
C, 78 


Piue Desian 
Design data are given in Table 1. 


TABLE 1 DESIGN DATA 
Design Co Rated lift 
(R) = 30 to 1 Body = 78 
Characteristic = equal % Plug lap 
Plug type = contend (turned) Port 


The design C,, which is the valve flow coefficient at the rated 
travel, the rangeability, and the valve characteristic are all re- 
lated factors in the plug design. For a complete discussion of this 
relationship the reader is referred to the paper “Rangeability” 
by Ralph ‘A. Rockwell, presented at the 1952 ISA Symposium on 
Control Valves. 

Briefly, it can be said that an equal percentage characteristic is 
the term used to describe a valve which has the same per cent 
change in the existing flow throughout the travel for a given per 
cent change in the valve travel; i.e., a change of plug position 
which is equal to 1 per cent of the total valve travel will produce 
the same per cent change in existing flow independent of the 
actual valve travel. Such a characteristic will plot as a straight 
line on semilogarithmic paper if the travel is plotted on the linear 
scale and C, is plotted on the log scale. The value of 30 to 1 for 
rangeability indicates that the minimum flow which continues to 
follow the equal percentage characteristic is '/s) of the rated or 
design flow when the pressure drop is the same for measuring 
minimum and design flow. 

The plug lap is the dimension which provides a short cylindrical 
section on the plug near the seat. Over this part of the plug the 
diameter does not change; it is used in this design to provide a 
measurable diameter for control of the clearance flow. This 
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clearance flow is the flow which is not to exceed '/3 of the design 
flow. 

Usable Lift. Usable lift (L,) illustrated in Fig. 3 is the rated 
lift (Z) minus the lap (!) 


Desired Travel Versus C, Curve. Desired travel versus C, curve 
is shown in Fig. 4. 

Numerical Description of Plug. 
lifts are as follows: 

(a) A tabulation (Table 2) of the C, required at various travels 
may now be made from Fig. 4. 

(b) By the use of Equation [5], values of the port coefficient 
C, may be added to (Table 2) 


— 


(c) Using the port efficiency of 0.85 and Equation [6], the port 
area for each tabulated travel can now be calculated (Appendix C) 
C, 
Ay 381 x 085 
TABLE 2 VALUES FOR VARIOUS VALVE TRAVELS 


Numerical values for various 


LIFT | Cv Cp Ap S (i 

in | 15°] 30°] 45°] 60°] 70° 
L125 | 380 | 435 | 135 | 242 | 241] 236 |.233 | 230] 
1000 | 25.3 | 266 | #2 | 140 | — | 140} 138 | use | 136 
875 | 169 | 173 | 53 | o90| — 


089 087 
060 058 | — 
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PORT AREA 


Fic. 5 Porr Area or a Controt Vatve.Witrs Conrourep Pive 


(d) The port area in a control valve with a contoured plug may 
be represented by the lateral surface area of a truncated cone, 
Fig. 5, the base of the cone being the seating edge of the seat 
ring, and its top being that line on the plug which comes closest 
to the seating edge of the ring. 

As shown in Appendix B, the equation for the lateral length of 
this cone is 


D — V/ D* — 1.2734 cos 
2 cos 6 


8 


where 


S = lateral length of cone 
D = seat-ring diameter 
@ = angle shown in Fig. 5 
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Since at this point in the design the value of @ is not known for 
each tabulated lift, all values from 0 to 90 deg must be considered. 
Therefore a series of lengths (S) are calculated for those lifts 
which are in question. A sample calculation is given in Appendix 
C. 

Graphical Picture of Plug. The data given in Table 2 are now 
used to graphically develop the plug, Fig. 6. This is usually 
done with a seale of 10::1. Curves of equal area are drawn about 


each tabulated value of lift. These curves represent the envelope 
of lateral lengths of cones, which all have areas equal to that of 
the required port area, An examination of Fig. 6 will show that 
detailed calculations for the small travels are not necessary. If a 


+ 


LIF T (INCHES) 
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19672 


Fie. 7 Dimension Drawine or Pivue 


curve is then drawn tangent to all the existing curves on the lay- 
out, it will have a shape which represents the desired plug con- 
tour. 

Experimental Verification of Design Method. A plug was ma- 
chined according to Fig. 7 and flow-tested. The results of these 
tests are plotted in Fig. 8 along with the line which shows the 
original design curve. 
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Fie. 8 Actua. Lier Versus C, Curve 


Practica, Design CoNSIDERATIONS 


As shown by the test results the actual characteristic deviates 
from the design characteristic in a definite manner. The slope of 
the test curve is not as steep as the desired curve and produces a 
rangeability of approximately 35 to 1 which indicates that the 
port efficiency decreases as the plug approaches the seat. This 
reduction in efficiency is probably due to the additional friction 
losses resulting from the large ratio of surface exposed to the 
fluid where the flow area is small. Dial-indicator readings were 
made to check the contour in this region and showed the plug was 
accurately machined within +0.001 in. 

These tests show deviations from the design conditions of ap- 
proximately 4 per cent at the rated travel and 1 per cent at 10 per 
cent of rated travel. This agreement with the design curve is 
exceptional and it is not meant to imply that such accuracy can 
be obtained in all designs even with favorable combinations of 
C,, rangeability, and available lift. 
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Suppose for a moment we consider the problems of increasing 
this valve’s C, from 38 to 50 keeping the same body, travel, and 
rangeability. Fig. 9 shows the layout of a plug for such a valve. 
It is impossible to draw a contour for this plug which will be tan- 
gent to all the curves of equal area. Physically this means that the 
available travel is not great enough to provide the required rate 
of change of area throughout the full travel while maintaining the 
maximum C,. This same problem is faced by the designer in 
developing the shape of the parts on a V-ported plug and is dis- 
cussed in Ralph Rockwell’s paper “Rangeability.” 

A similar problem confronts the designer when he wishes to in- 
increase the rangeability. A large rangeability requires a large 
rate of change of area which again produces a layout of the type 
shown in Fig. 9. 

Naturally there are iichemes which the designer may use to in- 
crease the valve capacity without major sacrifices in flow charac- 
teristic. Fig. 10 shows the type of characteristics which are ob- 
tained for higher C, ratings using the same travel and seat dimen- 
sions. It can be seen from this brief discussion that maximum 
valve capacities are limited. This, of course, is just another ex- 
ample of the basic problem in engineering, i.e., the balance be- 
tween over-all performance and cost. 


CoNCLUSION 


A control valve usually can be designed to meet approxi- 
mately a particular combination of capacity, characteristic, 
and rangeability. However, control-valve manufacturers are 
faced with the design of general-purpose valves and, therefore, 
must make a decision as to how much flow characteristic must be 
sacrificed to meet the demand for higher maximum C, values. 
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Appendix A Cy Per Port Area 


| NO LOSSES 
2 STEADY FLOW 
3 IMCOMPRESSIBLE FLUID. 


LAW OF CONSERVATION OF ENERGY BETWEEN POINTS @ 8 @ 
ASSUME fv, +0 


P = PRESSURE psf 
VELOCITY Weer 


Q= 38,10 


38.1 


FOR WATER 


WHEN AREA(Q)1S GIVEN 
IN SQUARE INCHES 


THEREFORE Cv=38.ia 


Appendix B Lateral Length of a Cone 


aa -W2a ds 


sne@=2 
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Appendix C rs Calculation at 


1-In Travel 


FROM FIGURE 4 Cv= 25.3 


78°* 25.3 
78*-25.3° s = 26.6 


USING EQ.5 


USING EQ.6 A 


1.273A COS @ 


LENGTH S FROM s 2 cose 


2-14-1273 x 821x.5 
SAMPLE AT @=60° 5s 


$*2- 4-524 = 2-1.664 


Discussion 


C. F. Kine! The authors of this paper are to be commended 
on their presentation of a method of arriving at the proper con- 
trol-valve-plug areas by a mathematical approach. The sound- 
ness of the procedure is in the actual flow test of the design, and 
the proximity of the calculated and the actual results makes 
this appear to be a valid approach. 

The success of this concept, however, is based on the assump- 
tion that the efficiencies or resistance factors of (1) the seat ring, 
(2) the body chamber, and (3) the plug remain constant. This 
perhaps is true wherein the port-area to body-chamber-area or 
body-inlet-area ratio is kept quite low. In the example illus- 
trated, the port-area to body-inlet area ratio is less than 0.45 
which is probably justified in the design of a control-valve plug 
with an equal percentage characteristic. 

Economic factors sometimes dictate that much higher port- 
area to body-chamber-area ratios be used, and the ability of the 
three resistance factors or efficiencies to remain constant would 
appear doubtful. If this were to happen the mathematics 
would become burdensomely complicated because of the addi- 
tional variables involved. Perhaps for the higher port-area to 
body-inlet-area ratios, a plot of these ratios versus C, per sq in. 
of port area based upon experimental data would be of more 
practical value to the designer. 

The statement is made that the seat-ring efficiency was found 
to be approximately 0.65. This fact was evidently found from 
actual tests and the writer would like a clarification of how this 
factor was isolated from a combination of the body chamber and 
seat-ring efficiency. This turns out to be a rather important 
factor because it is the basis for the C, calculation upon which all 
of the plug areas are calculated. 

Another point that might have been clarified is whether the 
seat-ring efficiency would be affected or changed in the area 
calculation of a V-ported plug. It would appear that the seat- 
ring efficiency would have a different value because of the vastly 
different flow pattern that exists in the body chamber when this 
type of valve plug is used. 

* Director of Research, Fisher Governor Comp 
Iowa. Mem. ASME. 
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Mention of other factors that influence port-area calculation 
such as (1) double-seated valve bodies, (2) angle valve bodies, 
(3) compressible fluids, would have been informative. 


J.B. McManon.* This paper serves well to emphasize that 
the effective area rangeability of the equal-percentage type of 
valve plug is definitely limited. All too frequently, even now 
after many years of discussion of this subject, specifications are 
written calling for rangeability which just cannot be realized. 

It should be pointed out that the seat efficiency may be con- 
siderably improved by shaping so that the passage between the 
seat and the plug is at all times in the form of an annular-type 
nozzle. This shape has been used extensively to reduce vibra- 
tions and noise in high-pressure steam-reducing valves, and has 
been found to have a coefficient very close to that of a well- 
designed nozzle—about 0.98. 

The writer would like to know whether or not the various 
capacity and efficiency figures are based on free flow of the exit 
stream, or whether any credit is allowed for the velocity in 
the stream leaving. Particularly under high-pressure-drop condi- 
tions, this may have a very great effect on the apparent valve 
coefficient. To the writer’s knowledge, no standard method of 
determining valve coefficients has been developed. Therefore 
the test procedures used should always be described when valve 
coefficients are referred to. 


Avutuors’ CLOsUuRE 


Mr. King’s suggestion of using a plot of the ratio of port area to 
body inlet area versus C, per square inch of port area, based on 
experimental data, is indeed another workable method of plug de- 
sign. This method has been considered and the authors have 
felt that this method does not compensate for the various body 
losses due to different types of body designs but should prove to 
be a valid method if enough data were obtained for the various 
body configurations used in control valves. The authors’ method 
determines the body losses of the body for which the plug is to be 
designed. 

The determination of seat-ring efficiency was made in given 
bodies with various size rings. Since we determined by test the 
over-all C, of the combination and accurately knew the ring 
diameter, it was only a matter of calculation to determine ring 
efficiency. 

The purpose of obtaining seat-ring efficiency as the paper points 
out, was to obtain a body-capacitance factor. Even if an error of 
10 or 20 per cent were made in determining body capacitance, the 
plug design would still follow the desired characteristic since com- 
pensation for body losses is still being considered. 

We have agreed in the paper that there is a considerable differ- 
ence in port efficiency of the V-port when compared to the con- 
toured or turned plug. 

Mr. McMahon has pointed out a known fact that plug effi- 
ciencies in a streamlined-type valve are considerably higher. 
However, this efficiency is high only over a small range of pressure 
drops. Weestimate that this high efficiency results with pressure 
drops up to approximately 20 to 30 psi and then begins to fall 
rapidly so that when we get up to about 50 to 60 psi drop, the 
efficiency has fallen off to about the 85 per cent stated in the pa- 
per. This is probably due to friction losses and eddy currents in 
and across the plug flow passage. 

The authors have used the standard flow-test procedure as 
set up by the Fluid Controls Institute and have not corrected for 
velocity in the exit stream. 

* Manufacturers Representative and Consulting Engineer, Chicago, 
ll. Mem. ASME, 
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Pullman-Standard’s Train X 


By T. C. GRAY,' CHICAGO, ILL. 


The author establishes the several basic objectives 
motivating introduction of Train X, and presents in digest 
form a description of the more important design features 
calculated to meet these objectives, including a discussion 
of single-axle suspension, automatic coupling, structure, 
acoustic treatment, and soon. He lays particular stress on 
the importance of cost reduction (initial, operating, and 
maintenance) and emphasizes the extent to which design 
was influenced by this factor and the need to provide 
maximum passenger comfort and acceptance. 


INTRODUCTION 


ULLMAN-STANDARD’S bidirectional, low-center-of- 
roll-compensating, lightweight design, now well 

known as Train X, will soon become a reality after several 
years of extensive study and testing, and should assist the rail- 
roads in regaining their position in the mass handling of passengers 
on a paying basis. Two prototype trains are under construc- 
tion—one for the New York Central System and one for the New 
York, New Haven and Hartford Railroad. These two five-car 
trains are essentially alike in mechanical details but with some 
differences in interior and exterior treatments. The design per- 
mits train trailing weights of approximately one third that of the 
conventional, utilizes relatively low-cost electrical equipment, 
is designed for low contour, low center of gravity, and inherent 
self-banking. First cost, operational costs, and maintenance 
should decrease as direct functions of these vital factors. Despite 
a drastic reduction in weight, no sacrifice has been made in 
spaciousness, and many desirable improvements are made rela- 
tive to comfort, sound level, riding qualities, lighting, heating, 
and air conditioning. The over-all objective was, of course, to 
design and build passenger cars which would cost less to own, 
operate, and maintain. 

Pullman-Standard has enjoyed in this development the help 
and co-operation of the C&O Railroad and their very able 
Research Consultant, K. A. Browne, who early envisioned 
the possibilities of such a train. A great deal of the very early 
development and testing was done by Mr. Browne. Exceptional 
interest and co-operation also was shown by the many interested 
vendors and in no small part these trains have been made possible 
by their much appreciated help. 


Basic Facts Concernine Train X 


Train X is designed for either single or double-end operation. 
Each prototype train accommodates 392 passengers and consists 
of four two-unit, single-axle cars, and one single-unit, double- 
axle, center car. The center car is provided so that cars ahead 
will have their wheels forward with each trailing end suspended 
on the car behind. Cars to the rear of the central car will trail 
their axles to the rear and be suspended by the car ahead. Thus 
the cars may stand as an integrated unit without the locomotive, 


1 Vice-President-Engineering, Pullman-Standard Car Manufactur- 
ing Company. Fellow ASME. 

Contributed by the Railroad Division and presented at a joint 
session of the Railroad and Oil and Gas Power Divisions at the Dia- 
mond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 1955, 
of Tae American Society oF MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
23, 1955. Paper No. 55—A-140. 


or the consist may be switched from either end. The two- 
unit cars are permanently coupled and integrally articulated’ 
These two units consist of one 51-ft 3-in., 40-passenger, with 
vestibule and side-door unit, and one 48-ft, 48-passenger unit. 
Automatically operated dolly wheels, interlocked with the cou- 
pling mechanism, are provided on the nonsuspension end of this 
latter unit to allow switching and coupling. The 40-passenger, 
48-ft, two-axle central car has locker provision at one end of the 
car for food sterage, refrigeration, and for the housing of two 
food carts which are used for serving light lunches fore and aft in 
the train. Automatic couplers, as later described, are provided 
to allow ready coupling between the cars. Mating couplers are 
provided on the locomotive. 

Vestibule entrance doors are provided at the center of each 
double-unit car. Although these doors are much lower than on 
conventional equipment, the train can operate with existing 
loading and unloading facilities. Passengers will step up to plat- 
form height and down to ground level. 

Following are brief descriptions of some of the salient features 
of the Train X cars. 


SusPENSION 


Train X is provided with a unique self-leveling air-sprung sus- 
pension. Conventional passenger cars, with swivel-type trucks 
and relatively high center of gravity above the springs, roll or 
lean with lateral forces acting on the body, thus canceling out 
benefit of superelevation. Realization of a car-body roll, favora- 
ble to passenger comfort defines center-of-gravity location below 
the pivotal point. Space limitations practically preclude such a 
design. However, such results can be accomplished by the pro- 
vision of a proper suspension mechanism. 

Relatively, Train X has a low center of gravity and a high 
spring location. Each air spring is provided with a self-leveling 
mechanisn. The car-body weight, supported on air springs, is 
transferred to the single axle by means of inclined struts which 
move angularly with body lateral movement thus causing the 
body to lean in the direction of the lateral force. Thus the bene- 
fit derived from superelevation is augmented, allowing greater 
speeds on curved track with increased comfort and safety. 
Since the self-leveling suspension compensates for centrifugal 
force, the passenger will have no uncomfortable feeling when 
Train X is traversing a curve at speeds well in excess of the con- 
ventional train design speed. Special valves are provided which 
automatically maintain a constant floor height irrespective of 
load, thereby compensating for all unbalance. 

As the air spring or “rubber bellows’’ is depressed by vertical 
impacts, air flow is to and from the bellows and adjacent reser- 
voir thereby providing a “floating-on-air’’ support for the car 
body. Dynamic travel of the spring is properly limited from its 
normal position The bellows and air reservoir are so propor- 
tioned that the natural frequency of the suspension can be con- 
trolled despite wide variations in load, thus assuring a soft ride 
under all conditions. The bellows is supported by a spring base 
in the form of a horizontal stay connected to the car-body side 
frame. This stay carries the horizontal component of the in- 
clined strut and serves to keep the spring base in position regard- 
less of longitudinal steering and braking-force influences. A 
rubber pad is introduced between this stay and the upper end of 
the strut to cushion the horizontal force and to provide a steering 
pivot. 


1373 


TRANSACTIONS OF THE ASME 


Fie. 1 


To provide resistance to counterbalance the inherent insta- 
bility of the mechanism, torsilastic units are located at each end 
of each main strut. These units resist angular motion of the 
strut from normal and further serve to dampen and absorb shock. 

Roller-journal bearings, each accommodating the torque 
loads from the torsion units and the lateral thrust from the angu- 
larly positioned struts, are encompassed by a housing on which 
are mounted the foundation brake rigging, steering rods, and 
trunnions for the struts. The wheel and axle are conventional 
railroad type. 

This interesting development has provided a self-leveling 
suspension system which is roll-compensating, will allow greater 
and more comfortable speeds on curved track, improved riding 
characteristics on tangent track, and a unit easily inspected and 
maintained. This is despite a truck weight reduction per pas- 
senger to approximately one fourth that of the conventional. 

STEERING 

The conventional 4-wheel swivel-truck application does not 
require a connection to the car body. The truck frame acts as 
a torque arm and such a truck will align itself approximately 
tangent to curved track because of the lateral thrust of flanges 
of the wheels against the rail. 

A single-axle car requires a radius-rod connection from the 
body to the axle to transmit braking forces and to hoid the axle 
normal to the body. Such an arrangement may be used on a 
relatively short car, or as the trailing axle of a longer car where 
the angular displacement will always be ‘‘negative.’’ The 
“negative angle of attack’’ has been used successfully on roller 
coasters, the original Talgo, and on the original Train X test car. 
In all cases the fixed-position axle is the trailing axle of each 
car and the cars “hang’’ on each other as semitrailers. This 
defines a ore-direction train with the front car supported by a 
special locomotive or special adapter car. 

The original Train X was designed for one-direction operation. 
However, to allow the flexibility believed to be mandatory, 
proper steering was developed to make Train X bidirectional. 
This defined single-axle use as either leading or trailing and 
obviated use of radius rods. Properly steering the axle into a 
curve necessitated an acceptable steering mechanism. 

When Train X negotiates a curve, each car-body section creates 
an angle with respect to the adjacent car body. The coupler 
between cars must pivot through this angle. If a single axle 
were located at the coupler position, this axle should bisect the 
angle midway between the cars (if the cars are of equal length). 
The Train X coupler mechanically and automatically adjusts 
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the car axle to its proper position by suitable lever-type linkage. 
With cars permanently coupled together, the adjacent car body 
can be used directly for this function. This mechanism makes 
unimportant the direction of travel of any unit and the train 
can operate safely and comfortably in either direction. The 
train trailing axle, having a negative angle, has the steering 
device locked so that the axle is always normal to the car body 
and the car can be operated safely, The leading car, which is 
coupled to the locomotive, is steered by the locomotive. The 
coupler of the latter must be specially designed. 


Treap Brake—Cosra SHOE 


The single cobra shoe-on-tread brake rigging for Train X is of 
the unit type with cylinder and shoe for each wheel. A relatively 
small cylinder is used with a standard shoe. The brake cylinder 
is vertically mounted on the journal-saddle casting outboard of 
the wheel and the brake shoe is applied to the top of the wheel. 
The brake-cylinder push-rod end is pinned to clevis lugs provided 
on the journal-saddle casting and is free to rotate. The cylinder- 
body assembly moves vertically along the push-rod axis. The 
two cylinder levers (right and left-hand) are fastened to the 
brake-cylinder nonpressure head by a trunnion-type mounting. 
The center fulerum points of the cylinder levers are pinned 
through a lug on the journal-saddle casting. The other end of 
the lever is pinned through the brake head. A simple manual- 
type slack adjuster is provided facilitating complete shoe wear 
with one adjustment after the initial setting. New shoes are 
easily applied. 

The hand brake is connected by a lever-and-chain arrange- 
ment to one end of the hand-brake bell crank. The bell-crank 
fulcrum is pinned through a cleyis in the journal-saddle casting. 
The other end of the bell crank is connected in the yoke of the 
push link. This connection has a curved surface bearing to 
permit limited angular movement. The upper end of the push 
link is slotted to receive the hand-brake yoke which is adjacent 
to the cylinder and assembled between the two brake levers. 


Brake-ContTrot EquiIrpMENT 


On both prototype trains, the mechanical brake is actuated 
pneumatically and is controlled by electropneumatic brake 


equipment. Through the manual control of a self-lapping brake 
valve on the propulsion unit, there is established a reference 
pressure which actuates a master relay valve and circuit breaker. 
The circuit breaker energizes application magnet valves on each 
unit of the train and establishes automatically and simultaneously 
the same pressure in a straight air pipe running throughout the 
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train. Straight air-pipe air passes through a service valve and a 
limiting valve to reach the brake-cylinder relay valve which is 
of two conventional styles. For the axles at the permanently 
coupled cars and on the proyulsion unit, a relay valve supplies 
brake-cylinder air from the main reservoir. For all other car 
axles, a differential relay valve is used. Air-spring pressure con- 
trols a relay air valve to select the proper response ratio. 


CouPLING 


The load-carrying automatic car-coupler equipment was 
especially designed to meet the design and operating character- 
istics of Train X. All necessary air and low-voltage electric 
connections are made automatically through this coupler when 
the cars are joined. There are two distinct portions of this device. 
The male-coupler portion is mounted on the car-axle end of the 
car and joins with a mating female portion on the dolly-whee! 
end of the adjacent car. Each coupler portion includes electrical 
connectors having multiple circuits, a straight air-pipe connector, 
and a supervisory-pipe connection as well as the necessary auto- 
matic operation interlocks. 

An air cylinder is provided to rotate the dolly-wheel shaft, 
raising when coupling and lowering when uncoupling. This 
operation also actuates a coupler latch. By means of a relay air 
valve, the suspension air springs are automatically deflated when 
coupling and automatically inflated after coupling is completed. 
A small manually operated special handle must be used in either 
of the uncoupling valves provided on the end of the car. This 
valve is turned to uncoupling position to separate the cars. 

This coupling design provides a satisfactory automatic means 
of carrying car load and also provides connections for train 
service lines from one car to an adjacent unit. Safety hazards 
have been reduced and the coupling of cars greatly facilitated by 
this application. 


Acoustic 


Believing that passenger comfort could be increased by a de- 
sirable reduction in noise levels, Pullman-Stgndard retained 
competent consultants in acoustics to provide an improved 
sound-level environment for Train X. Studies were made to 
establish criteria for sound and vibration, allowing an estimation 
of basic source levels. From this information was determined 
sound and vibration-reduction requirements and _ structural 
design specified that would meet these requirements. 

Extensive sound and vibration measurements have been made 
on both conventional and early Train X test cars. Measure- 
ments were made in wide ranges of frequency and vibration, and 
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tests were conducted in speed ranges from stationary to 80 mph. 
These measurements, together with experience in analogous 
problems and measurements in other fields, have yielded engi- 
neering information pertinent to the criteria. Consequently, 
noise-reduction requirements have been established as a function 
of frequency for related components of Train X and the desiyn 
thereof considerably influenced to give rail passengers a more 
comfortable and relaxing ride. 

The primary objective of this acoustic approach was the con- 
struction of a “tight box’’ for the interior of the car, completely 
divorced acoustically from the car structure. This is achieved 
by “floating’’ the floor on isomode pads using vibration mounts 
and specially designed rubber moldings for supporting the side 
finish, and with the use of a soft material for headlining. Metal 
panels are either treated with a sprayed or damping material 
or damped by the plastic material used for inside finish. All 
holes through the “box’’ necessary for air flow receive a special 
treatment in the form of acoustic baffles, acoustic duct lining, 
and the like. Double-wall sound barriers are used at the wheel 
wells, The glass in the double-pane sash is spaced extra wide 
to eliminate acoustic coupling between the inner and outer 
panes, 


System 


The auxiliary electrical potential for train air conditioning, 
heating, and lighting is supplied by a diesel-driven alternator 
located in the locomotive. This alternator also supplies power 
for the locomotive fans, compressors, and so on. The New 
York, New Haven and Hartford Railroad train has two locomo- 
tives—one at each end for double-end operation, while the train 
for the New York Central is powered by a single locomotive. 
On the former, power is fed from each locomotive to supply 
demands of half the train and the alternators are not paralleled; 
also, in the New York tunnels, the diesel engine is shut down and 
the alternator is driven by a d-c motor with power supplied from 
the third rail. 

After careful consideration of distribution, availability of 
standard equipment and anticipated train auxiliary loads, 480- 
volt, three-phase, 60-cycle power was specified. The five-car 
nine-unit train requires 283.5 kw. The maximum connected 
load in the air-conditioning season is 144 kw. 

The main power train line is a three-phase bus duct of the 
feeder type mounted in the roof space above the ceiling. Bus 
bars are of aluminum and insulated. The bus-duct casing is 
aluminum and ventilated. Power is carried between units on 
the coupled ends through an automatic power train-line coupler 


TRANSACTIONS OF THE ASME 


A— MIRROR 

HOPPER 

WASHSTAND 

D—PAPER TOWEL CONTAINER 
SOILED TOWELS BELOW 


€ AXLE—~ REMOVABLE PANEL 


/ 


AUGUST, 1956 


E—TOILET PAPER HOLDER 

F— WATER COOLER 

G—HAND HOLD 

H— COND. VALVE 

J — TOOLS, FIRE EXT. & FIRST AID 


AC UNIT 
END-WEST ENO 
DIAPHRAGM 
WHEEL HOUSE | 


END FRAME! 


jal 
Beane 


¢ pivot 


Fie. 3 40-Passencer Section FLoor Pitan Wits VestiBuLe 


PIVOT 


INSULATION 


A.C UNIT 


“BY END- WEST END 
DIAPHRAGM 


EAST END END 
_— PLAIN END FRAME 
INSULATION 


WHEELHOUSE 5” 


SMES @ 
§- 


DIAPHRAGM 


++ 


Fic. 4 48-Passencer Section Pitan 


REMOVABLE PANEL 
€ PIVOT ABOVE AIR SPRING RES. 
/ ono. are 


NORTH SIDE 


STORAGE LOCKER (ABOVE) 
6 COFFEE CONTAINERS 
2 FOOD SERVICE CARTS 


t 


END- WEST END 


WORK 
COUNTER 
ABOVE 


Fie. 5 40-Passencer Section FLoor (Two-Axte Car) 


mounted on the center of the outer-end diaphragms and posi- 
tioned for mating by a stem on the diaphragm. Control con- 
tacts in the coupler head act to remove all load from the con- 
nection prior to breaking the main power contacts. On cou- 
pling, the main contacts make contact before load is applied to the 
line. The power train connections are permanently coupled 
between the units of the two-section car. Each unit of the train 
is connected to the main power bus through a magnetic con- 
tactor operated by the control contact in the train-line connector. 
Both pickup and dropout are automatic. 

Each car is equipped with a three-phase transformer con- 
nected “Delta” to the 480-volt train bus and “‘star’’ on the 
standby side (208-120 volts). Miscellaneous loads requiring 
208 or 120 volts are taken off the star connection. On stand-by 
the car is automatically isolated from the train line. Power is 


fed into the 208-volt star connection of the transformer and 
480 volts are furnished to the air-conditioning and heating 
equipment from the Delta side. 

Conventional passenger-car electrical systems represent a most 
effective barrier to standardization and the ease of interchange. 
The system provided on Train X is economical to buy, install, 
and operate, and uses equipment that is produced in large 
quantities for widespread use in industry. On Train X there is 
one reliable remote power plant capable of providing a constant, 
uninterrupted source of a-c power, and further capable of pro- 
viding a more constant load than obtained through the use of 
conventional d-c generators and large batteries. Pounds of 
weight saving per kilowatt of constant power contribute greatly 
to these new train designs. 
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HEATING 


For heating Train X, an electrical system is specified. Full 
automatic control for heating and for cooling each car is con- 
tained in a quite simple and light panel. Radiant panels are 
provided utilizing convection and radiant heat and include an 
electric heating element. Proper baffling is provided to attain 
uniform panel temperatures and prevent sound transmission from 
framing to car interior. 

When car temperature drops below the control point, one 
third of the electric heating potential is introduced in both the 
overhead and floor heat by connecting the heater elements in a 
Y-connection. As the heat load increases to the point where the 
first step is unable to keep the car at the control point, a second 
contact on the heating thermostat switches the heaters to a 
Delta connection giving 100 per cent heating capacity from 
the same set of heater units. 

A low-limit duct thermostat automatically calls for full over- 
head heat should the duct temperature fall below 70 F while the 
main control calls for low heating. This will obviate any possi- 
bility of cold drafts developing as the heating load passes through 
the change-over point between low and high heat demand. For 
layover position, the blower control switch is placed in “‘off’’ 
position. The overhead heat is locked out by the interlock on 
the blower-fan contactor and full floor heat under two-step con- 
trol is available for maintaining the car at 60 F. Floor heat 
capacity is sufficient to maintain car losses to —20 F. 

The second step of heating is cycle-modulated, allowing an 
“anticipating effect’’ to sense the car demand between the first 
and second steps to eliminate “over and under’’ temperature 
runs. The cooling control circuit is the conventional two-step 
arrangement with the first step starting the compressor and the 
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second step opening the solenoid valve to feed the full evaporator. 
Heating is interlocked through the cooling-pilot relay to pre- 
vent chance of heating and cooling at the same time. 

This heating system is in keeping with the over-all objective 
of the train and should maintain an even temperature throughout 
the car regardless of outside weather conditions. It is simple 
and should have very high availability and low maintenance. 


Atr CoNnDITIONING 


The complete assembly of this lightweight, low-maintenance 
air-conditioning equipment includes the sealed motor-compressor 
unit, air-cooled condenser, split-coil evaporator, condenser fan, 
air-circulation fan, electric-heat coil, and air filters. Installa- 
tion and testing have been greatly simplified as the unit is charged 
and tested by the manufacturer. The car builder provides 
proper air ducts, connections, and the electric-power plug and 
receptacle. Removable access panels facilitate installation as 
well as removal and replacement of the unit, and contain the 
air-inlet and exhaust grilles for fresh air, condenser air, and 
exhaust. Placement of the grilles minimizes mixing of exhaust 
and the 40 per cent provision of fresh air, and subjects all air 
grilles to the same aerodynamic conditions with better control 
of air balance at any and all speeds. 

Air distribution in the car is through a generously proportioned> 
and lightweight molded central duct assuring minimum velocity 
and quiet air movement. Discharge into the car is through two 
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strips of adjustable-slot diffusers, one set on each side of the 
The space between the diffusers is used for a luminous 
All ducts are especially treated to minimize outside 
noise entering the passenger space. 

This design permits the use of an entirely self-contained unit 
with size and weight approximately one third that used on the 
conventional car and with piping and wiring thereof the entire 


air duct. 
element. 


responsibility of the vendor. In general, use of a package air- 
conditioning unit, built, tested, and sealed at the factory, justi- 
fies the assumption that after some experience has been gained, 
air-conditioning maintenance on cars can be substantially re- 
duced. Much longer guarantees should be expected from 
equipment suppliers. 


Water System 


Above the washroom ceilings of each of the vestibule cars are 
stainless-steel water-storage tanks interconnected by an equaliz- 
ing line to allow both to fill and drain evenly. The water- 
filling arrangement is enclosed in a dust-tight box having a 
spring-loaded door and tanks may be filled from either side of the 
car. 

Water is piped to the hopper and washstand in each washroom, 
with hot water at the latter provided by means of instantaneous 
electric water jackets. 

An enclosed mechanical water cooler is located in one corner 
of each men’s washroom with the alcove, cup dispenser, and 
waste receptacle accessible from the passageway. 

All fixtures are provided with separate shut-off valves to 
afford protection and permit service without necessity of drain- 
ing the entire system. 


STRUCTURE 


Train X has an alloy-aluminum superstructure mounted on 


an underframe having steel end sections and an alloy-aluminum 
center section. The structure meets all the applicable require- 
ments of AAR and RMS specifications even though the train 
weight is well below 600,000 lb. The present design of structure 
is suitable for longer trains exceeding this weight. 

The corrosion-resisting aluminum alloy used in the structural 
framing combines high strength with desirable ductility require- 
ments. The outer structural sheets are of a high-strength alloy 
clad with pure aluminum for extra corrosion resistance. The 
structure is assembled with high holding-strength, mechanically 
driven aluminum lock bolts. 

Longitudinal members are extrusions and are joined to pressed 
car lines, side posts, and cross-bearers. These pressed members 
are heat-treated after forming for maximum strength, and when 
assembled they form a series of ribs or hoops. 

Center sills are aluminum alloy. The top portion is made of 
two extruded tees which are laced to a bottom portion made up 
of a pair of rolled angles and a bottom plate. The entire center 
sill occupies a space approximately 3 ft wide and 15 in. high, has 
an area of 24 sq in., and will resist a compressive force of 800,000 
lb. Belly sherts connect this center sill to the side structure. 
The center si. is connected at each end to a steel structure 
designed to transfer coupler forces safely to the center sill. 

Aluminum-alloy crash posts are provided on each side of the 
passageway at each body end. Each post will resist 300,000 
lb of collision force. The balance of the end structure is alu- 
minum. The wheel wells and end sills are framed with welded 
high-strength low-alloy steel. Including the end sections, the 
entire structure weighs less than 7000 lb for a body length of 
45'/. ft, averaging about 150 lb per lineal foot, or approximately 
40 per cent that of the conventional car. 

The interior trim, sash, racks, seats, floor, train lines, and so on, 
which must be added to the structure and which occupy the 
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center section of the body, weigh about as much as the structure 
itself, bringing the complete body weight of the center section to 
approximately 300 lb per ft of length. This weight is only 


13,000 lb complete for the 48-passenger compartment. The 
balance of the body weight is 10,000 lb and consists of equip- 
ment in the end lockers, wheel wells, couplers, and so on. The 
wheels, axle, and suspension details bring the total weight of the 
48-ft car to approximately 28,500 lb. The entire nine-section 
train will weigh less than 135 tons empty for the trailing cars and 
about 165 tons loaded. 


Train INTERIOR STYLING 


Pullman-Standard has created a new and luxurious interior 
treatment in keeping with the over-all design objective. The 
selection of all colors, textures, patterns, and interior decorations 
has been influenced by their universal acceptance, and they 
have been co-ordinated into harmonious and pleasing combina- 
tions using three basic color schemes. Distribution of these 
color arrangements makes possible an alternating pattern so that 
no adjacent cars appear to be similar. Each of the three basic 
schemes specifies material highly resistant to abrasion and im- 
pact and having desirable acoustic, thermal, and application 
characteristics. 

Lightweight vinyl tile floor covering may be applied in squares 
allowing ease of replacement or repair. New floor covering pat- 
terns and fresh colors are available for each scheme comple- 
menting the over-all decorative treatment. A comfortable and 
lightweight reversible reclining seat is provided. The seat back, 
head roll, cushion front, and arm rests are equipped with durable 
elastic-backed easily maintained vinyl upholstery. 

Tinted heat-absorbing glass in the side windows eliminates 
glare and obviates the necessity for window shades or draperies. 


Fie. 13) Typicat Train X INTERIOR 


A new type of interior finish application permits application of 
floating panels. 

New type reinforced polyester preformed window frames and 
pier panels are provided in one color, and like all interior ma- 
terials of this train require no painting. The headlining which 
consists of vinyl-faced fiberglas insulation, like all other interior 
materials, conforms with the basic acoustic specifications. 

A continuous overhead lighting arrangement is available 
wherein the ceiling and side walls are illuminated by indirect 
fluorescent tubes concealed behind air-conditioning diffusers at 
the car center. Additional light is supplied at the reading plane 
by fluorescent tubes mounted above transluscent safety-glass 
panels directly over the aisle, or this can be accomplished by 
installation of spotlights. The lighting fixtures are integrated 
into the headlining contour and are covered with decorative ma- 
terials prevalent in each scheme. The open luggage rack is of 
aluminum tubular-bar design. 


Train Exterior STYLING 


Various exterior color schemes are available with the sug- 
gested use of polychromatic paint in two tones, with the darker 
thereof used for the girder, letterboard, and roof, and the lighter 
tone used at the window strip. Extruded continuous aluminum 
moldings with polychromatic paint may be used to simulate the 
aluminum silver color directly above and below the window band. 
The underneath portion or “belly’’ of the car is painted with a 
black rubber paint. Diaphragms are of black rubber. 

No exterior identification is provided other than a pleasing 
oval-shaped railroad insignia placed in the window band adjacent 
to the vestibule doors. The car number is located directly 
below the insignia, centered on the girder sheet, and is painted 
white. 

With this paper, various related drawings and illustrations are 
shown clearly illustrating some of the general design features of 
Train X. 

Irrespective of the improvements offered in the so-called light- 
weight-train program, the carriers have a most important obliga- 
tion in the type of service they provide. Design is not the cure- 
all for the existing railroad passenger deficit. Design may well 
provide units much less costly to own, operate, and maintain. 
However the carriers also must contribute with assured increase 
of utilization and much improved scheduling and service. 
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ACCOMPLISHMENTS IN DgEsIGN 
In summary, the accomplishments reflected in Pullman- 
Standard’s Train X are: 


1 Greatly reduced initial cost per seat. To the railroads 


who must constantly think in terms of capital investment, this 
fact is of vital importance. 

2 Important dollar savings in the fields of operation and 
There can be no doubt but that these major cost 


maintenance. 
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segments will be very favorably influenced by the greatly re- 
duced train weight, use of remote auxiliary power source, plas- 
tic interiors, and the like. 

3 Outstanding passenger comfort and appeal. Accomplish- 
ment of a pleasing and functional style (both interior and ex- 
terior), a method of compensating for undesirable body roll, and 
acoustical treatment for the reduction of noise levels are but 
prime illustrations of the “‘public-acceptance’’ principle which 
has influenced the entire design. 
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Factors Influencing the Dynamic Behavior of 
Tall Stacks Under the Action of Wind 


By M. S. OZKER! anv J. O. SMITH,? DETROIT, MICH. 


This paper sets forth what is believed to be a new concept 
of the dynamic response of tall stacks to wind action, in 
that the wind-induced vibrations of a stack are classified 
as “self-excited” rather than “forced.” Information pre- 
sented is pertinent to the design of structurally sound 
steel stacks, and includes experimentally determined 
structural damping characteristics of welded, gunite- 
lined and riveted, brick-lined steel stacks. Also presented 
is a realistic value of the often disputed “lateral force co- 
efficient C,,” as determined from observations on actual 
stacks. 


INTRODUCTION 


HE effective dispersion of gaseous industrial wastes re- 

quires increasingly high stacks in order to prevent excessive 

air pollution at ground level. This increasing height intro- 
duces problems in the stability of these structures. Certain re- 
cent instances of serious difficulties have been experienced with 
tall power-plant stacks due to wind-excited vibration. It has 
been known for the past 60 years that wind forces can cause 
high stacks to oscillate. However, specific information on 
amplitude, frequency of vibration, structural damping, and the 
nature of wind-induced exciting forces has been meager. 

The peculiar phenomenon that stacks have a predominant 
tendency to oscillate in a direction normal to the wind was first 
reported by Omori (1)* in 1918. Omori did not find an explana- 
tion for this peculiar behavior. Since then other investigators, 
Pagon (2), Frank (3), and Den Hartog (4), have published papers 
relating this phenomenon to the formation of von Karman 
vortexes. The available, though limited, literature (5, 6, 7) has 
treated the dynamic response of stack structures to wind excita- 
tion as one of forced vibration. Based on the well-known linear 
relationship between the frequency of vortex shedding and wind 
velocity, f = S(V/D),* the concept of a “critical wind velocity”’ 
for a given stack was developed. The critical wind velocity was 
defined as a particular wind velocity at which the frequency of 
vortex shedding, as calculated by the afore-mentioned relationship, 
coincides with the natural frequency of the stack structure, thus 
creating maximum amplitudes. The first part of this paper 
presents a radically different concept of the dynamic response of 
tall steel stacks to wind excitation. This concept is based en- 
tirely on data obtained through observations on actual stacks 
subjected to wind action. 

1 Assistant Division Supervisor, Mechanical Division, Engineering 
Laboratory and Research Department, The Detroit Edison Company. 
Mem. ASME. 

2 Research Engineer, The Detroit Edison Company. 

* Numbers in parentheses refer to the Bibliography at the end 
of the paper. 

4f is the frequency of vortex shedding, S is the Strouhal number 
(a constant), V is wind velocity, and D is stack diameter. 

Contributed by the Power Division and presented at the Diamond 
Jubilee Annual Meeting, Chicago, Ill., November 13-18, 1955, of 
Tue American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
5, 1955. Paper No. 55—A-69. 


A realistic analysis of a stack with respect to its structural 
stability cannot be made urJess the structural damping character- 
istics and the relationship between the magnitude of the exciting 
force and wind velocity are known. The structural or internal 
damping of the stack can best be determined experimentally. A 
test procedure employed to determine the internal damping in 
certain stack structures and the results obtained are presented in 
the second part. 

The relationship between the exciting force and the wind 
velocity requires the knowledge of the so-called coefficient of 
lateral force, C,. For the Reynolds numbers involved, values of 
this quantity reported in the literature (8, 9) range from 0.66 to 
1.71. The evaluation of data secured through observations on 
stacks with known structural damping characteristics leads to 
the conclusion that these values are too high. The results of this 
evaluation are discussed in the third part of this paper, and a 
realistic value of C, is presented. 


Winpv-Inpucep Strack VIBRATIONS 


The nature of wind-induced stack vibrations was first estab- 
lished through observations on the stacks of the Congress Street 
Heating Plant,’ and was later substantiated on other steel 
stacks. The arrangement of the former stacks is shown in 
Fig. 1. 
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Several times over a period of years, considerable movement 
of the tops of Nos. 1 and 2 stacks of this steam-generating plant 
had been reported. These occurrences were associated with 
relatively high winds. The movement of No. 2 stack was re- 
ported as being greater than that of No. 1 stack. As the result, 
an investigation was undertaken to determine the amount and 
the structural significance of this movement in the interests of 
safety and public relations. 

These stacks are building-supported, steel-riveted, brick- 
lined, 150 ft high above the roof, and with an average diameter 
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of 10 ft 7 in. The line of stacks makes an angle of 60 deg 
east of north. A review of the structural design of these stacks 
revealed adequate conformity to the local builidng codes and 
accepted engineering practices. The results of pertinent calcula- 
tions indicated that these large deflections of the top of No. 2 
stack could not have been due to the steady drag of wind. There- 
fore it was concluded that the large movement of the stack top 
must be due to a vibratory build-up. 

In order to study the actual dynamic behavior of the stack 
under wind action, the following simultaneously recorded data 
were considered necessary: (a) Wind velocity and direction, (b) 
amount and direction of stack-top displacement, (c) frequency of 
oscillations, and (d) magnitude of the stress in a specified section 
of the stack shell. 

The amplitudes of the vibratory motion of the stack were 
observed by means of an optical system consisting of three 
telescopic sights individually trained at graduated targets at 
specified locations on the stack including one at the top. A box 
beam welded to the stack shell near the base served as a mounting 
for the telescopic sights. The deflections thereby observed were 
those due only to bending of the stack. 

Measurements of strains in the stack shell due to vibratory 
motion were made by the use of electric resistance-type strain 
gages. At the level approximately 140 ft below the stack top 
four pairs of gages were installed at locations 90 deg apart, 
as shown in Fig. 2. The lower two diagrams in this figure show 


OSCILLOGRAPHS 
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Fic. 2 ARRANGEMENT OF Strain GaGes ON Stack SHELL 


the connections of the gages in two separate bridge circuits, the 
bridge outputs being fed into and recorded simultaneously by 
a direct-writing oscillograph. The arrangement of the gages is 
such that for any deflection of the stack the resistance change of 
each gage is opposite in sign to that of the two adjacent to it in 
the bridge circuit. This produces a ‘“double-push-pull” effect; 
i.e., the resistance change of each gage adds to the unbalance and 
correspondingly to the output of the bridge. A sample oscillo- 
graph trace that is typical of the records obtained is shown in Fig. 
3. The upper trace is that of the strains in the shell of No. 2 
stack in the vertical plane through the line of stacks and the 
lower trace is the record of strains occurring in the plane perpen- 
dicular to the former through the center line of the stack. The 
timing marks seen on the lower edge of the record are at 1-sec 
intervals. 

As soon as a calibration between optically observed stack-top 
displacements and recorded shell strains was established, the 
strain records provided all desired information when matched 
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with the simultaneously recorded wind data. From the large 
amount of data secured over a period of 4 years, only those por- 
tions representing steady-state vibrations for steady winds were 
taken into consideration. Since the frequency of the oscillating 
strain peaks is also that of the vibratory motion of the stack, the 
frequency of the latter was readily and accurately determined 
from these records. 
The evaluation of the data revealed the following: 


(a) The No. 2 stack executed a vibratory motion normal to 
the direction of the wind. 

(b) The frequency of oscillations was constant (0.86 cps) and 
independent of the intensity of the wind. 

(c) The displacement of the stack top increased with increased 
wind velocity. 

(d) The displacement of the stack top was materially depend- 
ent upon the wind direction. 


Double amplitudes of stack-top displacement are plotted as a 
function of wind direction and wind velocity in Fig. 4. It is 
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evident that for any given wind velocity (above 10 mph) the 
maximum amplitudes occur when the wind blows parallel to the 
line of stacks from S-SW (240 deg from north). This may be 
attributed to the aerodynamic influence of No. 1 stack. The 
highest deflection ever observed was 8 in. double amplitude. 
This occurred with a wind from 240 deg at 55 mph. 
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The fact that the observed frequency remains constant regard- 
less of wind velocity cannot be explained by the theory of a 
linear relationship between vortex frequency and wind velocity. 
If this relationship were valid for the Reynolds numbers involved 
(1,000,000 to 7,000,000), the stack would execute a forced vibra- 
tion with the corresponding impressed frequency. The constant- 
frequency phenomenon has been substantiated by observations on 
stacks at St. Clair and Conners Creek.* 

The implication of the foregoing is that the stack controls 
the frequency of the vortex shedding once its motion is initiated. 
In other words, the stack vibrates at its own natural frequency at 
all times. Therefore the motion of the stack under the action of 
the wind may be classified as a self-excited vibration. It is 
a known fact (10) that, in a self-excited vibration, the alternating 
force that amplifies and sustains the oscillation is created or 
controlled by the oscillation itself. In such cases the alternating 
force is automatically in resonance with the resonant frequency 
of the vibratory system. Since the stack is a self-excited vibra- 
tional system, it follows that there is no “critical wind velocity” in 
the sense of forced vibrational response. 


74 
29 | f 
a 8}- t f- 
e | | | 
x 7} PREDICTED CRITICAL) 
WIND VEL.(31 MPH) | Ps 
6} 
4}- 

3r 

2} 


WIND VELOCITY, MPH 


Fic. 5 Osservations on Concress Str. Heatinc Piant Stack 
No. 2 


Fig. 5 shows the relationship between steady-state maximum 
amplitudes and wind velocity for two wind directions. It is 
readily seen that the maximum response does not occur at a 
critical wind velocity as predicted in accordance with the concept 
of forced vibration. On the contrary, the relationship is a con- 
tinuously increasing function and appears to be of a parabolic 
character. Based on the critical wind-velocity concept, a stack 
would be entirely safe for greater wind velocities if it were safe 
for the critical. This obviously would be unrealistic. 


SrrucTuRAL DAMPING 


When a vibrational system, such as a stack, is excited by an 
alternating force at the natural frequency of the system, reso- 
nance will occur. The amplitude ultimately attained is limited 
by the internal or structural damping inherent in the system. 
This amplitude is maintained as long as the exciting force persists 
and the system is said to execute a steady-state vibration. This 
is a condition where the amount of energy imparted by the excit- 
ing force is equa] to that dissipated through structural damping. 

In the case of wind-induced stack vibrations, the structural 


* Thermoelectric generating stations of The Detroit Edison Com- 
pany. 
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damping must be sufficiently high to keep the resulting amplitudes 
within specified limits. It is recognized that the structural 
damping of a stack is not only a function of the physical proper- 
ties of the materials constituting the structure, but also is in- 
fluenced materially by the geometry of the structure, type of 
fabrication, and the foundation design. Analytical methods have 
been developed (11) to determine the internal damping of ma- 
chine members of monolithic construction. These would be 
hardly applicable to a composite structure such as a stack. The 
difficulty lies in taking into consideration the influence of the type 
of fabrication (welded or riveted), nature of lining (gunite or 
brick), and foundation design. Therefore experimentally deter- 
mined structural damping characteristics of stacks of various types 
of construction are desirable information for the design of stacks of 
similar construction The results of experiments conducted with 
two types of steel stacks are reported in this paper. 

Experimental Procedure. Damping is usually expressed by a 
term called “logarithmic decrement,’ which is defined as the 
natural logarithm of the ratio of two successive amplitudes during 
the decay of free vibration. To determine this quantity experi- 
mentally, it is necessary to initiate free vibration and secure a con- 
tinuous record of the diminishing amplitudes. One method of 
initiating free vibration is by effecting sudden release of a static 
force sufficient to produce a measurable elastic deformation in the 
structure. This was essentially the procedure followed in 
the experimental determination of the structural] damping of the 
stacks. 

The setup employed to apply a static force to the top of the 
test stack consisted of a taut wire rope, rigged horizontally be- 
tween the top of the test stack and that of an adjacent stack, 
and loaded vertically downward midway between the two stacks. 
Quick release was effected by means of a notched tension bar 
(designed to fail at a predetermined load) incorporated in the 
horizontal line. A strain gage-type dynamometer was used to 
obtain a continuous record of the horizontal load applied during 
the tests. 

Two types of instrumentation served to measure the rate of 
decay of free vibration. They were (a) strain gages bonded to 
the stack shells, and (b) resistance wire-type linear accelerometers 
mounted at the tops of the stacks. The recorded signals from the 
strain gages and accelerometers yielded traces from which the 
logarithmic decrements, bending stress, natural frequency, and 
amplitudes could be determined. A typical oscillograph record 
is shown in Fig. 6. 

The spring constants of the stacks (force of restitution per 
unit deflection) were determined by means of correlated transit 
observations and measurements of horizontal force. 

Description of Stacks Tested. A series of field experiments were 
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conducted on a self-supporting, welded steel, gunite-lined stack of 
the St. Clair Power Plant, the profile of which is shown in Fig, 7. 
The four identical stacks of this plant are erected on individual 
concrete slabs supported by concrete piles approximately 90 ft 
long, imbedded in clay soil. The height of the stacks above grade 
is 250 ft. The diameter is 27 ft at the base, tapering to 18 ft at 
the 96-ft level and 16'/; ft at the top. The steel shells are of 
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Fic. 8 ARRANGEMENT OF CoNNERS CREEK STACKS 


butt-welded construction throughout. The gunite lining is 
applied with a thickness of 2'/2 in. for the top 86 ft, 3 in. for the 
next 128 ft, and 5 in. thence to the base. Tests were conducted 
on No. 4 stack which was inactive at that time. 

A second series of tests were made on two building-supported, 
riveted steel, brick-lined stacks of the Conners Creek Power 
Plant. The arrangement of these stacks is shown in Fig. 8. The 
test stacks, Nos. 4 and 5, are included in a battery of seven stacks 
spaced 44 ft center to center on a common base line. These 
stacks are supported by structural steel girders located 26 ft 
below the boilerhouse roof; their height above the supports is 
240 ft, the total height above grade being 353 ft. The diameter 
of the stacks is 16*/, ft for a length of 196 ft down from the 
tops. Below this is an 18-ft-long flared section over which the 
diameter enlarges to 26 ft and is uniform thence to the base. 
The steel shell is lap-riveted throughout. The linings comprise 
4 in. of brick and 2 in. of grout. 

The portion of the boilerhouse directly beneath No. 5 stack 
houses two large steam generators and three coal bunkers, inter- 
connected with the structural steel supporting the stack. There 
are no steam generators under No. 4 stack, since the units origi- 
nally served by the latter were removed some years ago. 

The No. 5 stack represents a conventional arrangement where- 
in the stacks are placed directly above the steam generators. 
The incidental availability of No. 4 stack in its present state (be- 
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ing without steam generators and auxiliaries underneath) was 
most convenient because it closely simulated the genera] char- 
acteristics of the stack design for a projected power plant. 

Test Results and Discussion. The experimentally determined 
structural damping characteristics of the stacks described are 
summarized in Fig. 9. In this figure is shown the relationship 
between logarithmic decrements and single amplitudes for the 
respective stacks, 
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In the case of the self-supporting, gunite-lined, welded steel 
stack (St. Clair No. 4) the logarithmic decrement for sizable 
amplitudes is substantially constant corresponding to a value of 
0.064. It should be pointed out that most of the damping in this 
stack can be attributed to the interaction between the piles and 
the surrounding mass of earth (8). The fact that the logarithmic 
decrement was found to be essentially constant indicates damp- 
ing of predominantly viscous character. 

The curves for brick-lined, riveted steel stacks (Conners Creek 
Nos. 4 and 5) indicate that the damping increases with increasing 
amplitudes. The curve for No. 5 stack shows a markedly higher 
damping when compared with that of No. 4. This difference 
may be partly explained by the influence of the structurally inter- 
connected steam generators as vibration absorbers. 

Using the experimental data, damping-energy curves for the 
various stacks can be established, as shown in Fig. 10. The 
steady-state amplitudes attainable under a wind of 75 mph are 
determined from the points of intersection (A, B, and C) of these 
curves with the curve of energy input by the wind. 

The ordinates of the damping energy curves represent the 
combined energy dissipation by the stacks proper and their respec- 
tive foundations. There is no direct experimental method for 
evaluating the damping of either a stack or its foundation sepa- 
rately. When the inherent properties of concrete and soil, 
which comprise the St. Clair stack foundation, are compared with 
those of structural steel, a large difference in the amounts of damp- 
ing contributed by the two types of foundations is readily visual- 
ized. Since the Conners Creek stacks, at small amplitudes, ex- 
hibit a total damping of approximately the same order of magni- 
tude as the St. Clair stack, and greater damping at larger ampli- 
tudes, it is concluded that the former stacks possess materially 
greater damping within the stacks proper, By this reasoning, a 
structure comprising a riveted brick-lined stack and a concrete- 
pile foundation would possess most desirable damping character- 
istics. 
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The formation of a vortex on one side of a stack shell enforces 
an asymmetry of flow, resulting in a lateral pressure unbalance 
and consequently a force acting in a direction normal to the 
wind. The alternate forming and shedding of vortexes from 
opposite flanks of the stack thereby produce an alternating force 
which causes vibration of the structure. The magnitude of the 
lateral pressure unbalance is proportional to the stagnation pres- 
sure of the wind. Thus the exciting force may be expressed as 


where C, is the coefficient of lateral force, a dimensionless 
quantity, V is wind velocity, p is the density of air, and A is 
the projected exposed area over which the vortex formation 
occurs, Assuming this force to vary sinusoidally, the maximum 
steady-state amplitude at resonance is 


xas,(2)=%c 


where K is the uniformly distributed force of restitution per 
unit deflection of stack top, f,, is the magnification factor at 
resonance, and 6 is the logarithmic decrement. Since wind- 
excited stack vibration is a phenomenon of self-excitation, reso- 
nance exists at all times. Therefore the maximum amplitude 
under a steady wind of any velocity may be predicted by this 
formula if K, 5, and C, are known. The factors 6 and K may 
be determined experimentally. The accuracy of the prediction 
depends, therefore, upon the validity of the value assumed for the 
coefficient C;. In order to obtain experimental data from which a 
factual value of C, could be derived, instrumentation for re- 
cording stack-top amplitudes during strong winds was installed 
on Nos. 4 and 5 stacks of the Conners Creek Power Plant follow- 
ing the completion of the tests to determine their resilience and 
damping characteristics. With the latter properties of these 
stacks known, through correlated wind-velocity and amplitude 
data, the value of C, could be calculated from the following re- 
lationship 
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On one occasion fairly steady winds occurred varying from 24 
to 37 mph from a direction approximately normal to the line of 
stacks. For a period of several hours while this wind persisted, 
continuous data were recorded on the amplitudes of the stack 
tops and wind velocity. From these data the highest computed 
value of C; was 0.093. 

At a later date, much stronger winds occurred, ranging from 
38 to 56 mph from a direction approximately 30 deg from the line 
of stacks. These winds continued for 10 hr during which time 
continuous data were recorded. The maximum value of C, 
determined from these data was 0.133. 

From these results there is evidence that the value of C, 
as it applies to downwind stacks of a battery, increases when the 
direction of the wind stream approaches that parallel to the 
line of stacks. No data were obtained with the wind from such a 
direction. However, referring to Fig. 4, it is seen that winds 
from a direction parallel to the line of stacks produce vibrational 
responses 30 per cent greater than those caused by winds of the 
same velocity at 30 deg to the line of stacks. If it is assumed 
that the proximity effect is of the same order of magnitude for 
the Conners Creek stacks, a maximum value for C, of 1.30 X 
0.133 or 0.173 is indicated. 

Consequently, a realistic value of C, is in the order of 0.20. 


SumMMARY AND CoNCLUSIONS 


Tall stacks vibrate under the action of steady winds. The 
direction of this vibratory motion is normal to wind direction. 
The stack structure under wind action constitutes a self-excited 
vibrational system. The vibration frequency is the natural 
frequency of the structure and remains constant for all wind 
velocities. The stack is at resonance at all times. There is 
no critical wind velocity in the sense of forced vibrational response. 
The amplitudes increase with increasing wind velocities. 

The lateral force coefficient C,, used in determining the magni- 
tude of the wind-induced exciting force, has been found no greater 
than 0.20. 

All other structural features being the same, brick-lined, 
riveted steel stacks possess more structural damping than gunite- 
lined welded steel stacks. The structural damping of self-sup- 
porting gunite-lined welded steel stacks is predominantly through 
the foundation. The logarithmic decrement for the latter type is 
essentially constant for sizable deflections. 

The logarithmic decrement for building-supported, brick- 
lined, riveted steel stacks increases with increasing amplitudes. 
This is a desirable feature. In conventional stack arrangements 
steam generators when present underneath the stack appear to 
serve as vibration absorbers, thereby contributing substantially 
to the over-all damping capacity. 

The specific information presented in this paper on damping 
in various types of stack structures can be used to advantage in 
the design of stacks having essentially the same features. 
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Discussion 


F. B. Farquuarson.?’ The writer must express his disagree- 
ment with the authors in their statement that tall stacks fall 
in the self-excited vibration classification. It is quite true 
that the stack vibrates at or near one of its own natural frequen- 
cies at all times, but the alternating forces accompanying the 
shedding of vortexes is present at all wind velocities. This fact 
alone excludes the self-excited classification, since the frequency 
of alternating force is principally a function of the shape of the 
structure and the wind velocity. Thus this phenomenon must 
be classified as a “forced vibration.’”® 

The writer’s experience, and that of several other investigators, 
presents evidence at variance with the conclusions drawn from 
Fig. 5 of the paper, which suggests that a vibration once initiated, 
is continuously augmented as wind velocity is increased. 

Several categories of structures are suceptible to vibration 
under wind action; for example, transmission lines, towing cables, 
submarine periscopes, suspended pipe lines, and tall stacks. 
In all of the cases cited the cross section of the vibrating structure 
is essentially circular and the exciting mechanism is the same in 
all cases. All of these structures possess certain elastic qualities 
which result in several possible vibration modes of increasing 
frequency which succeed one another as the wind velocity is in- 
creased, 

In 1936 Joseph 8. Carroll* made an extensive investigation of 
conductor vibration on several sizes of conductors. He isolated 
as many as five vibration modes and found that each mode de- 
veloped a distinct maximum amplitude and then decayed, only 
to be supplanted by the next higher mode as wind velocity was 
increased, These higher modes lapped each other to a certain 
extent and the exact wind velocity at which motion started in 
each mode was somewhat obscured. 

The periscopes on submarines, which are circular cantilever 
tubes, have developed vibrations of so serious a nature that 
observation through them was seriously impaired." This vibra- 
tion only occurred over a limited velocity range and in the funda- 
mental bending mode. Undoubtedly, if the speed through the 
water had been sufficiently increased, higher modes of vibration 
would have developed. This example is closely analogous to the 
problem of the tall stack. 


? Director, Engineering Experiment Station, University of Wash- 
ington, Seattle, Wash. 

8 See reference (10) of the Bibliography of the paper. 

* “Laboratory Studies of Conductor Vibration,’’ by J. 8. Carroll, 
Electrical Engineering, vol. 55, 1936, pp. 543-547. 

0 ‘The Effect of Rigid Guide Vanes on the Vibration and Drag of a 
Towed Circular Cylinder,”” by G. Grimminger, David Taylor Model 
Basin Report No. 504, April, 1945. 


TRANSACTIONS OF THE ASME 


AUGUST, 1956 


In 1952 a model stack was investigated at the National Physi- 
cal Laboratory in England."! This model consisted of a 2-in- 
diam aluminum tube 75 in. long which was mounted in the wind 
tunnel as a vertical cantilever. Oscillations were developed in 
the fundamental mode and persisted over a limited range of 
wind velocity with the maximum amplitude occurring at about 
1.45 times the critical wind velocity. 

The writer recently has been engaged in a study of conductor 
vibration under action of wind, in the course of which a 4-in- 
diam smooth rigid tube was investigated in the wind tunnel.'* 
This tube was 70 in. long and was mounted in the wind tunnel 
in a horizontal position and was restrained by four coil springs. 
The model had two degrees of freedom and oscillated in two 
distinct modes; i.e., one with vertical motion at 6.3 cycles per 
sec (eps), and a second at 10.6 cps about a fixed point at the 
Under conditions of equal structural damping in each 
mode the critical value of V/fD was the same for both modes."* 
In other words, the critical velocity V, for each mode varied 
directly with the frequency. From this it follows that it is suf- 
ficient to determine V,/fD for any single mode of motion in order 
to predict the critical velocity V, for any other mode under the 
same condition of damping. 

Thus it follows that a tall stack, which is capable of oscilla- 
tion in several modes of ascending natural frequency, will in- 
deed always move at a natural frequency. But, if a sufficient 
range of wind velocity is available, motion will develop in a dis- 
tinct mode, at its own natural frequency, for several ranges of 
wind velocity. In the case of a tall stack, especially if it is 


center. 


lined, the damping will be distinctly different for each mode. 
It is generally agreed that the motion of tall stacks has its 


origin in vortex shedding where the rate of shedding is f = 


and $ is the Strouhal number. It follows then that S = fD/V, 
which is the reciprocal of the parameter V//D. 

Referring to Fig. 5 and the plot of observed amplitude against. 
wind velocity for a wind parallel to the line of stacks, it is evident 
that the critical velocity was approximately 10 mph (or 14.67 
fps). This corresponds to V/fD = 1.61, or S = 0.62. 

Fig. 11 of this discussion shows a plot of $ against Reynolds 
number R' where the minimum value of Cp at R ~ 250,000 
represents the critical region where the wake is assumed to be- 
come turbulent. It will be noted that $§ ~ 0.2 in the transition 
range, but rises sharply with increasing R. 

Evidently the value of $ = 0.62 is approximately three times 
as great as the value of 0.20 commonly assumed for the Strouhal 
number. However, a critical wind velocity of 14.67 fps (from 
Fig. 5 of the paper) corresponds to R = 6380(14.67)(10.58) ~ 
10°, a value well beyond the critical. Thus from Fig. 11 one 
would expect a Strouhal number much greater than the conven- 
tional S ~ 0.20. 

It has often been assumed that the turbulent wake existing be- 
yond R = 250,000 would inhibit oscillation. However, most 
recent observations on vibrating stacks have involved Reynolds 
numbers well beyond the critical. 

Some light is shed on this problem by recent investigations by 


“Wind-Excited Oscillations of Tall Stacks,’ 
The Engineer, vol. 199, June 10, 1955, pp. 806-808. 

12**Wind Tunnel Investigation of Conductor Vibration Using 
Rigid Models,”’ by F. B. Farquharson and R. E. McHugh, Jr., Con- 
ference Paper, American Institute of Electrical Engineers, February, 
1956. 

‘3 V /fD is a nondimensional parameter, where V is wind velocity, 
f is oscillation frequency, and D is stack diameter. The critical 
velocity, Ve, is the velocity at which the oscillation starts. 

“4R = VD/v is the kinematic viscosity. A working approxima- 
tion is given by R = 6380 VD (ft-lb-sec units). 


by C. Scruton, 
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Delany and Sorensen where Reynolds numbers up to 2,300,- 
000 were reached. AtR = 1,500,000 and for Cp = 0.43, it was 
found that S ~ 0.42. Previously Landweber™ had calculated 
that the reduction of the width of the wake in the turbulent 
region to half the value measured in laminar flow would yield 
Cp = 0.36 and S = 0.41, in reasonable agreement with the ob- 
servations of Delany and Sorensen. The curves shown in Fig. 11 
have been extended by dashed lines to include the experimental 
values obtained by Delany and Sorensen. 

In the absence of sufficient data on the Congress Street stacks, 
the writer has not been able to compute the natural frequency 
in the second vibration mode. However, Dickey and Woodruff” 
have computed constants for stacks of uniform section, which 
show a ratio of 6.26 between the frequencies for the first two 
modes, which seems to be of the proper order. Applying this 
ratio to Fig. 5 of the paper, it would appear that the critical 
wind velocity in the second mode would be approximately 
10(6.26) = 62.6 mph, neglecting the effect of increased damping 
in the second mode. 

As noted previously, these two modes would be expected to 
overlap and it seems probable that observations at 60 mph would 
have shown the beginning of a dip in the 240-deg plot in Fig. 5. 
It also might be predicted that the damping in the second mode 
would considerably exceed that in the first with the probability 
that the second mode might never develop. The probability of 
oscillation in the second mode is still further reduced with the 
fairly certain expectation that increasing wind velocity would 
tend to be of a more gusty and irregular nature. 

The writer has seen no evidence in published data to indicate 
that any tall stack has ever oscillated in the second mode. There- 
fore it must be concluded, from the available laboratory evidence, 
that at a certain wind velocity, depending on the diameter, flex- 
ural properties, and damping characteristics of the stack, the fre- 
quency of the vortex discharge approaches the lowest natural 
frequency of the stack and initiates an oscillation. As the wind 
velocity is slowly increased (and if it remains sufficiently steady 
in magnitude and direction) the amplitude also increases with 
the frequency of the vortex release now controlled by the natural 
frequency of the structure. This process continues until a 
maximum amplitude is reached, at which point the input of 


1 ‘*‘Low-Speed Drag of Cylinders of Various Shapes,"’ by N. K. 
Delany and N. E. Sorensen, NACA TN 3038, November, 1953. 

16 ‘Flow About a Pair of Adjacent Parallel Cylinders Normal to a 
Stream,”’ by L. Landweber, David Taylor Model Basin Report No. 
485, July, 1942. 

“The Vibration of Steel Stacks,’’ by W. L. Dickey and G. B. 
Woodruff, Proceedings of the ASCE, Separate No. 540, vol. 80, No- 
vember, 1954. 
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energy from the wind just balances that absorbed by the struc- 
ture. Beyond this point a further increase in wind velocity 
causes the amplitude to fall off until eventually the structure 
loses its control of the shedding frequency. At this point, if the 
natural frequency of the second mode and the damping are 
sufficiently high, the stack comes to rest. On the other hand, 
there is a possibility that a small range of wind velocity exists 
where the two modes overlap. In this case the second mode 
might develop, but with greatly reduced amplitude. 

Laboratory experiments with very low damping and wind of a 
much steadier character than that experienced in the field show 
that motion is exceedingly slow in building up in the initial stage. 
A relatively small disturbance in the direction or steadiness of 
the wind can seriously impair the augmentation process. It is 
thus not surprising that observations in the field show very 
great irregularities. 


R. H. Saervocx."* The subject matter of this paper is still 
in the pioneer stage. It will probably continue so for some years 
to come. Nevertheless engineers must proceed with the design 
and construction of high stacks since height is one of the con- 
siderations involved in the proper dispersion of stack gases. 
Under these conditions it is especially important that engineers 
in this field make available to the profession the results of their 
experience and their thinking. The authors have provided a 
welcome addition to the meager literature in this field. 

It has been the general practice for writers on this subject to 
accept the theory of the von Karman “vortex trail” as the ex- 
planation for the exciting forces necessary to produce vibration 
across the wind stream. The theory has been well validated for 
values of Reynolds number below the critical value. It can be 
said, also, that even above the critical value, the cylindrical 
smokestacks seem to vibrate as they would be expected to do if 
the flow around and behind the stacks followed the von Karman 
theory. In the present state of the art and its underlying sci- 
ences the von Karman theory has served as a useful framework 
on which to hang coefficients based on experience. It cannot be 
said, however, that at these high values of Reynolds number the 
reality of the von Karman trail has been established, and this 
paper gives an additional basis for skepticism in the matter. 

A cylindrical stack constitutes an obstruction in the air stream. 
The air is forced to flow around it and tends to resume the un- 
disturbed conditions of flow as soon as possible downstream from 
the obstruction. If the air were a perfect gas, there would be 
no loss due to viscosity and friction in the boundary layer, and 
the air would resume its undisturbed condition of flow without 
separation of the boundary layer from the surface of the stack. 
In such a case there would be an increase in the velocity and 
kinetic energy of the layers adjacent to the sides of the cylinder 
on the upstream side, with a corresponding decrease in static 
pressure, so that at the cross-wind axis of the cylinder these 
layers would have gained the exact amount of kinetic energy 
necessary to permit them to return to their original line of flow 
against the increasing static pressure at the downstream surface. 

Actually, however, the air is not a perfect gas but is viscous, 
and the conditions of flow are different. The boundary layers 
lose energy through friction and viscosity on the upstream sides 
and are eventually forced to separate from the surface of the 
eylinder, thus enclosing a region in which the static pressure is 
lower than that of the freely flowing air but is higher than that 
of the fast-moving enclosing layers. 

Owing to its momentum, each layer is able to support a dif- 
ference in pressure between the air spaces inside and outside the 
layer. However, this difference in pressure cannot be supported 
indefinitely and, in those cases where the von Karman theory 
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holds true, the layers turn inward and roll up into vortexes with 
their axes of rotation parallel to the axis of the cylinder. The 
vortexes flow downstream and eventually disintegrate as 
the velocities in the component parts of the wake approach the 
velocities in the undisturbed air stream. This formation has 
come to be known as the ‘von Karman Trail” and the reality 
of its existence at Reynolds numbers below the critical value 
has been established under laboratory conditions a number of 
times. 

At the Reynolds numbers which exist in the case of smoke- 
stacks during high winds the trailing vortexes are occasionally 
outlined by the entrapment of smoke within them. They appear 
as vertical tails spinning their way downwind. They rarely 
show even a quasi-periodicity even in the case of rough stacks. 
At one plant where there are eight vertical angles on the outside 
of the stack, which gives the effect of great roughness, these trail- 
ing vortexes can be seen frequently. However, even if the 
reality of the vortex trail were established at high Reynolds 
numbers in a wind tunnel, there still might be considerable doubt 
as to its reality in the free atmosphere during high winds. 

There are numerous differences between the conditions of a 
stack in the free atmosphere and of a cylinder in a wind tunnel: 


1 The stacks are not stationary but are vibrating, often 
through a considerable amplitude. 

2 The stacks are not always cylindrical but sometimes have 
the shape of truncated cones so that the vortexes would be gen- 
erated at different frequencies along the height of the stack, 
according to the von Karman theory. 

3 During wind storms there is usually a strong temperature- 
lapse rate in the atmosphere with consequent turbulence, which 
varies throughout the height of the stack. 

4 The wind is gusty so that the velocity is constantly chang- 
ing. 

It does not follow that there are no lateral exciting forces even 
though the von Karman vortexes do not have an opportunity to 
form in the immediate wake of the stack. Other hypotheses are 
possible. For example, if it is assumed that the von Karman 
vortexes do not form downwind from the stack, there still would 
be the certainty that the boundary layer would form on the up- 
stream side and on the lateral sides of the stack and that these 
layers would be forced to separate from the downwind surfaces 
of the stack. They would flow downwind as layers of high mo- 
mentum capable of enclosing a low-pressure zone for some 
distance. In the field the presence of this low-pressure zone is 
frequently marked by a bulbous protrusion on the bottom of a 
horizontal smoke plume close to the stack. As the stack vibrates 
across the wind the angle of incidence of the wind will change 
periodically and the period will be controlled by that of the stack. 
Likewise, the points of separation of the boundary layers will 
move back and forth with the period of the stack. This should 
cause a difference in the simultaneous velocities of the boundary 
layers on the two sides, with a consequent periodic difference in 
pressures. 

In this concept of the exciting mechanism the period of the 
alternating pressures would always be controlled by the period of 
the stack. The incidence of catastrophic vibration would not 
depend upon resonance between the period of the vortexes and 
that of the stack, but upon the frequency of occurrence of at- 
mospherie conditions favorable to this orderly behavior of the 
boundary layer. The role of damping would be the same under 
both hypotheses. 

Before the nature of the exciting forces is fully understood it 
will be necessary to supplement wind-tunnel information with 
answers to at least the following questions: 

To what extent does the turbulence usually associated with 
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high wind velocities inhibit the development of large periodic 
lateral forces? 

What is the probable frequency of occurrence of those types 
of high winds which are favorable to the development of large 
periodic lateral forces? 

The first question deals mostly with aerodynamics, the second 
one with meteorology. 


W. F. Swicer.” In October, 1949, the stacks of a steam sta- 
tion, then under construction at Moss Landing, Calif., suddenly 
began behaving in what was, in our opinion, a most unprece- 
dented manner, ovalling or swaying violently on several occa- 
sions in winds of only moderate velocity. 1t is interesting to 
note that, except for general texts, we were able to find only one 
reference to such behavior in technical literature at that time. 
Since then, a number of such occurrences have come to our at- 
tention and the bibliography of this excellent paper bears wit- 
ness of the attention and study that the engineering profession 
has devoted to this problem in the recent past. 

The authors found that the stacks they have investigated 
sway at all wind velocities; the amplitude of motion being a 
function of the wind velocity and the frequency constant. 
They found, also, for a line of stacks, that the amplitude of mo- 
tion, and presumably the disturbing force, was a function of the 
wind direction and that the second stack in line moved much more 
vigorously than the upwind stack. It will be interesting and 
informative to compare these observations with observations 
made at other locations. 

Table 1 shows observed vibration and wind characteristics at 
three different locations. Cases 1 and 2 are stacks of the Moss 
Landing Steam Station. Motion of these stacks first oc- 
curred at a wind velocity of about 25 mph when the stacks were 
observed to vibrate as a ring, that is, to assume an oval cross sec- 
tion alternately on two perpendicular axes. At a later date, 
when the wind velocity was estimated to be about 40 mph, in- 
stead of ovalling the stacks swayed violently from side to side 
in a direction perpendicular to the direction of the wind. Note 
that the swaying motion and the ovalling each occurred at a 


TABLE1 VIBRATION AND WIND CHARAC- 
TERISTICS AT VARIOUS LOCATIONS 
OBSERVED 
MOTION WIND 


COMPUTED 
CRITICAL WIND 


LOCATION 


AY 
MOSS LANDING i 28 25 


MOSS LANDING 
SWITZERLAND 


DENVER, COLORADO 


* ESTIMATED WIND VELOCITY AT GROUND LEVEL 


wind velocity equal to the computed resonant wind velocity for 
the type of motion involved. Further, the ovalling type of 
vibration observed at 25 mph indicates that vortexes were form- 
ing at this wind velocity at a frequency given by a Strouhal num- 
ber of approximately 0.2. These vortexes did not cause observa- 
ble swaying of the stack which, as a cantilever, is not resonant 
at this wind velocity. 

Case 3 is an aluminum tower located in Switzerland.” This 
tower was calculated to sway at low wind velocities absorbing 


19 Structural Engineer, Stone & Webster Engineering Corporation, 
Boston, Mass. 

* Discussion of Proceeding Separate No. 541 ‘Resonant Vibra- 
tion of Steel Stacks,”’ by Cedric Marsh, Proceedings of the ASCE, 
Separate No. 664, April, 1955. 
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by internal damping the energy imparted by the vortexes. Com- 
puted critical wind velocity for the tower is 7.3 mph. Swaying 
occurs at wind velocities of 6 to 10 mph, as measured by anemom- 
eter. 

Case 4 is for a stack located near Denver, Colo., which has a 
calculated critical frequency corresponding to a wind velocity of 
20 mph. This stack is observed to sway at wind velocities of 
18 to 20 mph as measured by a high-level anemometer. 

Observations on these three structures indicate that vibration 
in each is initiated when a wind of critical velocity generates 
vortexes of a frequency corresponding to the resonant frequency 
of the structure. Motion was observed only for a limited range 
of wind velocities. This is clearly a resonance function, and is in 
complete disagreement with the observations by the authors. 
The immediate question is, why? In what way do these struc- 
tures differ from those observed at the Detroit Edison Company? 

Cases 3 and 4 were single, isolated stacks. The Moss Landing 
stacks were three abreast, but the wind direction at the time 
motion was observed was normal to the line through the stacks. 
Their behavior indicated the stacks acted independently of each 
other; that is, as if they were single, isolated stacks. It appears 
that the behavior of a single stack and the mechanics of its excita- 
tion are an entirely different phenomenon from the excitation 
of the downwind stacks of a line. Excitation of a single stack 
or of a line of stacks perpendicular to the line of wind, if they are 
sufficiently far apart that there is no mutual effect, would appear 
to be a resonance phenomenon. Motion should be anticipated 
only when the frequency of formation of eddies corresponds to the 
natural frequency of the stack either as a cantilever or as a ring 
to cause ovalling. Excitation of a line of stacks from a wind 
along the line, or quartering to it, appears to involve buffeting 
of the second and subsequent stacks by vortexes shedding from 
the first stack with little or no excitation of the first stack. 

Little is known of the vortex trail downstream of a cylinder. 
Studies by Roshko* indicate that obstructions downwind may af- 
fect or determine the character of the vortex trail shed by a 
cylinder. It is quite possible that geometry, that is, the rela- 
tionship between the stack diameter and stack spacing, is of 
material importance in these phenomena. 

The studies made by the authors indicate the maximum lift 
coefficient C, for a line of stacks of approximately 0.2. Fig. 12 
of this discussion shows a plot of the damping decrement for the 
Moss Landing stacks against amplitude. For the observed 
single amplitude at 16'/, in., it may be shown that the coef- 
ficient of lift C,, equals 6.2 6, where 6 is the damping decrement. 
Because of the relatively small test amplitudes, extrapolation to 
an amplitude of 16 in. involves considerable uncertainty. How- 
ever, these data do indicate C,, to be in the order of 1.0 to 1.5. 
This is in agreement with theoretical values of C;, which range 
from 0.94 to 1.73. 

If the mechanism of excitation of wind-induced sway is dif- 
ferent for a line of stacks than for an individual stack, then it 
would be reasonable to assume that the lateral forces exerted 
would be materially different for the two cases. This is indicated 
by these studies. In fact, since the term coefficient of lift applies 
only to the unbalanced force exerted upon a cylinder due to the 
formation of the vortexes, it is questionable that this term or the 
expression 

pV*D 

29 


21 “On the Development of Turbulent Wakes From Vortex Streets,” 
by Anatol Roshko, NACA TN 2913, March, 1953. 

“A New Hodograph for Free-Streamline Theory,"’ by Anatol 
Roshko, NACA TN 3168, July, 1954. 

“On the Drag and Shedding Frequency of Two-Dimensional 
Bluff Bodies,’’ by Anatol Roshko, NACA TN 3169, July, 1954. 
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may be property applied to computing the forces exerted upon the 
second stack in a line which is experiencing buffeting from vor- 
texes shedding from the first stack. Additional information and 
theory are required to establish the mechanics of and what ex- 
pression should be used for computing the forces due to buffeting 
on the second stack in a line. 

The values of C, were determined by the authors on building- 
supported stacks at the Conners Creek Station. Details of the 
method of measuring amplitudes are not given in the paper. 
For similarly located stacks at the Congress Street Heating Plant 
amplitudes of vibration were computed from the stress in the 
stack shell just above the roof. These observed stresses were 
correlated with motion observed by instruments mounted on a 
beam fastened to the stack shell at approximately the same loca- 
tion. This method will not give total amplitudes of motion 
since the contributions of the structural base and framing below 
the point of measurement are not included. Computation of C,, 
however, must be based on total amplitudes of motion. The 
simple magnification expression used in computing C’, is not ap- 
plicable to a system or structure having distributed masses, a 
number of elastic restrains and distributed damping as is the 
ease for a stack supported on a building. Considering the fore- 
going, the value quoted of C; = 0.2 must be questioned even as a 
measure of the lateral forces resulting from buffeting. 

The authors noted small amplitude vibrations at the funda- 
mental frequency of the stack for winds normal to the line of 
stacks. As explained elsewhere** vortex formation is aperiodic 
for velocities such that the boundary layer becomes turbulent. 
The forces developed during the formation of these vortexes would 
cause deflection of the stack of the order of the static deflection 
for a pressure equal to the stagnation pressure of the wind stream. 
Because these vortexes are aperiodic, attendant vibration would 
be at or near the fundamental frequency of the stack. These 
motions are not hazardous. They are of a completely different 
character than the catastrophic or near-catastrophic motions 
excited by constant-frequency vortex formation such as oc- 
curred at the Moss Landing Steam Station or which buckled 
the stacks of the St. Clair Plant. 

Summarizing this discussion, it is believed that the mecha- 
nism of resonant excitation of a single stack or of an individual 
stack in a line, when the wind direction approaches the normal 
to the line, may be completely different from the excitation of the 
second and later stacks of a line by a wind along or quartering to 


22 Authors’ reference (5). 
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it. If the mechanism of excitation is different, it is reasonable to 
assume that the forces exerted upon the stacks under these dif- 
ferent conditions would be materially different and such data as 
can be deduced from the previous tests bear out this assumption. 

Theoretical values of C, range from 0.94 to 1.73. Computa- 
tion of C, from the observed sway of the stacks at Moss Landing 
indicates a value of C,, between 1.0 and 1.5. 

The authors and the Detroit Edison Company should be 
thanked for making available to the engineering profession 
these results of their obviously voluminous research on this prob- 
lem. Unfortunately, because of the limitations of time and 
space, data included in this paper cover only a portion of the 
records and studies at three different stations. Correlation be- 
tween the three locations is incomplete. It is hoped these stud- 
ies will be continued and complete results at the three plants 
made available. 

Credit is due Mr. W. Watters Pagon*®* who first suggested that 
the behavior of multiple-stack installations might be different 
from that of single stacks. 


G. B. Wooprurr.** The response of cylinders, such as power- 


plant stacks or of pressure vessels, is of interest to the power and. 


petroleum industries. It is only through additional research 
similar to that described by the authors that engineers will have 
adequate knowledge for the design of such structures. The 
writer agrees with the authors’ summary and conclusion. He 
questions certain of the assumptions leading thereto. 

Nature of Vibrations. The writer agrees that the vibrations 
described by the authors are self-excited. This is probably 
true for all conditions above the critical Reynolds number. 
Whether or not the frequency is exactly the same as that of free 
vibrations may be questioned. In tests of suspension bridge 
models,* it has been found that the frequency under wind was 


slightly less than the natural frequency, the difference being a 
function of the damping. A statistical analysis gives the for- 
mula 


N = No (1 — 6/2) 


in which JN is the frequency under wind and No, the natural fre- 
quency. 

Possibly, this difference provides an explanation that vibro- 
grams of stacks indicate a tendency toward “beats.” If 
the two forces are the inertia of the stack with a frequency No 
and the vortex discharge with a frequency N, one would expect 
an interval between successive beats of 2/5 sec. In the diagrams 
of Fig. 3 of the paper it is possible to find some evidence of beats 
at intervals of 40 sec. From this value, 6 = 0.05, or in the same 
order as given by Fig. 9 of the paper. 

Critical Velocities. From the authors’ data it appears that 
for Reynolds numbers above the critical and neglecting small 
differences in damping and wind efficiency, the amplitudes are 
proportional to the stagnation pressure g. If this is correct, 
it leaves some observations to be explained. 

At Moss Landing,** the completed stacks, Nos. 2 and 3, had 
amplitudes of 15 in. at a velocity of 40 mph. There was no ap- 
preciable amplitude of Stack 1, which was only 8 ft shorter, nor 
had Stacks 2 and 3 exhibited appreciable amplitudes in pre- 
vious velocities of 35 mph. The observations at the Michigan” 
stacks were similar. 

23 W. W. Pagon discussion of Proceedings Separates Nos. 540 and 
541, ASCE, Proceedings of the American Society of Civil Engineers, 
Separate No. 661, April, 1955. 

24 Consulting Engineer, San Francisco, Calif. 

% ‘‘Aerodynamic Stability of Suspension Bridges With Special 
Reference to the Tacoma Narrows Bridge,’’ University of Washington 


Experiment Station No. 116. 
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Damping. The following values of the decrement may be 
added: 


Contra Costa*—Lined 
—Unlined 

Moss Landing**—Lined 
—Unlined 


0.005 A 
(11/2 in. amplitude) 
0 in. amplitude) 


In both these cases the stacks were on pile-supported concrete 
mats. The amplitudes at Contra Costa were limited to 5 in.; 
the extent to which the formulas can safely be extrapolated is not 
known. It will be seen that the gunite lining which, at Contra 
Costa was 8 in, thick at the base, contributed materially to the 
damping. It seems evident that there must be considerable 
hysteresis effect in the reinforced gunite. It may be possible 
that, at higher amplitudes, the decrement of the St. Clair stacks 
would increase. It may be questioned if, as yet, there is suf- 
ficient evidence to substantiate the conclusion that brick is supe- 
rior to gunite in this respect. 

Values of C,. The authors conclude that “previously pub- 
lished values for C, are too high and recommend the value of 
0.20.” In reaching this conclusion, the authors have made two 
assumptions which may be in error. The first of these is 7/6 
for the magnification factor. This applies only in the case of 
precise tuning in the case of resonance. Without definite proof 
and on the hypothesis that the frequency under wind is slightly 
less than the natural frequency, the writer has adopted the value 
of 1/5. Furthermore, the authors have tacitly assumed that the 
wind is uniform. In comparing the results on suspension-bridge 
models with observations on the prototype, it has been found that 
the amplitudes of the latter are less than those predicted by the 
model. The difference is generally ascribed to turbulence of the 
wind stream. This effect has been termed the “wind effi- 
ciency,” Hy. Sufficient data are not available to evaluate this 
term; it doubtless varies at the same velocity in different storms, 
but it may be expected to be rather low at high wind velocities. 
The writer suggests as a modification of the authors’ Equation 
[2] 


X Ey/Ké 


As for the numerical value of C,, tests on vibrating cylinders 
at Stanford University gave equal amplitudes at g = 5.25 and 
13.65 (R = 312,000 and 503,000, respectively) or a ratio of 2.60. 
If 1.71 be accepted as the correct value of C;, below Reynolds 
critical, it would indicate the value of 0.66 for Reynolds numbers 
above critical. With the different assumptions for magnifica- 
tion factor and reasonable assumptions for wind efficiency, the 
end result is in close agreement with that proposed by the author. 

This value of 0.66, if correct, applies only to the case of a single 
stack or to a group of stacks when the wind is at right angles to 
the group of stacks. From Fig. 4 of the paper it appears that the 
amplitude, and therefore C,, is approximately 75 per cent greater 
when the wind is at azimuth 240 deg than when at azimuth 150 
deg. As shown by Scruton,” this is probably a function of stack 
diameter and spacing. The effect of these variables could be 
determined by comparatively simple wind-tunnel tests. 

It is to be hoped that other utilities will follow the lead set by 
the Detroit Edison Company and supply further data which will 
provide a definite solution to the problem of aerodynamic forces 
on cylinders. In the meantime, the writer can only state that 
he has been unable to find any record of excessive amplitudes in 
any stack with either a brick or gunite lining. 


7 Aerodynamic Buffeting of Bridges,’’ by C. Scruton, The Engi- 
neer, vol. 199, May 13, 1955, pp. 654-657. 
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CLOSURE 


The authors heartily welcome the discussions offered and wish 
to thank the discussers for their efforts which materially enrich 
the present paper. Appropriate remarks are made to each dis- 
cussion in the order of presentation. 

Referring to Mr. Farquharson’s opening sentence, it is very 
difficult to understand his disagreement in the matter of self- 
excitation in view of his agreement with the phenomenon of con- 
stant frequency. The two are not compatible. It is felt that 
there is sufficient elaboration on this point in the text of the paper. 

As to the unconventional appearance of the curves in Fig. 5 
and their interpretation, it should be pointed out that similar 
curves have also been established ‘for the Conners Creek stacks 
and it is hardly justifiable to consider the rather extensive data 
as a series of coincidences. 

This discussion repeatedly makes reference to modes higher 
than the fundamental. Such considerations will fall into an 
impractical range of wind velocities even by the conventional 
approach. When designing for other conditions such as earth- 
quake or large-scale explosions, shock loading may produce 
modes higher than the fundamental. 

It should be emphasized that the conclusions set forth in the 
paper are based entirely on experiments and recorded observa- 
tions on full-size stacks as they behave under actual conditions. 
The value of working on the actual structures in studying com- 
plex or controversial engineering problems is obvious. 

Regarding Professor Sherlock’s excellent remarks, the authors 
have accepted the formation of vortexes only because observa- 
tions and recorded data did not iead to a contradiction. 

With reference to Mr. Swiger’s question as to why the re- 
portedly observed behavior of certain other stacks is at variance 
with the observations made on the Detroit Edison stacks, the 
authors would like to review briefly their own experience at the 
Congress Street Heating Plant. 

At the outset of the investigation, the only facts available 
were the reports by persons who had witnessed the movement. 
The calculated first-mode natural frequency of the stacks was 
in the order of 1 cycle per second. Based upon a Strouhal num- 
ber of 0.2, the calculated critical wind velocity for the stacks 
was between 30 and 35 mph. Witnesses agreed that the motion 
was pronounced at about that wind velocity and further that the 
corresponding frequency of the motion appeared to be about 1 
cycle per second. On this basis, it appeared that here also was 
“clearly a resonance phenomenon.’’ However, as soon as simul- 
taneously recorded data on frequency, amplitude, and wind 
velocity were available, it became obvious that the phenomenon 
could only be explained as one of self-excitation. It is therefore 
the author’s belief that conclusions based upon visual observa- 
tions of motion and estimated wind data only are misleading. 

It is correct that the movement of downwind stacks of a battery 
respond most vigorously to wind excitation when the wind blows 
parallel to the line of stacks. In the case of the Congress Street 
No. 2 stack, the increase in amplitude under a parallel wind over 
that due to a right-angle wind is some 75 per cent. The authors 
have no experimental evidence to substantiate Mr. Swiger’s 
postulation that “excitation of a line of stacks by a wind along 
the line, or quartering to it, causes little or no movement of the 
first stack in line.” The available evidence indicates quite the 
contrary. In November, 1952, when both No. 1 and No. 2 stacks 
of the St. Clair Power Plant failed by buckling during a 65 mph 
gale, No. 1 stack was the upwind stack. 

Mr. Swiger raises the question as to how the amplitudes of the 
Conners Creek stacks under wind action were measured. The 
specific instrumentation consisted of electric strain-gage-type 
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seismic transducers, measured the total amplitudes of motion. 
Other instrumentation on the foundations of the stacks revealed 
that the motion of all components of the structures was in 
phase. Thus Relationship [2] is applicable. 

The values of 1.2 and 1.5 for C, that Mr. Swiger has deter- 
mined by extrapolation of the experimental data shown in Fig. 12 
must be questioned. The ASCE paper (5) describing the field 
tests on the Moss Landing stacks, which are the source of these 
data, reports that the logarithmic decrement values were com- 
puted from measurements of deflection taken by transitmen 
sighting on moving targets affixed to the stack tops during the 
decay of free vibration. Considering that an error of only 0.075 
in. in measuring a 3-in. deflection will result in an error of some 50 
per cent in the value of the computed decrement for that ampli- 
tude, it is highly questionable that data of this type lends itself 
to any form of extrapolation. However, the data are considered 
of value in establishing the order of magnitude of the decrement 
over the actual range of amplitudes investigated. 

Mr. Woodruff has raised the question as to whether the fre- 
quency under wind is exactly equal to that of free vibrations or 
some 2 to 4 per cent lower as would be the case if the formula he 
quotes is applicable to cylindrical structures. The authors are 
unable to answer this question on the basis of the Congress Street 
data since the exact natural frequency of these stacks has not 
been found experimentally. However, in the case of the Conners 
Creek stacks, the frequency of free vibration was found by test, 
and the observed frequency of motion due to wind excitation 
coincided in all cases with this experimentally determined natural 
frequency. 

Mr. Woodruff suggests as a modification of Equation [2] 


1 qA 
= 0.66 ( — ) Ey ~ 
(5) 


as compared to the authors’ formula 


qA 
X = 0. — | — 
020(*) 


or 
1\ gA 
X = 0.628 {| — 


As pointed out in Mr. Woodruff’s discussion, there is actually 
little difference between the two expressions. If the factor Ey 
is 0.966 as he suggests, then the two relations become identical. 

Mr. Woodruff is undoubtedly correct in postulating that the 
coefficient C, is affected by the unsteadiness of the wind. The 
authors have purposely assigned the name “coefficient of lateral 
force’ rather than “lift coefficient’ to the term C,. This is in 
recognition of the probability that the term is an all-inclusive 
coefficient, that may be the product of any number of dimension- 
less factors such as the suggested wind efficiency, Ey. 

With regard to the relative damping capacities of brick and 
gunite, the authors’ experiments were not of the type to evaluate 
these two materials individually. The types of shell fabrication 
and foundations were different for the gunite-lined and the brick- 
lined stacks that were tested. The only conclusion that could 
be drawn was that the combination of a riveted shell and brick 
lining has greater damping than the combination of an all-welded 
shell and a gunite lining. It is very possible that the difference 
is due entirely to the presence of the riveted joints. Recent 
tests that the authors have conducted have shown that the damp- 
ing of cantilever beams containing a single lap-riveted joint is 
reduced by as much as 75 per cent when the joint is seal-welded. 
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Design of a Large Coal-Fired Steam Genera- 
tor for 200 F Exit-Gas Temperature and 


Operating Experience With Pilot Plant 


In this paper, studies leading to the decision to design 
River Rouge No. 3 steam generator for an exit-gas tempera- 
ture approaching 200 F are discussed. The design features 
of the unit are described and predicted performance is 
presented. Preliminary results of a pilot plant which has 
been in service since late in February, 1955, with operating 
conditions in the range of the predicted No. 3 unit perform- 
ance, also are discussed. 


INTRODUCTION 


NCREASING power-production costs lead to increased effort 
to improve steam power-plant economy. One of the few re- 
maining sources available for major cycle improvements in a 

conventional plant cycle is the sensible heat loss in the steam-gen- 
erator stack gases. Reduction of this loss in coal-fired steam 
generators is limited for the most part by the amount of sulphur 
and moisture in the fuel. Conservative design, in general, has 
been restricted to a minimum full-load stack-gas temperature, 
ranging from 250 to 300 F, depending on the quality of fuel eco- 
nomically available. The restriction stems from such operating 
problems as corrosion, air-heater fouling, and flue dust-removal 
difficulties. 

Reduction of stack-gas temperature beyond present practice 
by the increase of heat-recovery surface preceding the dust-collec- 
tor installation would result in both severe corrosion in the expen- 
sive collector installation and at the same time result in almost in- 
surmountable dust-removal problems. Location of the complete 
air-preheater installation following the dust collector is not prac- 
tical for conventional precipitators. Dust-removal equipment 
performance depends on low gas velocity and the cost and space 
requirements involved to attain high efficiency on high-tempera- 
ture gases become prohibitive. 

The obvious approach to gain improved efficiency, then, is to 
divide the air-heating surface into two parts (i.e., series heater 
arrangement) putting the normal amount of surface ahead of the 
dust collector and the additional surface following the dust collec- 
tor. This arrangement was studied in the early stages of design 
for River Rouge units Nos. 1 and 2. The study was based on a 
full-load stack temperature of 235 F. It was considered that 
with this arrangement the minimum of equipment, namely, the 
air heater, induced-draft fan, breeching, and stack, would be sub- 
jected to corrosive conditions. The layout and controls were 
planned to protect the sir heaters against fouling. Results of 
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the studies showed the additional cost of air-preheater equip- 
ment, the protective system, the additional duct work, and the in- 
creased power consumption due to increased draft losses more 
than offset the savings resulting from the efficiency gain. There- 
fore the design was abandoned. 

Subsequently, study of literature,* discussions with various 
authorities, and review of low-temperature, oil-fired operating 
unit data led to the conclusion that: 


(a) Flue gas at a temperature approximating 235 F is prob- 
ably the most highly corrosive; that corrosion action should not 
inerease appreciably with decreasing temperature from this point 

(6) Corrosion and fouling for a given sulphur content will de- 
crease with decreasing dust loading. 


On this basis it was reasoned that (a) if stack-gas temperature 
were to be reduced below 250 F, the design logically should be 
based on a temperature well below 235 F and (6) the operation 
would have every chance of success if the temperature reduction 
could be accomplished on the downstream side of a high-efficiency, 
dust-collector installation. It was concluded that this heating 
surface might well perform with little, if any, more distress than 
encountered on air preheaters operating with dust-laden gases up- 
stream of the precipitator with 250 F exit-gas temperature. 

Based on these conclusions it was decided to review the studies 
of the series air-preheater design using 200 F full-load stack-gas 
temperature instead of 235 F. The co-operation of the Air Pre- 
heater Corporation was enlisted and with its assistance the 
studies were carried out. Basic design requirements established 
for the study were as follows: 


(a) The upstream or hot-air preheater should operate in a 
temperature range at all times such as to preclude or minimize 
fouling and this temperature would be conservative from the 
standpoint of dust-collector design. 

(6) The downstream or cold heater should be arranged to 
permit frequent and convenient removal from service for surface 
washing, this outage in no way to influence steam-generator 
availability or capacity. 

(c) Unit operation should be maintained at a reasonable 
efficiency during cold-heater outage periods. 

(d) Since an installation of this type would be in the nature of 
a calculated risk the design should lend itself to easy and low- 
cost revisions to return the unit to a conventional design and 
efficiency basis. 


Results of these studies showed a boiler-efficiency improvement, 
upward of 1'/, per cent. Considering all investments and 
costs for equipment, additional power, and so on, the efficiency 
saving represented a good return on the increased first cost. 
Considerations other than cost which appeared favorable were 


3“Influence of Fine Particles on the Corrosion of Economizer 
and Air-Preheater Surfaces by Flue Gases,"” by Peter Hodson, Trans. 
ASME, vol. 77, 1955, pp. 279-286. 

“Lower Flue Gas Exit Temperature Through Removal of Solids 
Ahead of the Air Preheater,”” by A. J. Tigges and Hilmer Karlsson, 
Trans. ASME, vol. 78, 1956, pp. 305-316. 
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(a) such an installation would certainly be a progressive step in 
improving boiler-plant economy for this and future plants; (6) 
it was believed that continuity of service for the steam generator 
would be improved by the fact that the hot heater would be 
operating at a temperature conducive to trouble-free operation 
and the cold heater could be removed from service without affect- 
ing the unit availability and capability; and (c) the dust collector 
would operate at a temperature which would minimize corrosion 
and dust-removal problems. These factors led to a decision to 
proceed with the design and installation of the series air-heater 
arrangement for unit No. 3 at the River Rouge Plant. 

Since relatively little performance data on low gas-temperature 
operation with coal firing was available it was believed a pilot 
test plant cculd give valuable information and lead to design 
features resulting in improved operation of the main unit. To 
this end, The Air Preheater Corporation and The Detroit Edison 
Company collaborated in the installation and operation of such a 
test plant at the Conners Creek Plant in Detroit. The test unit, 
an actual Size 7 air preheater, was put in service in late February, 
1955. It is hoped that information gained will lead to the opti- 
mum heater design such as basket construction, location of basket 
removal doors, materials, and so on, and will establish optimum 
operating methods, i.e., type, medium, and pressure for soot 
blowing, service-washing procedures, and frequency; corrosion- 
protection requirements; and so on. Preliminary results of this 
test will be discussed later in this paper. Information accumu- 
lated after the writing of the paper will be presented in the 
authors’ closure or in a subsequent report. 


No. 3 SreamM-GENERATOR DESIGN 


The three-unit River Rouge Power Plant will have a guaran- 
teed gross capability of 820 mw. The first two units, 260 mw 
each, are designed for 2000 psig pressure, 1050 F main steam, and 
1000 F reheat steam temperature. Unit No. 1 will be a Babcock 
and Wilcox boiler furnishing steam for a General Electric turbine- 
generator. The second unit will be a Combustion Engineering 
controlled-circulation boiler in combination with a Westinghouse 
turbine. Unit No. 3, a 300-mw unit, is planned for 2400 psig 
pressure and the same steam temperatures. The turbogenerator 
will be a close-coupled Allis-Chalmers unit and the boiler a Foster 
Wheeler unit fired by Riley mills. 

The steam generator for unit No. 3 will have a maximum con- 
tinuous output of 2,000,000 lb of steam per hr. The unit is 
arranged as two completely separate steam generators, This is 
shown schematically in Fig. 1, One steam generator is referred 
to as the superheat boiler, the other as the reheat boiler. Each 
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one has its own independent boiler-water circuit including econo- 
mizer, drum, and drum-level controls, and each has its own radi- 
ant primary superheater. The primary superheater steam from 
both primary superheaters is raised to final temperature in a 
drainable secondary superheater which is located in the super- 
heat boiler. The steam-reheating surface is located in the reheat 
Firing of the reheat furnace is controlled to maintain 
reheat-steam temperature. Firing of the superheat furnace is 
controlled to maintain steam output. Superheat-steam tem- 
perature is controlled by condenser-type desuperheaters which 
reduce the temperature at each primary superheater outlet as 
required to accomplish control of final steam temperature. 

The combustion gas and air circuit for each boiler is also inde- 
pendent of the other, each having its own hot-air heater, dust 
collectors, induced-draft fan, cold-air heater, and forced-draft 
fan. Coal mills, coal piping, and primary-air supply are also 
similarly separated. Each hot heater has an air by-pass for 
plate-temperature control and each cold heater has a full-size gas 
and air by-pass to permit removal of either or both heaters from 
service. The complete segregation of the combustion-gas and 
air circuits of one boiler from the other results in very simple con- 
trol features, the draft and combustion equipment functioning on 
the basis of the need of its own associated part of the unit. 


boiler. 
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The basic design requirements have been met by careful sizing 
of the air preheaters and by physical arrangement of heaters, 
ducts, and dampers. The arrangement is shown in Fig. 2 which 
is a photograph of a scale model. The hot heater is sized for a 
300 F full-load corrected gas-exit temperature. The tempera- 
ture at half load is 275 F. This range of operating temperatures 
should result in a minimum of dust-collector problems. A cold- 
end average plate-temperature minimum of 230 F is maintained 
at loads below full load by by-passing combustion air around the 
heater. When the cold-air preheaters are out of service resulting 
in colder air to the hot heaters, a much higher percentage of the 
air must be by-passed. During this period, considering economy 
and the expectation of low cold-heater outage time, hot-heater 
cold-end temperature is permitted to drop to 215 F. Previous 
designs have been based on a 190 F cold-end average. This has 
been very much on the border line considering our fuel supply 
and has resulted in some fouling problems. In actual practice, 
some installations operate at plate temperatures up to 220 F to 
avoid this trouble with some sacrifice in efficiency. The approach 
in this design has been to start out with conservative conditions 
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and, as experience indicates, reduce the end temperatures at par- 
tial loads by reducing by-passing with resulting improvement in 
efficiency. 

By-passing of the hot heater has the effect of decreasing the 
combustion-air temperature. This could result in difficult mill- 
ing conditions during wet coal periods, particularly during pe- 
riods when the cold heaters are by-passed. For this reason the 
primary-air supply ducts are independent of the secondary- 
air ducts. The by-passed air acts to temper the secondary-air 
supply only so that mill performance is not adversely affected. 

Each cold heater is located between the induced-draft fan and 
the stack. This serves two functions. First, the differential 
across the heater seals is reduced by the amount of the head de- 
veloped by the fan and, second, this location reduces to an abso- 
lute minimum the amount of equipment subjected to the corro- 
sive gases. The penalty for this arrangement is the power cost 
and fan size for handling hotter gas. The cold heater is to be an 
inverted heater. This is considered essential, even though it 
results in more complex duct work. It is important that any 
condensation which forms at the cold end drain out of the heater 
rather than back into the hotter portion of the heater. The same 
principle applies for soot-blowing and heater-washing operations. 

Full-sized cold-heater by-passes are provided for both gas and 
air. These ducts and dampers permit removal of either or both 
heaters from service without interfering with unit capability. 
Removal of the heater from service will permit washing of the 
heaters as often as the need dictates. A washing system will be 
provided so that washing with alkaline wash water will be a 
simple operating procedure. 

The duct arrangement is such that practically no wash water 
will be entrained in the stack gas during the washing operation. 
The forced-draft fan has been offset and drainage troughs will be 
provided to reduce water entrainment in the air as much as pos- 
sible. Since the damper arrangement provides for by-pass only 
and not complete isolation of the heater, maintenance of major 
proportions is not anticipated during steam-generator service 
periods. Such maintenance, if required, would be deferred until 
a scheduled unit outage occurs by operating on the by-passes. 

Future abandonment of the series heater arrangement would 
be relatively simple. This could be accomplished by some duct 
rearrangement, by adding combustion-air steam heating and by 
change of air-preheater surface in the 28-VI-90 casings. 


EXPECTED PERFORMANCE 


Full-load performance with the cold heaters in service is shown 
in Fig. 3. At this load the firing rates in the two furnaces are 
about equal. Slight differences in temperatures in the two paral- 
lel gas and air circuits exist. Gas-temperature average entering 
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the hot heater is 680 F and leaving 304 F, corrected for leakage. 
The cold heaters further reduce the temperature to 206 F aver- 
age. Combustion-air temperature is raised from 80 to 184 F by 
the cold heater and from 184 to 605 F by the hot heater. The 
cold-heater cold-end average is 146 F and the hot-heater cold-end 
average is 247 F. Cold-air by-pass is not needed under these 
conditions. 

Predicted full-load efficiency based on 80 F air temperature is 
90.13 per cent. Total losses (percentage) are given in Table 1. 


LOSSES IN EFFICIENCY 
Per cent 


TABLE 1 


Unburned combustible. 
Radiation.......... 
Manufacturers’ margin 


Total 


Some existing installations operating at conventional exit-gas 
temperatures approach this range of efficiency. However, in 
these cases lower coal hydrogen and moisture result in considera- 
bly lower losses than is attainable with our normal fuel supply. 
Another contributing factor in these cases is the use of a higher 
air ambient base for the efficiency determination. . 

Somewhat better efficiency than predicted for No. 3 unit 
should be realized since the predicted figures are based on pres- 
ent-day air-heater seal design, and seals now being developed 
should result in some improvement. Further, it is believed that 
the heater performance will be somewhat better than predicted 
in the lower-temperature range. 
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A two-thirds load condition of 1,335,000 lb of steam per hr is 
the minimum guaranteed steam temperature-control point. 
Fig. 4 shows performance for this load. The reheater furnace 
requires 56'/2. per cent of the total fuel input. Gas and air 
temperatures and quantities in each circuit are unbalanced there- 
fore as indicated in the figure. Final corrected gas temperature 
to the stack is 187 F for the reheat boiler and 183 F for the super- 
heat boiler. To maintain the hot-heater cold-end average at 
approximately 230 F, 14/, per cent of the combustion air by- 
passes the hot heater on the reheater-boiler circuit and 5'/, per 
cent by-passes the hot heater on the superheater side. The 
cold-heater cold-end average drops to 135 F at this load. 

Fig. 5 shows performance at full load with both cold heaters 
by-passed. Corrected stack-gas temperature is 334 F. To 
maintain the hot-heater coid-end temperature up to 215 F, 
nearly 32 per cent of the combustion air must by-pass the heater. 
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The resultant temperature of combustion-air mixture leaving 
the heater would be 456 F. The design of separate primary and 
secondary-air ducts, however, permits the by-passed air to 
dilute secondary air only. This provides primary air at 653 F 
which is adequate for milling of high-moisture coals. Secondary 
air is reduced to 432 F by this segregation, but the relatively low 
temperature is considered to be adequate for this service. 


DEscRIPTION OF Pitot PLANT 


The Conners Creek Power Plant of The Detroit Edison Com- 
pany was the site chosen for the installation of the pilot plant. 
This selection was based on the similarity of exit-gas conditions 
and associated operating equipment to that proposed for River 
Rouge unit No. 3. 

No. 17 steam generator which supplies combustion gas to the 
pilot plant is a Babcock and Wilcox pulverized fuel-fired unit 
rated at 660,000 lb of steam per hr. The unit has a full-load 
exit-gas temperature of 300 F and is fired with Ohio strip-mine 
coal with an average sulphur content of 3 per cent. The dust 
collector consists of a mechanical collector of the multiclone type 
followed by an electrostatic precipitator. It was expected that 
the combustion gas produced by this unit would closely duplicate 
the River Rouge conditions as regards temperature, dust loading, 
and chemical constituents. 

The test air preheater is an actual Size 7 vertical inverted 
unit with a total depth of heating element of 42 in., the same 
depth as proposed for River Rouge unit No.3. A special motor- 
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generator rotor-drive unit provides a variable rotor speed be- 
tween 0.5 and 6rpm. The soot blower is a single-nozzle power- 
operated oscillating type supplied with three cleaning mediums 
(a) 200 psig saturated steam; (b) 200 psig air; and (c) water up to 
180 F. Fig. 6 shows the general arrangement of the pilot plant 
and associated equipment. 

Consideration was given to the dilution effect of the cooled gas 
which re-enters the main gas stream ahead of the source. This 
arrangement should not affect the test results materially since the 
quantity is only about 4 per cent of the total flow at full load 
and is subject to the mixing action of the induced-draft fan. 

Other features of the pilot plant include a temperature-regulat- 
ing damper in the inlet-air duct and flow-regulating dampers in 
the inlet-air and exit-gas ducts. Automatic controls were pro- 
vided and will be discussed later in the paper. 


TEsTING PRoGRAM 


At the writing of this paper, two test runs amounting to a total 
of 77 days of operation were completed.‘ Pecause of the limited 
test experience this discussion will be of a preliminary nature 
covering the test program and operating experience to date. 

To facilitate the gathering of test data and make the test 
slightly conservative, the heater was operated continuously at 
full load during the first test run. The air flow was manually 
set at full-load flow and the gas flow automatically controlled to 
maintain an air temperature of 176 F leaving the heater. An 
inlet-air temperature of 60 F, which is the minimum design tem- 
perature for the Rouge unit, was also automatically controlled 
by blending inside and outside air. This system of inlet and exit- 
air temperature control was selected to maintain a constant 
plate-metal temperature at each elevation in the heating element. 

To expedite the testing program two arrangements of heating 
element were installed and tested simultaneously. The first 
consisted of a 12-in. hot-end layer, an 18-in. intermediate layer, 
and a 12-in. cold-end layer (12-18-12 in.) of notched flat 18 
USG Corten® plates with 6-mm spacing. The three-layer 
arrangement was selected assuming that the plate-metal tempera- 
ture would drop below the dew point in the center portion of the 
heater causing the elements to operate dripping wet from the 
center to the cold end. Corrosion and plugging, it was thought, 
would be most severe in the center portion at the point of transi- 
tion from dry to wet. This three-layer construction would pro- 
vide for economic replacement of the expendable center layer. 
The second arrangement was a 42-in. single layer of notched flat 
22 USG Corten plates with 6-mm spacing. Experience with con- 
ventional heaters indicated that more efficient soot blowing could 
be obtained with single-layer construction. Baskets of each 
type were alternately loaded into the 12 rotor sectors. One 
sector of each type was made up of test baskets containing four 
pairs of measured and weighed test plates and suitably arranged 
for disassembly. 

The unit was operated for 31 days using 200 psig compressed- 
air soot blowing every 8 hr. Frequent measurements of the 
air-side resistance at constant flow were taken and are shown in 
Fig. 7 along with the exit-gas temperature. Visual inspection 
indicated that the hot-end elements were dry at all times and the 
cold-end elements were alternately wet and dry. This condition 
seemed to depend on exit-gas temperature, the first signs of 
moisture appearing at about 180 F. The transition was not 
sharply defined, the moisture appearing in spots which increase 

4 Run No. 1 of 52 days was made up of two parts, 31 days using 
air soot blowing followed by 21 days of saturated-steam soot blow- 
ing. Run No. 2 totaled 25 days, and used saturated-steam soot 
blowing and an improved control arrangement. 

5 Corten—United States Stee] Company trade name for low-alloy 
high-strength steel. Alloys: 1/2: per cent Si, '/2 per cent Cu, */< 
per cent Cr, !/, per cent Ni. 
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in size with decreasing temperature until they covered the entire 
surface. 

It was evident early in the test that the exit-air temperature 
control was not satisfactory owing to the low ID fan-suction 
characteristic of No. 17 steam generator. During periods of low 
boiler load, the gas flow through the test heater could not be 
maintained at the desired value while the air flow was held con- 
stant, resulting in a low exit-gas temperature. Some of the 
excessively low minimum temperatures encountered are also 
shown in Fig. 7. It is interesting to note that the heater did not 
operate dripping wet at the cold end as expected even with exit- 
gas temperatures as low as 110 F. The control system was 
changed after completion of test No. 1. 

After 31 days of operation the unit was shut down for inspec- 
tion. The appearance of the cold-end elements is shown in Fig. 
8, which clearly indicates the greater cleanability of the 42-in. 
elements as compared to the 12-18-12-in. elements. Figs. 9 and 
10 are typical single and three-layer elements which were 
removed. The single-layer elements had a thin layer of dark- 
gray deposit extending over most of the surface, the greatest 
thickness occurring about 12 in. from the cold end. These ele- 
ments were considered nearly commercially clean. The deposit 
on the three-layer elements had a similar appearance, the heaviest 
deposit being at the upper end of the 12-in. cold-end layer where 
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the passages were approximately 50 per cent plugged. A white 
coating extending 2 to 6 in. from the cold end of all elements 
clearly defined the area which was wet. The deposit was highly 
soluble and readily dissolved in warm water. 

The following conclusions were drawn at this time: 


(a) Maximum soot-blower effectiveness is obtained with a 
minimum number of element layers. 

(b) The elements were wet during operation, but the con- 
densation started at the cold end instead of the center as expected. 

(c) Air alone as a cleaning medium was not satisfactory. 


At this time it was decided to continue the run with saturated- 
steam soot blowing to determine its relative effectiveness. 
Although saturated steam is not normally used in conventional 
heaters, its application here seemed feasible owing to the low 
operating temperature. 

The unit was returned to service without cleaning. The two 
sectors of elements which were removed for inspection were 
replaced with identical elements fitted with 22 thermocouples for 
measuring plate-metal temperatures. 

Before switching to steam the heater was blown with air for 
one day to assure stable conditions. Fig. 7 shows the pro- 
nounced effect of steam soot blowing. Apparently most of the 
steam condensed while passing through the heater. Effectively, 
the unit was washed in service, the effluent being carried away by 
the duct drains, After soot blowing, approximately 15 min were 
required for the moisture on the cold end to reach equilibrium 


again. 
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After an additional 21 days of operation making a total run of 
52 days the unit was inspected. Fig. 11 shows the appearance 
of the cold-end elements prior to the shutdown. The shabby 
appearance of the 42-in. elements was due to crushing of the 
plates at the cold end. This test basket was packed too loosely 
and this in conjunction with thinning by corrosion permitted the 
plates to slide down against the support bars under the action of 
soot-blower forces. Figs. 12 and 13 are typical 42-in. and 12-in. 
cold-end elements. About 1 in. of the thinner 22 USG Corten 
42-in. element had corroded away at the cold end. Some of the 
elements were highly polished at the hot end and all were very 
clean with the exception of the center portion radially of the 
12-in. cold-end layer. This area was nearly plugged with a 
cemented deposit which was not affected by two hours of washing 
with 160 F water. The new 12-18-12-in. thermocouple basket 
installed with the switch to steam, however, was clean. The 
soot-blowing cycle was always started at either end of the baskets 
at which time the steam was very wet due to condensation. 
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Apparently the soluble deposit left by the air was not removed 
as a result of higher soot-blower speed and drying of the steam 
at the center of the basket. Once wet the soluble deposit 
hydrolized to become insoluble. 

Following the second part of run No. 1 the following con- 
clusions were reached: 


(a) Saturated steam is more effective than air for soot blow- 
ing. 

(b) Surface fouling should not be a serious problem under 
normal operating conditions. 


The severe corrosion evident in the first run clearly indicated 
that a program of materials testing should be undertaken. The 
materials tested during the second run were Types 302, 316, and 
430 stainless steel, two types of enamel coating, and Corten. One 
sector consisting of a 30-in. hot-end layer and a 12-in. cold-end 
layer (30-12) also was installed. The soot-blower speed was 
reduced 25 per cent and the control system rearranged to main- 
tain an exit-gas temperature of 177 F by controlling air flow. 
This temperature corresponds to half-load operation. The 
gas-flow damper was set manually so the gas flow would vary in 
proportion to the load on No. 17 steam generator. This arrange- 
ment proved satisfactory. 

The operation of the unit during the second run was unchanged 
except for the decreased soot-blower speed and higher exit-gas 
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temperature, which caused a marked reduction in the amount of 
soot-blowing steam condensed. Spots of moisture occasionally 
appeared on the cold end, but never covered the entire surface. 
Fig. 14 shows the air-side resistance and exit-gas temperature 
for this period. 

After 25 days of service the unit was inspected and the appear- 
ance of the cold-end elements is shown in Fig. 15. Figs. 16, 17, 
and 18 show typical 1, 2, and 3-layer elements. The heaviest 
deposit occurred toward the cold end and radially in the center 
portion of the baskets. As expected the single-layer elements 
had the least deposit, the three-layer the most. The enameled 
plates were very clean. In general, the heater was not as clean 
as expected. Apparently the smaller amount of steam con- 
densed, due to the higher operating temperatures, was not 
sufficient to carry away all of the deposit. All test plates were 
removed, cleaned, and weighed and the results tabulated in 
Table 2. 

TABLE 2 WEIGHT LOSS OF MATERIALS ioe AFTER 

25 DAYS’ SERVICE—RUN NO. 


Per cent loss 
Material adjusted to 18 USG 
SG Corten 12 in. hot end...... ‘ 
SG Corten 18 in. intermediate. . . 
SG Corten 12 in. cold end. 
SG Corten 12 in. 
SG 430 SS 12 in. cold end 
SG 302 SS 12 in. 
3G 316 SS 12 in. cold end 


In conjunction with the second run, tests were conducted to 
obtain information on corrosion and establish a correlation 
between corrosion and metal temperature. Fig. 19 shows the 
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minimum and maximum plate-metal temperatures which occur 
in a 12-in. cold-end layer as the element leaves the air and gas 
streams. A 12-in. cold-end Corten element was removed and 
measured after the second run and the reduction in plate thick- 
ness is shown in Fig. 20. Referring to Fig. 20, severe thinning 
of the plate starts at a point about 9 in. from the hot end. If 
minimum plate temperature is used as a criterion, this point in 
the element corresponds to a temperature of 105 F as shown in 
Fig. 19. 

Figs. 19 and 20 indicate that raising minimum plate tempera- 
tures will tend to shift the corrosion pattern toward the cold end. 
Along this line tests were made to determine the effect of rotor 
speed on the minimum temperature in a 12-in. cold-end element. 
Fig. 21 shows that the minimum temperature may be increased 
about 10 deg F by doubling the normal rotor speed of 1.75 rpm. 
These tests indicate a very good correlation between corrosion 
and metal temperature as well as the probable gain resulting 
from increased rotor speed. 

It has been planned to continue the materials-testing program 
using saturated-steam cleaning and a rotor speed of 1.75 rpm to 
accelerate corrosion. Materials already scheduled for test- 
ing include aluminum and Type 502 stainless steel; enamel, 
lead, aluminum, and plastic coatings. A 12-in. Corten cold-end 
basket also will be tested which has the elements supported at 
the hot end by pins passing through the basket and elements. 
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This type of construction will eliminate the holding bars at the 
hot and cold ends of the basket and prevent crushing of the 
elements at the cold end. By this means it may be possible to 
extend the life of the elements by tolerating corrosion of the ele- 
ments until heat transfer is seriously affected. A basket arrange- 
ment consisting of a 15-in. close spaced hot-end layer and a 12-in- 
wide spaced cold-end layer also is planned. 
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At such time as a suitable material and basket arrangement are 
found the investigation will be directed toward finding the most 
suitable cleaning medium. Air supplemented with frequent water 
washing, air with water injection, saturated steam with water 
injection, and water soot blowing are presently being considered. 


CoNCLUSIONS 


The design of River Rouge No. 3 steam generator for 200 F 
exit-gas temperature using a series air-preheater arrangement is 
economically advantageous. 

{mproved unit operating conditions and service continuity 
will result from higher operating temperature in the conven- 
tional air heater and in the electrostatic precipitator. 

Preliminary test results indicate that: 


1 The cold heater can be kept relatively clean and in service 
by use of saturated-steam soot blowing, although this medium 
has not been established as optimum. Frequent removal of cor- 
rosion products from the plates by the washing action may 
accelerate corrosion. 

2 Sectionalizing of the heater elements in layers reduces 
soot-blowing effectiveness. Corrosion will be most severe at 
the extreme cold-end portion of the elements. Considering these 
two factors, two-layer construction is anticipated, the cold- 
end “expendable”’ layer being about 12 in. deep. 

3 Soot blowing should be done from the hot end only and it 
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is anticipated that the cold-end basket plates should be pinned 
suitably to preclude the cold end of the plates crushing with 
resultant gas-flow restriction. This will permit plate corrosion 
to continue to the point that heat transfer becomes inadequate 
before cold-end basket replacement is required. 

4 The corrosion rate of the metal plates increases radically 
at temperatures of about 105 F and below. Investigation indi- 
cates that the heater rotation speed should be increased to about 
3 rpm to minimize the metal-temperature variations and keep 
the minimum plate temperature above this point. 

5 Investigation of the corrosion resistance of various ma- 
terials is not conclusive. Tests are continuing to determine 
the economic material to be used, considering cost and corrosion 
resistance. It does not appear that corrosion will make low- 
temperature operation impractical. 


Discussion 


W.C. Bearrm.¢ The Detroit Edison Company is to be com- 
plimented on its unselfishness in trying out an expendable sepa~ 
rate cold-air heater which will bring the stack gases to a tempera- 
ture in the vicinity of 200 F. The gain in economy on the order 
of 1'/, per cent with this stack temperature, compared to the 
conventional temperature, is equivalent to the gain that will be 
made by increasing main and reheat steam temperature from our 
present top value to well over 1200 F. This gain is appreciable. 
According to the writer’s calculations it is on the order of $100,000 
per year in fuel cost for the proposed No. 3 Unit at River Rouge. 

It will be interesting to know the additional capital charge 
involved in this installation and what the yearly expected addi- 
tional maintenance costs are. 

Much useful information has been brought to light by the 
experiments at Connors Creek that is contrary to the best infor- 
mation available a few years ago. 

For example, at one of the Consolidated Edison Company 
plants that went into service in 1953, air soot blowing was used 
for the air heaters, blowing from the cold end. The Connors 
Creek experiments suggest we should have used saturated steam 
blowing from the hot end. 

The Detroit Edison Company is to be further complimented on 
its efforts to determine the most effective cleaning methods with 
the minimum amount of corrosion. Apparently effective clean- 
ing requires a certain amount of washing which exposes the clean 
surface for new corrosive attack. 

We would like to raise the question as to the effect of vapor 
carry-over on the duct work and stack, and whether this in time 
may not be expected to cause accelerated deterioration of this 
equipment. 

The Con Edison plant to which reference is made has steel 
gunite-lined stacks. It has been the practice to water wash the 
air heaters with hot water when the drop across them increases. 
The vapors from this washing condense on the stack lining and 
penetrate the lining to a depth of approximately '/, in. The 
action of the sulphur dioxide and water softened the lining and 
caused it to biow off in small particles. Will not the downstream 
ducts and stack be subjected to the same corrosive action from 
condensation with the low stack temperature and the introduction 
of vapor into the gas stream? 

It is to be hoped that Detroit Edison will continue its testing 
on cleaning methods and material for air heaters and pass on this 
useful information to the rest of the utility field. 


* Manager, Production Department, Consolidated Edison Com- 
pany of New York, Inc., New York, N. Y. Mem. ASME. 
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H. B. Wautacs, Jr.?’ The authors are to be complimented 
upon the excellent manner in which they have presented the 
material for this very interesting subject. Moreover, the 
Detroit Edison Company is to be complimented for its courage 
in undertaking the installation for River Rouge No. 3 Unit of this 
specially designed cold-end dust-collecting and air-heating equip- 
ment. This aspect of the installation is not only of current 
technical interest but also will serve as an important guide to 
future installations. 

As the authors point out, one of the few remaining fields for 
exploitation in seeking higher steam-generator efficiencies is in 
the lowering of cold-end temperatures to usable limits. In the 
interests of conservation of fossil fuels, as well as for economic 
considerations, rational means for reduction in cold-end tempera- 
tures is an important forward step in the development of the art 
of steam-generator design and operation. 

The concept of design which enables the unit to remain operable 
at reduced efficiency to permit maintenance work on the critical 
cold-end parts is certainly sound and serves to protect investment 
in a large block of power which this unit represents. 

The authors’ statement that the steam generator for Unit 
No. 3 at River Rouge is arranged as two completely separate 
steam generators requires clarification. As stated, the implica- 
tion is that one unit may be operated without the other. The 
unit is in two sections. The steam leaving the primary radiant 
superheater of the reheater section of the unit goes to the super- 
heater section of the unit where it mixes with the steam from the 
radiant superheater of that section at the inlet to the convection 
superheater. 


Autuors’ CLosuRE 


The questions raised by Mr. Beattie are ones which logically 
come to the mind of engineers involved with steam power-plant 
design and operation. Determination of efficiency gain for the 
series heater arrangement as compared to steam-coil-protected 
straight heater arrangement using extracted steam is rather com- 
plicated. When steam is extracted for steam heating of com- 
bustion air, the turbine throttle flow must be increased to main- 
tain the same power output. For this reason, boiler efficiency 
as generally deseribed is no longer the sole index of the fuel rate. 
The actual gain has been determined by calculating an equiva- 
lent efficiency which takes into account the additional fuel re- 
quired for the steam air heating. The annual saving as a result 
of the equivalent efficiency gain depends on the long-range unit 
load factor and long-range fuel costs for the system in question. 

The annual charges to be considered as a debit against the 
saving are the fixed charges on the additional investment, in- 
creased power costs resulting from the gas and air-pressure drop 
through the additional heating surface, and the higher main- 
tenance costs. Increased capital costs include the cost of cold 
heater erected, larger fans and motors, higher cost for instrumen- 
tation and washing equipment, and a considerably more ex- 
pensive duct system. Steam coil prices are reduced. Incre- 
mental capacity charge for higher power demand is added to the 
investment. On the other hand there is a boiler capacity 
charge credit due to reduced steam coil demand. 

The expected maintenance must be predicted from the results 
of the pilot-plant tests. The only material which successfully 
resisted corrosive attack was individually enameled corten ele- 
ments. These elements have shown no distress after five months’ 
service. Considerably longer experience will be necessary to 
prove the life expectancy. We are predicting, however, that 


7? Manager of Steam Sales, Foster Wheeler Corporation, New York, 
N.Y. Mem. ASME. 
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the cold-end elements will have a life of upward of five years 
and hot-end elements of this material would live indefinitely. 
Corten elements, when not protected by enamel, corroded very 
rapidly in cold-end service. Expected life of this material in 
hot-end service based on test results will be over five years. 
Evaluating element costs on the basis of the mentioned life expect- 
ancy, we have selected enameled corten for the 12-inch cold-end 
layer and will use corten elements in the rest of the heater. 
Steam soot blowing has proved to be more effective than air 
only when condensation is adequate to wash the heater surface 
effectively. As the paper stated, the cleaning with steam during 
Run No. 2 was not up to expectations due to higher operating 
temperature and a consequent less soot-blowing steam condensa- 
tion. Subsequently we established that adequate cleaning could 
be accomplished by injecting enough water into the blowing 
steam to effect a washing of the elements. The frequent exposure 


of clean surface to the corrosive gases with this cleaning method 
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does appear to accelerate corrosion. With this in mind we in- 
vestigated the use of air soot blowing with water washing as re- 
quired by fouling. The heater is currently running four to five 
weeks with air soot blowing before washing is required. It is 
then washed in service. This returns the draft loss to normal 
indicating satisfactory cleaning. 

We are unable to predict the effect of moisture on the stack. 
The stack lining will be constructed with acid-resisting shale 
brick and acidproof cement. Early in the test operation a one- 
inch-thick ash deposit built wp on the duct surfaces. This ap- 
plies to all but the area immediately under the heater which 
is washed clean during heater washing. The deposit seemed 
to stabilize and has remained unchanged for the duration of the 
test. It appears dry during normal operation showing damp- 
ness only during washing. The duct material is still sound after 
over a year’s service. We have been unable to detect any loss 
of metal in either the slagged or washed portion of the ducts. 
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